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Preface

These notes cover the basics of the finite element method (FEM), including the most relevant mathematical
aspects as well as classical applications in the area of continuum mechanics. They are intended for undergrad
and graduate students. For the former, some technical details and proofs can be ommited with almost no
loss. This will be made clear throughout the lectures. Some classical coding aspects of the method that are
commonly tought and exerciced in finite element courses will not be covered, since I have chosen the FEniCS
project, which is a high-level library, for solving practical problems in solid and fluid mechanics, so many
things remain hidden to the user. However, a few concepts will be mentioned so as to understand what is
behind the scenes when using such libraries. Other platforms such as Firedrake, with a similar behavior can
also be used and the examples provided easily adapted.

At the end of the course, I expect the student would have learned what it is behind the following typical
piece of code:

import libraries

mesh = generate_mesh(domain, refinement)

= SpatialCoordinate(mesh)
= FiniteElement("Lagrange", "triangle", order)
= FunctionSpace(mesh, P)
TrialFunction(V)
= TestFunction(V)

= inner(mu(x)*grad(u), grad(v))x*dx

= f(x)*xvxdx - h(x)x*vxds(Neumann)

= Function(V)

solve(a == L, w, DirichletBC(V, Constant(0), D_boundary))

=T ro < c < U X
Il

Moreover, we will learn:

» How to approximate the solution of a PDE by the Finite Element Method;

» In which situations the plain vanilla FEM works and which ones fails, and in such a case, what are the
possible remedies;

» How to solve practical problems (not merely academic) by means of modern FE open-source libraries
as in the example above.

Bibliographical remarks

Many chapters were adapted from the Lecture Notes of Prof. G.C. Buscaglia [1], that have been used in the
past years to teach this course at ICMC-USP. Throughout this document we also take ideas from other classical
references on the subject, among which are [2-5]. However, some topics, notational aspects, numerical and
implementation examples may differ greatly from all these sources.

Roberto F. Ausas
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INTRODUCTION

1.1 Prelude

The finite element method (FEM) is by now one of the most popular
methods for numerically solving Partial Differential Equations (PDEs) in
science, engineering and applied mathematics. There are a number of
good reasons for this:

@

®©

1.2

For elliptic and parabolic problems!, the FEM provides very accu-
rate solutions;

It is general, not restricted to linear problems, or to isotropic prob-
lems, or to any subclass of mathematical problems;

It is geometrically flexible, complex domains are quite easily
treated, not requiring adaptations of the method itself;

It is easy to code, and the coding is quite problem-independent.
Boundary conditions are much easier to deal with than in other
methods;

It is robust, because in most cases the mathematical problem has

an underlying variational structure (energy minimization, for ex-
ample).

What This Course Covers

As a summary of the content of this document, let me enumerate the
main topics to be covered:

Chapter |01| Examples of PDEs in fluid and solid mechanics;
Chapter | 02| Notions of functional analysis: Sobolev and Hilbert spaces;
Chapter | 03| Abstract form of variational problems;

Chapter |04| Examples of elliptics PDEs in variational form;

Chapter | 05| The Galerkin method;

Chapter | 06| Construction of Finite element spaces;

Chapter | 07| Interpolation and error estimates;

Chapter |08| FEniCSx behind the scenes: Implementation aspects;
Chapter | 09| More details on Elliptic PDEs in variational form;
Chapter |10| Stokes equations - Mixed problems;

11 Prelude ............ 1
1.2 What This Course Covers 1

1.3 Motivating examples in
solid and fluid mechanics 2

1.4 Assignment 1: Poisson’s
problem for fully devel-
opedflow........... 6

1: Elliptic problems: Stationary diffu-
sion, heat conduction, fully developed
laminar flows in ducts, linear elasticity.
Parabolic problems: Transient diffusion
or heat conduction, chemical kinetics,
fluid dynamics.

Solid mechanics

Figure 1.1: Examples solved by FEM.



1.3 Motivating examples in solid and fluid
mechanics

We begin by recalling some prototypical examples of PDEs we aim to
solve by the finite element method. We introduce thing with a relatively
informal language a provide some physical interpretation of the different
quantities and processes involved.

1.3.1 Poisson’s equation

The simplest second order PDE we will consider in this course is Pois-
son’s equations that models several physical phenomena, such as, heat
conduction, mass transport by diffusion or even fully developed flows in
ducts as we will see later on in this chapter. The problem reads: Given a
region () C RY, d=1,2o0r3with boundary dQ, find u such as?

V- (ux)Vu(x)) = f(x) xeQ

u(x)

(1.1)

g(x) xe€dQ

where the source term f : O — R is a given function and the boundary
data g : JQ — R is also a given function. This problem falls into the
cathegory of elliptic problems. The scalar field u represents different
physical quantities depending on the problem. Notice that if u is a
constant, the left hand side becomes the Laplace equation, i.e.,

V- (u(x)Vu(x)) = u Vu(x) (1.2)

Of importance to use is a variant of this problem which includes flux
boundary conditions over all or in some part of dQQ (ommiting the x
dependence for simplificity of notation)

=V - (uVu) f in Q

u = g onlp (1.3)
—uVu-n = h only
where dQQ =T'p UT'y and I'p N Ty = 0. The so called mixed formulation

introduces an additional field to represent the flux of the quantity of
interest

V- = f in Q
F = —uVu in Q
(1.4)
u = g on I'p
Fn = h on I'y

Although both problems are equivalent in the exact setting we are
focused now, in the discrete setting things may differ a lot, very different
approaches being needed to deal with each formulation. The equation
defining the relation between ¥ and u is what we call constitutive law.

1 INTRODUCTION | 2

Figure 1.2: Siméon Denis Poisson (France,
1781-1840).

2: For d = 2, recall from Calculus, the
nabla operator. In cartesian coordinates:

» The gradient of a scalar-valued
function

(23

Jx 1 ! oJx 2
» The divergence of a vector-valued

function

B axl axz

V-F

Figure 1.3: Pierre-Simon Laplace (France,
1749-1827).



Finally, it is instructive to interpret the different quantities according to
the physical problem being solved, as summarized in table Table 1.1.

Table 1.1: Physical interpretation of quantities in Poisson’s problem. Units in SI.
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Physical problem u f F i

Heat w W .. W

conduction Temperature [°K] Heat source [E] Heat flux [F] Conductivity [m"K]

Mass mol mol mol m?

diffusion Mass [—-] Mass source [—] Mass flux [—] Diffusivity [—]
m3 m3s m2Zs s

Flow in . m . N o

ducts Velocity [?] Pressure gradient [ﬁ] Shear stress [Pa] Viscosity [Pa - s]

1.3.2 Transient heat conduction

The transient or unsteady version of the previous problems includes an
additional term involving the rate of change of the physical quantity of
interest. For the heat conduction problem the equation reads

a(x, t) &u(g:, H_ V- (ux, H)Vu(x, 1)) = f(x,t) xe€Q, te[0,T]
u(x,t) = gxt) xedQ, te[0,T]
u(x,0) = up(x) xeQ

(1.5)
where now an initial condition for the scalar unknown (e.g. the tem-
perature) has been provided. This problem falls into the cathegory of
parabolic problems. The parameter 4 in front of the time derivative has
different meanings depending on the problem at hand (see Table 1.2)

The different forms of this problem, such as the one with a flux boundary
condition or the mixed formulation can be formulated in a similar way
as in the stationary case.

1.3.3 The equations of linear elasticity

This is the prototypical example in solid mechanics in which we describe
the deformation of a solid domain. If we consider a domain Q c R¥ its
shape is defined by a map x : Q — R, such that for any x € Q we write

x(x,t) = x+ul(x,t) (1.6)

where the vector field u : Q — R? represents the displacement at the
fixed location in space x. The PDE governing the problem follows from

Table 1.2: Physical interpretation of the
a factor in front of d;u in the transient
Poisson’s problem. Units in SI.

Problem Factora Description
Heat . i : Kg ] |
conduction P m3 Kg°K
Mass 1 .
diffusion i
Flow in Kg
ducts P [E]
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Newton’s dynamical equilibrium equations:

2
p) 2y ot 1) = 1 (17)
R S—

Forces

mass x acceleration

where the second order time derivative in the left hand side corresponds
to the acceleration and f in the right hand side to the body forces (e.g.,
gravity), o(x, t) defines the stresses in the body at location x, which under
the small deformation assumption is given by the constitutive law

o=u(Vu+VTu) + A(V-u)l (1.8)
—————
2u &(u)

where A and p are known material parameters and I is the identity
matrix of d X d°. In the stationary case this is an elliptic problem in which  3: For d =2, in cartesian coordinates
the unknown field is a vector-valued function. In order to have a well-
posed problem the displacement must be restricted in some part of the o1 o1
boundary (say, I'y) so as to eliminate rigid body motions (i.e., translations oy om
and rotations). Also, a surface force distribution can be applied on the
rest of the boundary I'g = dQ \ Ty,.

» The stress tensor is the matrix

» The divergence of o is the vector

-V -Quew)+A(V-w)I) = £ inQ ISR TS
» The gradient of the vector field u
u = up only (1.9) is the matrix
Juy Juy
. Vuc |
Que(w)+A(V-w)I)n = F onlg Zﬁ gﬁ
X1 X2

where up and & are given functions.

1.3.4 The incompressible Navier-Stokes problem

A natural extension of the previous problem are the Navier-Stokes
equations. Now, we have two primary variables, namely, the velocity field
u(x, t) and the pressure field p(x, t). We consider an Eulerian formulatio,
so, u is the velocity at fixed position x in space. Also, we restrict ourselves
to the particular case of incompressible fields, i.e.,

_ 8u1 auz 8u3

u_()_x1 7, 8_x3=0 (1.10)

—
— 8y

The stresses in the fluid are described by the Cauchy stress tensor . ) ) )
Figure 1.4: Claude Louis Marie Henri

Navier (France, 1785-1836).
o(x,t) =—px, t)I+0'(x,t) (1.11)

which is the sum of a volumetric part

-p 0 O
—px,HI=|0 —p 0 (1.12)
0 0 —-p
and a deviatoric part
o'(x,t) =2pe(u) = u(Vu+VTu) (1.13)

Figure 1.5: George Stokes (Ireland(1819)-
England(1903)).



where y is the viscosity of the fluid. Now, we write the momentum
equation in the so called convective form

pE—V-az‘o(a—u+u-Vu)—V-(2y£(u))+Vp=f (1.14)
Dt ot

where the first (non-linear) term introduces the convective acceleration,
the second term the viscous effects and the third term the forces due
to pressure gradients. As in the previous case, in the left hand side we
have the body forces (e.g., f = —p g€3). Given an initial velocity field ug
that satisfies the incompressibility constraint, the Navier-Stokes problem
reads

p(z—?+u-Vu)—V~(2y£(u))+Vp=f inQ
V-u=0 in Q (115)
u=up ODFD
[-pI+2ue(uw)] - n=%F onTy

where up is a given function on I'p and & is a given function on I'y.

Prior to jumping into our first Miniproject/ Assignment, let solve a few
exercices that will help us to get used with the previous problems:

Exercices

» Check the units of quantities in Table 1.1.

» Consider the Poisson’s equation with f = —6 and u = 1 in the
domain Q = [0, 1]?. Verify that

u(x1, x2) = 1+ x% +2x3 (1.16)
is a solution. Which boundary conditions this solution satisfies?

» In the 2D case, consider a scalar function 1 such that

% Uy = % 1.17)

Uy =-
83(2, (9x1

(1 is called the stream function). Show that V- u = 0.
» In the previous problem, compute the stress tensor o.

» In the Navier-Stokes problem in 3D, write in extensum the 3
momentum equations corresponding to each component.

» Consider the following manufactured solution in 2D for the
Navier-Stokes equations:

[sin(x1) sin(xy + £), cos(x1)cos(xz +£)]T,

u(xlr X2, t)

p(x1,x2,t) = cos(x1)sin(xy +t),

1 INTRODUCTION
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Compute to which body force f and boundary conditions it
corresponds.

» Write the nondimensional form of the Navier-Stokes equations
in terms of nondimendional variables 4, X, p, f, f, the parameter

UL
and Re= p

(a.k.a. the Reynolds number).

1.4 Assignment 1: Poisson’s problem for fully x

[]-=

developed flow

Fully developed flow in ducts is a particular case of flow governed
by the Navier-Stokes equations, which corresponds to the following
situation (see Figure 1.6):

» Incompressible flow along a long cylinder of cross section

X2
Q c R2 The flow domain is B = Q X (0, L).
X1
» The flow is driven by a uniform pressure gradient
L,t)—»(0 Figure 1.6: Domain for the fully devel-
G(t) = p(L.t) = p(O) (1.18) oped flow.

L

The pressure field is thus linear as a function of x3. Also, notice
that when €(t) > 0 we expect u3 < 0 and viceversa.

» If L is sufficiently large, the entry and exit effects can be ne-
glected and all cross sections are essentially identical, except for
the pressure.

» We consider as solution, velocity fields of the form:
u= [O/ O,M(x1,x2, t)]T (119)

» For any differentiable u, the proposed velocity is divergence
free, i.e.,

Juy  Jduy Jduz _ du

dx;  9dx, Ix3 Ix

» Decomposing the stress tensor in pressure and non-pressure
components, we have

=0 (1.20)

o(x1,xp,x3,t) = —p(x3, 1) I + 0" (x1, X2, 1) . (1.21)

where, if the fluid is Newtonian ,

0 0 uj
o'=u|l 0 0 wup = T=uVu, (122
uy up 0

being 7 a vector having the shear stresses as its components.

» Byinserting u, p and 6" into the momentum balance of Equation



1.15, we finally arrive
du
Por +%6(t)- V- (uVu)=0 YxeQ, (1.23)

» Finally, for the boundary conditions we assume the standard
hypothesis of non-slip, which implies

u=0 YxeaQ (1.24)

This means that the fluid is attached to the walls of the domain,

which is a physical observation valid in most of the cases®.

» We conclude by noticing that this problem is mathematically
identical to the transient heat conduction problem presented
above, and in the stationary case (d;u = 0) to the Poisson’s

problem. Physically, the quantity being diffused is linear mo-
mentum.

1.4.1 The variational formulation
We will now proceed quite informally and postpone some details for
later chapters. The idea first is to cast this problem into variational form,

which amounts to multiply by a sufficiently regular test function v that
satifies the boundary condition, i.e.,

v(x) =0 Vx€dQ (1.25)

and integrate over (). Let us consider for simplicity the stationary case,
and call f = -,

—/ V- (u(x) Vu(x)) v(x)dx = / fo(x)dx (1.26)
Q Q

From our Calculus course we know that (ommiting the x dependence to
simplify notation)

V- (uVuv)=V-(uVu) v+ uVu - Vu
We thus have
/qu'Vde—/V'((qu)U)dx:‘/fvdx (1.27)
Q Q Q
For the second term in the left hand side we apply Gauss theorem
/ V- (uVu)v)dx = / v (uVu) -nds (1.28)
Q 9Q
which is identically zero by Equation 1.25, yielding®

/qu-Vvdx:/fvdx (1.29)
o} Q

Let us agree that this should be valid for any v belonging to some space of
functions v : QO — R (say V(Q)) that satisfy the homogeneous boundary
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4: More general conditions, such as slip
conditions observed in rarefied flows
(typically, gas flows at very small scale)
can be considered as well.

Figure 1.7: Carl Friedrich Gauss (Ger-
many, 1777-1855).

5: What we have done is also called in-
tegration by parts. Also notice that the
boundary of Q must have some regular-
ity for the Gauss theorem to be applica-
ble.



condition at dQ), for which the integrals in the left and right hand sides
at least don’t blow up. The precise definitions and details will come soon.
We may formally write what we call from now on the weak® form of the
problem

Weak form of Poisson’s problem

Find u € V(Q) such that

/y(x)Vu(x)-Vv(x) dx =/fv(x) dx
Q Q

a(u,v) {(v) (1'30)

Vo € V(Q).

What appears in the lhs is a bilinear form a(:, -), whereas in the rhs we
have a linear form {(-), two objects we will encounter frequently in the
course.

Now, we will solve this problem numerically using the FEniCS platform.
In the next section I will provide some guidelines for you to implement
in few lines of code a Finite Element solver so as to familiarize with the
main features of the project.

1.4.2 The FEniCSx implementation

Youneed first to install the library. I suggest to use theDocker containers
as explained in FEniCSx Tutorial. Basically, you must run in a terminal
(assuming the Docker is installed):

1 INTRODUCTION | 8

6: The problem is said to be in weak form
because in this formulation we require
less differentiability from u in contrast
to the PDEs in strong form for which
we require u to have at least continuous
second order derivatives if we pretend
the equation to be satisfied pointwise.

> docker run -ti dolfinx/dolfinx:latest # To install the first time

python3 -c "import dolfinx" # Check installation
exit
cd to_your_working_directory/

VvV V. V VvV VvV

python3 basic_poisson.py # Script provided

The implementation follows the next script :
» Import some libraries

from dolfinx import fem, io, mesh
import ufl
from ufl import dx, ds, grad, inner, FacetNormal

» Construct a partition of the domain €, in this case the rectangle
[0, 1] x [0, 1], made of triangles. This is called a mesh

msh = mesh.create_rectangle(comm=MPI.COMM_WORLD,
points=((0.0, 0.0), (1.0, 1.0)),
n=(16, 16),
cell_type=mesh.CellType.triangle)

docker run -ti -v $(pwd):/root/shared -w /root/shared dolfinx/dolfinx


https://jorgensd.github.io/dolfinx-tutorial/fem.html
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» Associated to this mesh we construct a discrete space V; C V(Q),
in this case, piecewise Lagrangian polynomials of degree 1 defined
over the triangles of the mesh,

Vd = fem.FunctionSpace(msh, ("Lagrange", 1))

» Identify the facets that form dQ and imposing a uniform Dirichlet
boundary condition (this piece of code is perhaps the most difficult
to understand)

tdim = msh.topology.dim

fdim = tdim - 1

msh.topology.create_connectivity(fdim, tdim)
facets=np.flatnonzero(mesh.compute_boundary_facets(msh.topology))
dofs = fem.locate_dofs_topological(Vd, fdim, facets)

u_boundary = fem.Constant(msh, ScalarType(0.0))

bc = fem.dirichletbc(u_boundary, dofs, Vd)

» Write the discrete version of Equation 1.30 by using the so called
Galerkin method: Find u,; € V;, such that

/qud-Vvdxszvdx You € Vy. (1.31)
Q Q

We need to express this weak formulation in the UFL language

ufl.TrialFunction(Vd)
ufl.TestFunction(Vd)
= fem.Constant(msh, ScalarType(1.0))
mu = fem.Constant(msh, ScalarType(1.0))
a = inner(muxgrad(u), grad(v)) x dx
L = inner(f, v) * dx

u
A
f

» Solve the problem by assemblying an associated linear system and
using a linear algebra package such as Petsc

opts = {"ksp_type": "preonly", "pc_type": "lu"}
prob = fem.petsc.LinearProblem(a, L, bcs=[bc], petsc_options=opts)
ud prob.solve()

» Save the function 1, to a file and visualize for instance in Paraview
(see Figure 1.8).

Implement the following modifications to basic_poisson.py

» Inspect and run the script provided and make sure you under-
stand its different sections.

» Implement a viscosity coefficient y that depends on x according
to
p(x) = 0.01 + e~ 100[(r=27+(y=27]

To retrieve the mesh coordinates you will need to add the
following line to the script

x = ufl.SpatialCoordinate(msh)

Notice that the x and y coordinates corresponds respectively to
x[0] and x[1].

Figure 1.8: Contours of velocity magni-
tude |lufl2 and finite element partition
for the fully developed flow in a duct of
square cross section.


https://petsc.org/release/
https://www.paraview.org/
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Vstress = fem.FunctionSpace(msh, ("DG", 0))

tau = muxufl.grad(ud)

n = FacetNormal(msh)

Wss = fem.form(ufl.inner(tau,n)x*ds)
print(fem.assemble_scalar(Wss))



https://jorgensd.github.io/dolfinx-tutorial/chapter1/membrane_code.html

SOBOLEV SPACES

Prior to proceed with the theory and some mathematical aspects of
the finite element method we need to recall a minimum set of tools of
functional analysis, since we will be dealing with function spaces of
infinite dimension. This is essential because the finite element methods is
formulated in finite-dimensional subspaces of so called Sobolev spaces.
A complete reference for the topics to be covered in this chapter can be
found for instance in the Book by Reddy [4] (which is quite accessible
and didactic) and the book by Brenner and Scott [2].

2.1 Function spaces

In this course we consider vector (or linear) spaces made up of functions.
Recall, a vector space is said to be n—dimensional if we can find 7 linearly
independent elements, but 7 + 1 elements are linearly dependent. This
is what we tipically study in linear algebra courses. Now, suppose that
n linearly independent elements can be found in the space for every n,
then, the space is said to be infinite dimensional.

Let us consider a space V over the field R and let Q C RY d=1,20r3
be an open and bounded domain. If f, ¢ are functions (or elements) of
V,ie, f,g:Q — R, then for any x € Q, we have

» frgeVi(f+8)x)=f(x)+g(x)

» af eV:(af)(x)=af(x)for any scalar @ € R.

In the sequel we deal with the concept of continuity, differentiability
and integrability of functions. An important example is the space C*(Q)
defined as the set of all real-valued functions that are continuous and
have its partial derivatives up to order k also continuous on Q, particular
cases being

C%Q)={f:Q— R : f is continuous ¥x € Q} = C(Q) (2.1)

and

C®(Q) ={f : Q — R: f has continuous derivatives of all ordersVx € Q}

(2.2)
Notice that C*(Q) c --- c CKQ) c --- ¢ CY(Q) = C(Q).

Another example that we will encounter frequently in this course is the
space of square integrable functions

L2(Q)={f:Q—>R:/f2dx<+oo} (2.3)
Q

2.1 Function spaces . . . . .. .. 11
2.2 Norms and inner products . 12
2.3 Banach, Hilbert and

Lebesgue spaces ....... 13
2.4 Weak derivatives and
Sobolev spaces . ....... 15
25 Conclusion. . ......... 17
2.6
.18

Figure 2.1: Sergei Sobolev (Russia, 1908
1989).



and the space of square integrable functions whose derivatives are also
square integrable

H@Q={f:Q->R:fel*)Q) and/(Vf~Vf)dx<+oo} (2.4)
Q

which is quite relevant to us L

As a final example consider a subspace of the previous, made up of
functions that are equal to zero on the boundary I' = dQ)

Hy(Q) = {f e H(Q): fr =0}, (2.5)
This one is also of particular interest to us, since it incorporates a boundary

condition?. We will encounter these spaces frequently throughout.

Now, we need to equippe these spaces with the notion of a norm to
determine “how large is a given function f” or “how close are two
functions f and g”.

2.2 Norms and inner products

Definition 2.2.1 (Norm): Given a vector space V over the field R, a norm
in V is a function || - ||: V — R with the following properties

Lllollz0lloll=0=0v=0;
2. || av ||=|a| || v || for any scalar « € R;
S Nlo+wl<llv |l + || w || (Triangle inequality).

Note that a norm induces a distance (or a metric) by the formula

d(w,w) = |lv - w]| (2.6)

In finite—dimensional spaces all norms are equivalent, i.e., if || - ||, and
|| - |lp are two different norms over a linear space V, 3¢y, ¢, such that

cillolly < llolla < c2llvlly, Yo € V (2.7)

this means that, if we have a sequence of functions { f, o if fu(x) W
F = f, — F. However, with infinite dimensional spaces this does not
[Illo

necessarily hold. Consider for instance the space of continuous functions
CY%Q) being Q = [-1, 1], the sequence of functions® shown in figure
Figure 2.2 and the norms

sup{|fu(x)| : x € Q} =1Vn (2.8)

(/Q[fn(x)]zdx)z - (3%) —0 (@9

Let us recall that continuous functions on a compact* domain are auto-
matically bounded, therefore the supremum norm || - ||;~(q), is a natural

Il fu llz=)

Il fu Nl
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1: In Equation 2.4, since Vf : Q —
R4 (is a vector-valued function), the
symbol “-” stands for the inner (or
usual “dot”) product of vectors, i.e.,

d
V() V) = 2 3(Vi() (Vhix) =
i=1

d
pIFACEAC)
i=1

2: We use the notation f |t to denote the
restriction of a function f to the bound-
ary I, ie., the values of f(x), x € I. To
do this properly, we must introduce the
trace operator y : C(Q) — C(I), y(f) =
flr.

ful@)

=1 = =1
-1 T=—3 r=0 z=,

Figure 2.2: Example of a sequence of
functions f;(x) to illustrate that the
L®(Q) and L?(Q)-norms are not equiv-
alent.

3: The expressionof f,, n=1,...,is
_f 1-|x|n if|x|<%
falx) = { 0 otherwise

4: For any subset Q C R4, Q is com-
pact & it is closed and bounded, i.e., it
contains all its limit points.



norm to equippe C°(Q). We have also introduced above the || - [|;2q)
norm which is a natural choice for the space of square integrable functions
L*(Q).

Definition 2.2.2 (Inner product): Given a vector space V over the field R,
an inner product is a function that takes two arquments (-,-) : VXV — R
with the following properties

1. (v,w) = (w, v) (Symmetry);
2. (av + pw,u) = a(v,u) + p(w, u) (Linearity);
3. (v,v) 20, (v,v) =0 < v =0 (Positivity)

Note that an inner product is a bilinear form. Also, an important fact is
that an inner product induces a norm by the formula

o]l = V(v,0) (2.10)

and, therefore a metric.

2.3 Banach, Hilbert and Lebesgue spaces

In the theory of PDEs an important role is played by the Banach spaces and
in particular by the Hilbert spaces which are central to this course.

Definition 2.3.1 (Banach space): A Banach space V is a vector space
equipped with a norm || - ||v, which is also complete with respect to that norm,
i.e., all Cauchy sequences in V converge to an element v € V.

s0, if {vn}n=1,,. is a Cauchy sequence of functions v, € V, ||v, —
v|ly —— 0, v € V, but, what is a Cauchy sequence?
n—0o00

Definition 2.3.2 (Cauchy sequence): A sequence of elements vy, v2, U3, . . .
is called a Cauchy sequence (or a fundamental sequence) if for every € > 0,
exists a positive integer N such that forall m,n > N, || v, — v ||[< €.

i.e., a sequence in which its elements get arbitrarily close to each other. Itis
instructive to consider the following example. Take the space C%(Q2), Q =

[0, 1] equipped with the L3(Q)-norm, i.e., [|0]l12q) = 4/ fol 02 dx and the
Cauchy sequence of functions {v, } defined by (see Figure 2.6)

0 if 0<x <1
o ={ (r— 1yt ) z (2.11)

0 ifo<x<li
v = 1 2 (2.12)

It can be seen that in the L2-norm v,, —— v (check that), however notice
n—oo

that v is dicontinuous. We have found an example of a Cauchy sequence
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Figure 2.3: Stefan Banach (Krakow(1892)—
Ukraine(1945)).

Figure 2.4: David Hilbert (Germany,
1862-1943).

Figure 2.5: Henri Lebesgue (France, 1875
1941).



in C%(Q) converging to an element not belonging to C°(Q2), so the space
is not complete with respect to the L?(Q)-norm.

Let us now define an important class of spaces for this course:

Definition 2.3.3 (Hilbert space): A Hilbert space is a vector space equipped
with an inner product, that is also a complete metric space with respect to the
norm induced by the inner product.

so, a Hilbert space is also a Banach space. Important examples to us of
inner products are the L?(Q)-inner product

(v, w)r2q) = / vwdx (2.13)
Q
and the H!(Q)-inner product
(v, W) = / (vw + Vo - Vw) dx (2.14)
0

which induces the previously mentioned norms. Notice also that if the
functions are vector-valued, i.e., v, w : Q — R4, d = 2 or 3, we write®

(v, W) = / (v-w+Vv:Vw)dx (2.15)
Q

Finally, let us consider the so called Lebesgue spaces:

Definition 2.3.4 (Lebesgue space): The Lebesguie space of order p € [1, 00)
is defined as

LP(Q):{f:Q%R:‘/|f|pdx<+oo} (2.16)
Q
Forp = o0

L*@Q)={f: Q>R : ||fllL~cq) < +oo} (2.17)

The natural norm for these spaces is the L” (QQ)-norm
1
4
o = [ 177 ) 19)

A few comments are in order:

» LP(Q) are Banach spaces;
» L%(Q) (already introduced in Equation 2.3) is a Hilbert space;
» [P(Q) Cc LI(Q) Vg <p(eg., q =1, p=2, of all functions that are

integrable in (), just some of them are square integrable, and so
on);
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0 0.2 0.4 0.6 0.8 1
x

Figure 2.6: Example of the sequence of

functions v, (x) tending towards the step

function.

5: In Equation 2.15, since Vv : O —
Rdxd (is a matrix—valued function), the
symbol “:” stands for the inner product
of tensors or the double contraction, i.e.,

d
Vv:Vw = Z (Vv)ij (Vw);j.
=

Figure 2.7: Bernhard Riemann
(Hanover(1826)-Italy(1866)).



» For purely technical reasons, we need to introduce the notion of
Lebesgue integration, which is a generalization of the Riemann
integration we have learned in elementary courses. All the theory
is rigorously built on top of that. Lebesgue integration is able to
handle more general functions, but, it coincides with the Riemann
integral, in case the latter exists;

» The spaces L? define equivalence classes of functions. This means,
two functions f and g are said to be equivalent if they differ only
on a set of zero measure®. Then, if f = ¢ almost everywhere (f # ¢
only on a set of zero measure)

/ If —¢lPdx=0 (2.19)
Q

We are not done yet, a fundamental concept is finally needed to complete
the picture:

2.4 Weak derivatives and Sobolev spaces

Consider the one dimensional function f(x) = 1 — |x| in the interval
[-1, 1]. This is a continuous function whose first derivative is not defined
in the classical sense in x = 0, however, we intuitively define its derivative
as a function g(x) given by

1 if x<0
800 = { -1 if x>0 (2:20)
so, this function if piecewise continuous differentiable’. Also, note
that ¢ € L?(—1,1). Now, take a function ¢(x), smooth everywhere in
Q = [-1, 1] and vanishing outside €, and proceed as follows

[11 f(x)¢'(x)dx = [f (1+x)¢'(x)dx + ‘/oj 1-x)¢'(x)dx =
o

1
— 0o+ a-neh - [ 1o - [ Dpwa-

-1

=0
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6: A set of zero measure means: a set of
isolated points in 1D (no length), a line
in 2D (no area) and a surface in 3D (no
volume).

7: In the finite element method we ap-
proximate the solution of PDEs by using
this type of functions most part of the
time.

1
-~ [ sowar e

where we have applied the integration by parts formula we have learned
in calculus. The function g is called the weak derivative of f. In order to
formalize this, let us first define the space

D(Q) = {¢p € C7(Q) : ¢ has compact support in Q} (2.22)

Compact support in (2 means that ¢ in particular, vanishes on the
boundary of (), i.e., the set of points in which ¢ # 0 is closed and
bounded (compact), as shown in figure Figure 2.8.

Definition 2.4.1 (Weak derivative): A given function f : QO — R is said
to have weak derivative with respect to x;, D}, f if there exists a function g

Figure 2.8: Example of a function with
compact support (the Bump function).
By JoshDif - Own work, CC BY-SA
4.0, https://commons.wikimedia.org/
w/index.php?curid=67554863



https://commons.wikimedia.org/w/index.php?curid=67554863
https://commons.wikimedia.org/w/index.php?curid=67554863

such that
_ I
‘/Qg(x) ¢(x)dx = —Lf(x) &—Xi(x)dx Vo € D(Q) (2.23)

If such g exists, we define D;,f = g—; =g.

The new definition of derivative is the same as the classical }llim JM,
—0

if f is regular enough at x.

The definition can be extended to higher order derivatives. Given a
function f : Q — R" and a multi-index @ = (ay,...,a,), |a] =

oldl
ﬁ is the weak derivative of f of order
Xy dxy”

||, if there exists a function ¢ such that

a1+ +ay, Dif =

[swowr=0 [ fo@ax vocae) 2
Q o}
We are now ready to define the so called Sobolev spaces:

Definition 2.4.2 The Sobolev space WP (Q)) is defined as

W"P(Q)={f:Q—>R: fell(Q), Dif € L"(Q)Va,|d| < m}
(2.25)

with the norm

a rnP
f ey = | D IDE flln (2.26)

|a|<m

Notice that, previously mentioned spaces are especial cases®

» WOP(Q) = LP(Q) is the Lebesgue space of order p (e.g., W*(Q) =
L%(Q), the space of square integrable functions);

» W2(Q) = H"(Q) is a Hilbert space (e.g., W*(Q) = H(Q), the
space of square integrable functions whose derivatives are also
square integrable).

There are also important properties of these spaces that are worth to
know:

» It can be shown that W™ (Q) is a Banach space (see [2]);

» H™(Q) is the completion of C*(Q) with respect to the norm
||| ()- This means, for any v € H™(Q) it is possible to find an
infinitely differentiable function f that is arbitrarely close to v, i.e.,
lo = fllum@) < €, Ye > 0. We say that C*(Q) is dense in H™(Q)°;

» An alternative definition of the space H™ (), instead of looking
whether the weak derivatives belong or not to L?(Q) is by comple-
tion of the space C"(Q) with respect to the norm ||-|| g (q).
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8: Both, the L2(Q) and HY(Q) are the
most relevant spaces in this course.

I' Lipschitz

r

Figure 2.9: Examples of domains with
Lipschitz boundary (top) and not Lips-
chitz boundary (bottom).

9: This allows us to prove results involv-
ing the space H'(Q), by showing them
for smooth functions. This is called a
density argument.



In particular, we must state the following important theorem concerning
Hilbert spaces H" and its connection to the spaces C*:

Theorem 2.4.1 (Sobolev embedding): Given a bounded domain Q C R¥
with Lipschitz boundary'. Let m and k such that m — k > 4, then, every
function of H™(Q) belongs to C*(Q). Furthermore, the inclusion H" (Q) C
CK(Q) is continuous.

» Continuous inclusion or continuous embedding of H™(Q) in
Ck(Q), that is denoted sometimes H™(Q) — C*(Q), means!
lollweeq) < cllollamc) (2.27)

» In one spatial dimension d = 1, take m = 1 and k = 0, any function
in H'(Q) is automatically continuous, i.e., H(Q) c C%(Q);

» Intwo and three spatial dimensionsd > 2, takem = 2, k = 0, we can
say that any function in H2(Q) is continuous, i.e., H2(Q) c C%(Q);

» There are others Sobolev’s embeddings for general W7 () spaces

(see a more advanced reference).

2.5 Conclusion

To conclude this chapter, let us work out a few exercices which also serve
to introduce some additional tools to be used later on:

Solve the following exercices

» Cauchy-Schwarz inequality. Consider a space V with inner
product (-, -)y and induced norm || - ||y. For any v, w € V

I, wv| < llollvilwly (2.28)

Prove this important inequality. This inequality is a particular
case of the more general Holder’s inequality: Let p, g € [1, o]
such that %+% =1,ve LP(Q)andw € LI(Q), thenv w € L (Q)
and

lowln < lollwollwlliig) (2.29)

» Triangle inequality. Using the Cauchy-Schwarz inequality,
prove that for any v, w € V
lo+wllv < llolly + llwllv (2.30)

» Prove that the sequence of Equation 2.11 is a Cauchy sequence.

» Consider the space H'(Q), Q = (a,b), the Hilbert space of
functions v : (a,b) — R and the corresponding induced norm

1
of Equation 2.14, i.e., [|0]|g1(s,p) = (fab (0% +0?) dx)z. Show
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10: We need the shape of ( to be “reason-
able”. Lipschitz boundary means that,
everywhere the boundary is the graph of
a Lipschitz function (i.e., |f(x) = f(y)| <
L|x—y|). Examples and counter examples
are shown in Figure 2.9.

11: In Equation 2.27 we define

lollwkeo) = maxja<k Dol ()-
As a particular case, for k = 0 we have
the L*(Q)-norm defined in Equation
2.8, which is a natural norm for the
space of continous functions.

Figure 2.10: Augustin-Louis Cauchy
(France, 1789-1857).



2.6

that

1
, 2
lolinms = (01 + 101 |

lollr2) + Ik (x)? |2

ol o, )

where 0 < Kmin < K(¥) < Kmax, iS an equivalent norm to
|- [1ea,p)-

Let f : Q > R, Q c R3. Write the partial derivative of f
corresponding to @ = (2,0,0) and & = (0,1, 1).

Let f : Q — R, Q c R2 Write in detail the definition of the
space H?(Q)) and its corresponding norm (Equation 2.26).

(Optional) Show that the space
1
V=A{w:(0,1) — IR,/ w(x)? dx < +c0,
0

/1 w'(x)? dx < +oo0}
0

is contained in C°(0, 1). What space is V2.

Implement a script that

» Compute the L2(Q2) and H'(Q)-norms (see Equation 2.13 and

Equation 2.14) of the solution u#, to Poisson’s problem from the
previous Assignment:

e Program the calculation by using the FEniCSx keyword
inner'?, ie.,

L2norm = fem.assemble_scalar( ... )

gradterms = fem.form(inner( ... , ... )*dx )
Hlnorm = L2norm + fem.assemble_scalar( gradterms )
Hlnorm = np.sqrt(Hlnorm)

and doing the componentwise multiplication of the deriva-

tives, i.e.,
L2norm = fem.assemble_scalar( ... )
gradterms = fem.form( (ud.dx(0)*x2 + ... )*xdx )

Hlnorm = L2norm + fem.assemble_scalar( gradterms )
Hlnorm = np.sqrt(Hlnorm)

o Consider the case of the viscosity u being constant or
dependent on x as taken in the second item of that Assign-
ment.

e Build a table reporting the results as a function of the
number of elements in the discretized domain.

» Define the vector—valued function
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12: In FEniCSx, for vector—valued func-
tions, the inner and dot keywords are
synonyms, and simply refer to the usual
“. product of vectors in R,
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13: In FEniCSx, for matrix—valued func-
tions, the inner keyword refers to the

double contraction “:” of matrizes in
Rdxd .



VARIATIONAL
FORMULATIONS I:
Abstract problems

3.1 Introduction

First, we recall the Poisson’s problem with homegeneous Dirichlet data,
we have presented in the first chapter. Let Q ¢ R? be an open domain
with Lipschitz boundary dQ. Consider the source term f and coefficient
1. The problem reads: Find u € C*(Q) N C(Q) that satisfy pointwise the
partial differential equation:

Vo (@Vuk) = f(x) x€Q

(DP) : (3.)

ukx) = 0 x € 0Q

and its variational (or weak) form we have used to solve the problem by
the finite element method using the FEniCS platform (although we didn’t
provide too many details on what was behind such resolution):

Weak form of Poisson’s problem

Find u € V(Q) such that

/ p(x) Vu(x) - Vo(x) dx = / f(x)v(x)dx
Q Q

(VF) : (3.2)

a(u,v) {(v)

Yo € V(Q).

Notice that in Equation 3.2 we have:

» In the left hand side, a bilinear form a(u, v), that is, a form that
takes two functions as arguments and is linear in both arguments!,
ie,a(-,-): VxV >R,

a(u,v) = / uVu -Vodx (3.3)
0
» In the right hand side, a linear form {(v), a form that takes one
function as its argument and is linear, i.e., ¢(-) : V — R,

E(v)=/vadx

In Chapter 1 no rigorous definition of the functional setting for this
problem, the proper definition of the space V or any regularity assumption
as to the data f and u were provided. For instance, what happen if
coefficient (x) is a rough function looking as it is shown in Figure 3.1?

(3.4)

3.1 Introduction . . . ....... 20
3.2 Linear and bilinear forms . 21

3.3 Symmetric problems: Riesz

representation. . ....... 22
3.4 Nonsymmetric problems:

Lax-Milgram . . ........ 23
3.5 Conclusion . . ......... 24

3.6 Assignment 2: Poisson’s
problem with inclusions . . 24

1: Linearity of a in both arguments
means that forall u,v,w € V, o, € R

alaeu+po,w)=aa(u,w)+palv,w)
a(u,av+pw)=aa(u,v)+pau,w)

),

Figure 3.1: Example of a rough coefficient
u(x) in Equation 3.2.
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We aim in this and following chapters to fill in this gap and introduce
under which conditions the problem is mathematically well-posed?.

Problem (VF) as well as others to be discussed later can be cast in a
general abstract form:

Abstract variational problem

Find u € V such that
a(u,v) = £(v) (3.5)

forallv € V.

3.2 Linear and bilinear forms

It is clear that if we aim to establish whether a given variational problem
is well posed or not, we have to inspect the properties of the bilinear
and the linear forms that appear Equation 3.5, so before proceeding we
introduce some definitions and a two very important theorems.

Definition 3.2.1 (Bounded linear functional): Let V be a Hilbert space
with norm ||-||v. A linear functional £ : V- — R is said to be bounded if there
exists a constant Ny such that

[€(v)] < Nellollv YoeV (3.6)

» If the linear functional ¢ is bounded, this also means that is contin-
uous, roughly speaking, if we change v a little, £(v) also changes
little3, thus, continuous and bounded linear functionals are used
as synonysms;

» Equation 3.6 implies that { € V*, the dual of V which is by defini-
tion the set of all bounded linear functionals on V;

» The minimum value N, for which Equation 3.6 holds is called the
norm of £ and we write

[1€]lv- = Ne (37)

Definition 3.2.2 (Bounded bilinear form): Let V be a Hilbert space with
norm ||-||v. A bilinear form a : V. x V. — R is said to be bounded if there
exists a constant N, such that

la(u,0)| < Nallullv llollv Yu,0eV (3.8)

» A bilinear form is bounded iff is continuous (you can fix one of its
arguments and see it as a linear form;

» N, is called the continuity constant).

Finally, we introduce the concept of Ellipticity or Coercivity of a bilinear
form which is essential to show Existence and Uniqueness of solutions
to the variational problem:

2: Well-posed problem (Hadamard,
1932): A problem is well-posed if it ad-
mits one and only one solution which de-
pends continuously on the forcing data.

Figure 3.2: Jacques Salomon Hadamard
(France, 1865-1963).

3: If { is bounded, we can prove it is
continuous by doing

|t@+w)—t@)] = [{@)] < Ne llwlly —> 0.

The converse is also true.
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Definition 3.2.3 (Strongly coercive bilinear form): Let V be a Hilbert
space with norm ||-||v. A bilinear form a : V XV — R is said to be strongly
coercive if there exists a constant o > 0 such that

a(u,u) = oz||u||%/ YueV (3.9)

3.3 Symmetric problems: Riesz representation

We begin by stating the Riez representation theorem which is a funda-
mental tool to deal with variational problems in which the bilinear form
is symmetric. In principle, the theorem will seem a bit abstract but then
we will explain how to use it to prove existence, uniqueness and stability
of solutions.

Theorem 3.3.1 (Riesz representation theorem): Let V be a Hilbert space
with inner product (-, -)g. For each continuous linear functional { € V*,
there exists a unique u € V such that

€1l llellex

{(v) (u,v)g YoeV

you may be asking yourself how this relates to the solution of (VF) ... so, let’s go
back to our variational problem

Findu € Vst. a(u,v) =4{(v) Yo e V.
where V is a Hilbert space. Let consider a bilinear form a that is:

Symmetric: This implies that
a(u,v)=a(v,u) Yu,veV

Bounded and Coercive: These imply that

Va |lullv < Va(u,u) < Ny lully YueV — (310)

Now, we reason as follows:

» Looking at Definition 2.2.2, we acknowledge that the bilinear form
a(-,-) defines an inner product®.

» Recall that if V' is a Hilbert space, it is an inner product space, that
is complete with respect to the norm ||-||y, i.e., for a sequence of
functions {v,}, ||[v, — v|lv — 0, veV,

» Since by Equation 3.10, ||-||v and ||-||; are equivalent norms, then,
o, — ||, — 0, v € V,soV is also complete with respect to

the energy norm ||-||,;

» Now, in Theorem 3.3.1 take as inner product on V the energy
product, ie., (-, )y = (-,-)a = a(-,-), so we can restate the Riesz
representation theorem for our particular case as:

Figure 3.3: Frigyes Riesz (Hungary, 1880—
1956).

4: This inner product is sometimes
called the energy inner product and the
induced norm is called the energy norm

that is denoted by ||u|s = va(u, u)
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Theorem 3.3.2 (Well-posedness of (VF)): Let V be a Hilbert space, a :
V XV — R be a symmetric, continuous and strongly coercive bilinear
form. For each continuous linear functional { € V*, there exists a unique
u € V such that

a(u,v) = {€(v) YoeV

Moreover, the solution u is stable, i.e., ||ully < 2|€]ly-

A few comments are in order:

» The stability statement, means that the solution depends contin-
uously on the “data”. For instance, in Equation 3.4, if the forcing
term f changes little, the solution also changes little;

» The inequality ||u|ly < %Hfl y+ comes from the fact that, ||£]|, =
lulla®, Nlulla = Vellullv and also [I€]la < =lellv;

» For each (VF) in particular, that £ : V — R belongs to V* has to be
proven;

» The symmetry, continuity and coercivity of a has to be proven as
well. This can be more or less difficult depending on each case.

In the next chapter we consider specific examples of variational problems
and work on the two latter points.

3.4 Nonsymmetric problems: Lax-Milgram

The previous theorem is restricted to symmetric problems. However,
there problems in which the bilinear form is nonsymmetric. The canonical
example in fluid mechanics is the case of a convection (or advection) term
in the Poisson’s problem, namely, given a velocity field f we consider,

~V.-(uVu) + B-Vu =f
N———
convection term

As done before, we multiply this equation by a function v, the associated
bilinear form becomes

u(u,v):'/glqu-Vvdx+/()(ﬁ~Vu)vdx

which is clearly nonsymmetric, since by inspection, we can not exchange
u by v (i.e, a(u,v) # a(v, u)). For cases in which the bilinear form is not
necessarily symmetric, there exists the Lax-Milgram theorem that states
exactly the same as Theorem 3.3.2 except that the form a need not to be
an inner product:

Theorem 3.4.1 (Lax-Milgram): Let V be a Hilbert space, a : V XV — R
be a continuous and strongly coercive bilinear form. Then, the problem:

5: This is because we have chosen the a—

inner product in Theorem 3.3.1. Also, we
are abusing notation by denoting |||,
thenorm on V* with respect to the energy
normin V.

\

Figure 3.4: Peter D. Lax (Hungary, 1926).
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Find u € V such that
a(u,v) = {€(v) YoeV

is well posed for any continuous linear functional { € V* and ||ully <
Lllelly-.
o

3.5 Conclusion
To conclude this chapter, let us work out a few exercices:

Solve the following exercices

» Show that a scalar product (-, -) is a continuous bilinear form.

» Complete all the details to show that a symmetric, continuous
and coercive bilinear form satisfy the definition of inner product
given in Definition 2.2.2. Also show that if for a sequence
of functions {v,} in V, ||v, — v||v P 0, veV =

lon —vlla — 0.
n—co

3.6

Let us continue with our exploration of Poisson’s problem in the FEniCSx
platform, as a model for instance of fully developed flow in ducts or heat
conduction in solids. We haven’t learned yet all the theoretical tools to
fully understand what is behind the implementation, however, as we
did in Chapter 1, we will proceed at a more or less informal level. The
problem we aim to solve now is the following;:

Given the computational domain Q = [0, L,] x [0,L,] c R?, 9Q =
I« UT,, UT ., source term f and thermal diffusivity p, find temper-
ature field u satisfying

V(@ Vi) = f6) xeQ
u(x) = uy X € Tt
u(x) = u, X € [

—u(x)Vu(x) -n(x) = 0 xeTl,

The thermal diffusivity u is piecewise constant and defined by

up if x€Qp =U?=hla)i, a)iz{er,llx—xé [|< 7}

p(x) =
pa if xeQy=0\Qp

24
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i.e., u takes the value 4 everywhere in Q, except at some known
distributed circular inclusions with centers and radii {xi, ri}?:”l, in
which it takes the value up. Similarly, the source term f can be
piecewise constant. The objetive is to study the influence of the ratio
uB/pa on the solution for different settings to be precised later on.
Typical results are shown in Figure 3.5. Notice that I',; represents
the top and bottom walls, in which a zero flux is being assummed
(adiabatic walls). From the countour plots we observe indeed that the
normal derivative of u is zero at those walls.

The discrete variational formulation

The finite element formulation follows by proceeding as in Chapter 1.

The main difference now is that the test functions v must satisfy
v(x) =0 Vx €T UT (3.11)

The temperature field is sought in a finite dimensional space V},°. We
mention in advance that this space V}, must be a subspace of the Hilbert
space introduced in Chapter 2

H Q) ={v:Q->R, vel*Q), Voe[L2(Q)]}

In fact, since we consider nonhomegeneous boundary conditions in
I U T, we seek for solutions in the set

th - Vg(Q) ={ve Hl(Q)r Olh = e, vlrrighl = ur}

In particular, we will consider polynomial spaces of degree k, e.g., linear or
quadratic functions on the elements of a partition of (0. Let {¢), ..., "}
be a basis of V}, and uy, the expansion

n
up(x) = D Ui ¢'(x).
i=1
The variational formulation reads: Find uj, € Vj,¢ such that

/ uVuy - Vo dx = / fondx Yoy, € Vi, (3.12)
Q Q
where Vi is V¢ when up = u, = 0.

Implement the following modifications to inclusions_poisson.py

» Inspect and run the script provided and make sure to under-
stand its different sections.

» Run the script by setting ua = ugp = 1, fa = fg = 0 and com-
pare the solution with the exact one. Visualize the results in
Paraview.

Figure 3.5: Two typical results consider-
ing homogenous source term (top) and
homegenous Dirichlet conditions (bot-
tom) taking up > pa.

6: Instead of using the subindex d to
denote the discrete space, we adopt the
subindex h, which is the standard no-
tation in the FEM. The h refers to the
mesh refinement, i.e., the typical size of
elements in the partition of Q.

7: Further details on how to construct
polynomial spaces on finite element
meshes, will be given later on.
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ue = uleft - (uleft - uright)*x[0]/Lx

gradue = as_vector([-(uleft - uright)/Lx, 0.01)
errorL2 = assemble_scalar(form((uh - ue)*x2xdx))
errorHl = errorL2 + ...

print(" |-L2error=", np.sqrt(errorL2))
print(" | -Hlerror=", np.sqrt(errorHl))

n = FacetNormal(mesh)

ds = Measure(’'ds’, subdomain_data=ft)

Qleft =assemble_scalar(form(inner(muxgrad(uh),n)=*ds(3)))
Qright= ...
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dx = Measure(’'dx’, subdomain_data=ct)

one = Constant(mesh, ScalarType(1l))

Tincav = []

for k in range(ninclusions):
area = assemble_scalar(form(one * dx(3+k)))
Tinc = ...
Tincav.append(Tinc/area)




VARIATIONAL
FORMULATIONS II:
Elliptic examples

In the previous chapter we considered abstract problems and at the
end we solved one Poisson’s equation, although without justification
of some choices. In this chapter, we continue with concrete examples
of elliptic problems, such as Poisson’s and linear elasticity, and their
variational formulations and provide additional details to as the choice
of the appropriate functional setting.

4.1 Poisson’s problem

4.1.1 Homegeneous Dirichlet BCs

Let consider once again the Poisson’s equation on a domain Q with
homegeneous Dirichlet boundary conditions:

=V (uVu)

f inQ

u 0 ondQ

and recall the variational (or weak) form: Find u € V such that

/qu-Vvdxz/fvdx YoeV.
Q Q (4.2)

— —
a(u,v) {(v)

What can be said about the regularity of f and v and the appropriate
choice for the space V'?

» f and v should at least belong to L*(Q) if we pretend that |£(v)| <
+00 (i.e., { must belong to V" for the Theorem 3.3.2 or Theorem
3.4.1 to be applicable);

» At the same time, the weak derivatives of # and v, must also belong
to L2(Q) if we pretend that |a(u, v)| < +oo, this clearly suggests
that V has to be a subspace of

Hl(Q)={v:Q—>R:/

v?dx < +o0 and / (Vo - Vo) dx < +oo}
Q Q

» Finally, we must satisfy the boundary condition u#|r = 0 on JQ, so
the space of choice will clearly be

Hé(Q) ={v e H{(Q) : v|r = 0}.
This is a closed subspace?;

» That a(:,-) is strongly coercive over this space (i.e., a(v,v) >

oc||v||ilé(0) You € H&(Q)) remains to be proved.

4.1 Poisson’s problem ... .. 28
4.2 Linear Elasticity ...... 33

4.3 A different view point:
Energy minimization . . .34

4.4 Assignment 3: Variants of
Poisson’s problem . . . .. 36

1: For this reason, Dirichlet conditions
are also named as essential boundary
conditions, since, they are embedded
into the definition of the space V.

2: A closed subspace of a Hilbert space
is also a Hilbert space, a fact that is very
often invoked throughout. At this point,
we recall that a subset Y of a complete
normed space X is complete iff Y is
closed in X.
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Lastly, the problem can be written as

Weak form of Poisson’s problem with ¢ = 0

Find u € H}(Q) s.t. ‘/Qqu -Vodx = '/vadx Yo € Hy(Q).
In what follows, we consider some variants of this problem.

4.1.2 Inhomegeneous Dirichlet BCs

The natural thing to do now is to consider a more general situation and
admit an nonhomegeneous data on dQ3. The (DF) thus reads
-V-(uVu) = f inQ
(4.3)

u = g ondQ

where the function g is defined on dQ. This function must be regular
enough such that there exits a function 1, € H(Q) that is equal to g
forall x € dQ. If you want, you can also think g as a function in H(Q),
defined over all 2. In order to solve this problem we apply the following
trick. The solution is written as:

=1+ ug (4.4)

where 1y = 0 Vx € dQ. Clearly, u satisfies the Dirichlet condition®.

To derive the variational formulation we substitute into the PDE, multiply
by a function v € H;(Q) and integrate by parts

uVi(ug +ug)-Vodx = [ fodx Vv e Hé(Q). (4.5)
Q 0

Now, we move to the right hand side the term that depends on the given
data ug and obtain

Weak form of Poisson’s problem with g # 0

Find up € H}(Q) s.t. / pVug - Vo dx =
Q

‘/vadx—/Qqug-Vvdx VUGH&(Q).

and obtain u as a post-processing step by summing 1o and u. Notice
that we have a problem with the same bilinear form a(-, -) and space V as
in the previous case, except that the linear form has now changed to

é’(v)z/fvdx—/qug-Vvdx
Q Q

——————
a(ug,v)

(4.6)

3: Note that the choice of 1 is quite flexi-
ble, as far as it has the required regularity
and satisfies the boundary condition. For
instance, it can be a function that is equal
to ¢ on JQ and decays to zero or same
value when we move far away from JQ,
as illustrated in Figure 4.1.

-—
I}
9(a,22)

@,z) =00 ~———— -
—— (z1,72)
\;,,\739\

Figure 4.1: Example of a function u¢ that
corresponds to the function g(x1, x2) =
sin?(40), 6 = atan(x/x1).
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Now, we embark in the task of showing that this problem is actually well

posed.

4.1.3 Proof of well-posedness

Let us collect everything:

Continuity of 2

The space:

The inner product on V:
The induced norm on V:
The bilinear form:

The linear form:

V = H\(Q)
(u,v)y = /(u v+ Vu - Vo)dx = (u,v)mq)
Q
llull?, = ./Q(u2 +Vu - Vu)dx = ||u||§{1(0)
a(u,v) = /qu -Vodx
Q

(?(v):'/vadx—a(ug,v)

We begin by assuming that 3 p,, > 0 and up such that p, < p(x) <
um V¥x € Q, which is “physically” quite reasonable. Let proceed by

showing all the details:

yM/||Vu||2||VU||2 dx (Cauchy-Schwarz in R?)
Q

= um / VVu - VuVVv - Vo dx (Definition of Euclidean norm in R%)
Q

2
/ Vo - Vo dx) (Cauchy-Schwarz in L?(Q))
Q

a(u,v) = /qu-Vvdx
Q
< yM/IVu-Vv|dx
Q
<
1
2
< yM(/Vu-Vudx)
Q
<

3 :
M (/ (u? + Vu - Vu) dx) (/ (v* + Vv - Vo) dx) (Summing 12 and v?)
Q Q

= Ny llullg llollm@q) (Definition of H'(Q)-norm)

where in the 3rd step we used the Cauchy-Schwarz inequality in R%*  4: For vector-valued functions f,g :
. . d
and took N, = ppr. Summarizing, a(-, ) is bounded: Q — R |f-g| < [fll2]lglla where

a(u,v) < um lullgo) Iollm ) Yu,v € V (4.7)

Coercivity of a

This is a bit more difficult. We will need the Poincaré-Friedrichs inequality

(one more ... )

||-]l2 denotes the Euclidean norm (i.e.,

lI£ll2 = VE-£).

Figure 4.2: Henri Poincaré (France, 1854—
1912).
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Theorem 4.1.1 (Poincaré-Friedrichs inequality) Let QO C R? be a
bounded domain with Lipschitz boundary, Tp C dQ, meas(I'p) # 0 and the
space

H}(Q) = {v € H(Q) : v|r, =0},

Then, there exists Cqr, (depending only on Q and I'p) such that, for any
u€Hp,

/ Vu -Vudx > Cqr, / u?dx (4.8)
0 Q

In the case we have at hand, I'p = JQ.

Now,

a(u,u) = /qu-Vudx
Q

Figure 4.3: Kurt Otto Friedrichs (Ger-
many (1901)-USA(1982)).

= ym/Vu-Vu dx
Q

1 1

= E‘um/Vu‘VudanEym/Vu-Vudx
Q Q

1 ) 1 o
> —uwCar, | w dx+ -um | Vu-Vudx (Poincaré-Friedrichs)

2 “Ja 2" Ja
>

1 1
min § - umCarp, = tm (u? + Vu - Vu) dx
2 e 2 0
= allu ||%{1 @ (Definition of H'(Q)-norm)
Summarizing, a(-, -) is strongly coercive:

a(u,u) > a|lul| )Vu Y% (4.9

2
H(Q
Continuity of ¢

We consider the case ¢ = 0 for simplicity and left the more general case
for a later moment?’.

/fvdx

Q

(/fzdx
Q

1¢(0)]

[T

1
2

IA

(Cauchy-Schwarz in L*(Q))

/vzdx
Q

IA

N¢ [[v]lgq) (Definition of H 1(Q)-norm)

where Ny is chosen as || f|12(q). Summarizing, £(-) is continuous:

160)] < N¢ ol Yo eV (4.10)

2
I f 12 (/ (v* + Vv - Vo) dx) (Summing a positive term)
Q

5: The problem is indeed well-posed un-
der reasonable assumptions on ¢ and dQ.
To prove that we need the trace operator,
to be introduce later on.
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4.1.4 Mixed Dirichlet-Neumman BCs

We consider now the boundary dQ to be the union of two disjoint parts
I'pandTy (e, Tp UTy =dQand I'p NTy = 0)°

=V-(uVu) = f inQ

u

g onlp (4.11)

—uVu - n h onTy

See Figure 4.4 for and illustration.

First, we define the space
H}y(Q) = {v € H(Q) : v|r, =0},

and integrating by parts, we retain the integral over I'y, i.e.,

/waVvdx—/ luVu-ﬁvds=/qu'Vvdx+/ hvds
Q I'nUI'p Q I'n
(4.12)

We again consider the split u = ug + 1y giving

Weak form of Poisson’s with Mixed data

Find ug € HIBO(Q) s.t. / uVug - Vo dx =
Q

/fvdx—/qug-Vvdx—/ hvds Yo € Hp(Q).
Q Q I'n

As before, the bilinear form remains the same, but the space changed
and the linear form became’

ﬂ(v):/fvdx—/qug-Vvdx—/ hvds (4.13)
Q Q I'n

so, the difficult part is to show that £(-) is continuous. In chapter 9 we
present a theorem that establishes under which conditions the general
case, having i # 0 and g # 0 is well-posed. By now, we conclude the
study of Poisson’s problem by considering an important case:

4.1.5 The caseof I'p =0

The case of pure Neumann boundary conditions deserves some attention

V- (uVu) = f inQ
(4.14)
—uVu-n = h ondQ

First, notice that if we hope to have a solution, the data f and # must
satisfy a compatibility condition, which comes from integrating the

6: In Equation 4.11, we define the Neu-
mann BC in terms of the flux of quantity
—uVu, which is defined, as usual, with
the — sign in front of.

—uVu . fl|rN =h

U‘lFD =g

Figure 4.4: Domain () whose boundary
is partitioned into a Dirichlet and a Neu-
mann part.

7: The Neumann BCs are also named
natural boundary conditions, since h ap-
pears naturally in the variational formu-
lation when we integrate by part.
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equation over Q) and applying Gauss’ theorem

—/V-(qu)dxz—/ (qu)-r‘ids=/ hds=/fdx (4.15)
Q oQ oQ Q

Also, notice that if the problem admits a solution, this will be determined

up to an additive constant c, i.e., if u satisfies Equation 4.14, sodo u + c.

We can not proceed as in the previous case and apply Poincaré-Friedrichs
inequality, because meas(I'p) = 0, however, if we consider the space of
functions with “zero mean”,

V(Q) = {v e H(Q): / vdx =0},
Q

the problem is indeed well-posed. The proof relies on a similar inequality
(The Poincaré-Neumann inequality), which is left aside now for the sake
of brevity.

4.2 Linear Elasticity

As a final example of an elliptic problem we consider the classical linear
isotropic elasticity widely used in solid mechanics. This is a problem
involving a vector field as unknown, the displacement u : Q — RY
which describes the deformation of a solid material with respect to a
reference configuration. By now, we consider the simplest case involving
homegeneous restrictions for the displacement on I'y on the Dirichlet
boundary, (such that any rigid body motion is absent) and homegeneous
forces on I' (the Neumann boundary), I'y N I'¢ = 0.

-V-(2uV5u+AV-ul) = f inQ
u = 0 only (4.16)
(2yV5u+)\V-u)'i’1 = 0 onlg

where I € R™4, 1 > 0and A (> 0 in general) are known as the Lamé’s
parameters , which relate to the perhaps better known Young and Poisson
modulus. Let define &(u) = %(Vu + VTu). Recall, the variational (or
weak) formulation is obtained after multiplying by a test function v and
integrating by parts: Find u € V such that

/[2[.18(11):8(V)+A(V'u)(V'V)] dx=/f-vdx VveV.
Q Q

—_———
a(u,v) (v)

(4.17)

Now, we need a space for vector-valued functions. It turns out that the
appropriate setting for this problem should be one in which u and its
first weak derivatives, encoded in the &(u) tensor, be square integrable,
a8
ie®,

[HYQ)]" = {v e [H(Q)]" : vir = 0} (4.18)

Figure 4.5: Gabriel Lamé (France, 1795-
1870)

8: In Equation 4.18, the space [H(Q)] d
is the cartesian product of H!(Q) d times
of e.g., ford =2, [HY(Q)]* = H'(Q) x
HYQ), so a function v € [H1 (Q)]z,
means v; € HY(Q),i =1,2.
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Collecting all the ingredients:

The space: V = [Hé(Q)]d

The inner producton V: (u,v)y = [ (u-v+Vu: Vv)dx = (u,v)

0
The induced normon V:  |ull}, = /(u ~u+Vu-Vu)dx = ||lul]?
0

The linear form: {(v) = /f -vdx
Q

The well-posedness is shown by following the same script as in the
previous problem. In order to apply the Riesz representation theorem,
continuity of ¢(-) and a(:, -) and its coercivity has to be proven. The more
general case, with nonhomeogeneous conditions on I'g: and the details
of the proof are left for Chapter 9.

4.3 A different view point: Energy minimization

So far we have been dealing with the differential form (DF) and with
the variational form (VF) of boundary value problems. Now, in the case
of a(-,-) being a symmetric bilinear form, we explore a different (though
equivalent) way of looking at these problems, namely, the Extremal
Formulation (EF). To that end consider the Poisson’s problem and the
functional ¥ : V — R given by

j(v)zé‘/Qva‘Vvdx—/vadx (4.19)

Notice that §(v) = %a(v, v) — {(v), which is called the energy of the
system. Problem (VF):

Find u € H}(Q) s.t. a(u,v) = {(v) Yv € Hy(Q). (4.20)

can be recast as the following minimization problem:

Extremal form of Poisson’s problem

Find u such that
(EF): u = argmin ¥(v) (4.21)
veH} (Q)

We can show that if u is the unique solution to (VF), then it is also the
unique solution to (EF). To see that, we proceed as follows. Being a(:, -)
a symmetric and strongly coercive bilinear form, for all v € H}(Q2) we

[Hy@]’

H @)
The bilinear form: a(u,v) = /[2 pe(u) : e(v) +A(V-u)(V-v)] dx
Q

34
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have that

F(@) = F(u)

[1 1
_Ea(v,v) — l’(v)} - [Ea(u,u) — f(u)} =

= %a(v,v) - %a(u,u) - [l(v) = t(u)] =

= %a(v,v) - %a(u, u)— —{(v—u)=

= %a(v,v) — %a(u,u)i —a(u,v—u)=

_ % [a(0,0) — a(u, u)] - a(u,0) + a(u, u) =
_ %wuw—MWwwmwmn:

- % [a(0,0) = a(ut, ) — a(v, u) + a(u, u)] =
= 2[4 - u,0) ~ a0 - )] =

1 a >
= Fla@-wo-wlzZlo-ulf,q

thisis, ¥(v) > ¥(u)¥Yv € Hy(Q2) and thus u minimizes §(-) over Hj(Q).

As a final comment, we can also define an equivalent minimization
problem for the elasticity problem, in which we seek for a minimizer of
the following potential energy

F(v) = / [u&(v) ce(v) + A (V-v)z] dx — / f vdx (4.22)
Q 2 Q

in this case, it is perhaps more natural to talk about an energy of the
system: which is divided into a stored energy of the solid and a potential

energy of the loading. This means that the solution u € [Hé (Q)]d of
Equation 9.10, is the one that renders the minimum energy of the solid, a
fact that is well known.

Finally, to conclude this part:

Solve the following exercices

» Write the variational formulation of the following problem that
involves Robin’ BCs:

=V (uVu) f inQ

u g onlp

uVu -n+yu = h onIg

where y € R is a given parameter and I'p UTr = dQ (and
I'p NTr = 0). In fluid mechanics, this condition serves for
instance to model heat exchange between a solid wall and an
ambient fluid by convection.

9: Victor Gustave Robin (1855-1897)
(a.k.a. Batman'’s best friend).
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» Let Q = (0,1). Let ¢(x) = x. Think on a sequence {@,} C
Vno(Q) = {v € HY(Q), v/(0) = 0}.1i.e, ¢,(0) = 0 for all n and
such that ¢, — ¢ in the H!(Q)-norm.

Hint: For 1/n = € > 0 consider the “trimmed” function

o) ifx<em)
Temp(x) = o) ifx>e(n)

This example shows that the set of functions that satisfy a certain
Neumann boundary condition does not necessarily contains all
its accumulation points (in this case, the Vi (€2) is not closed
in HY(Q)).

» Show that if u is the unique mimimizer of ¥ (i.e., the solution to
(EF) over Hé (), then u is the unique solution of (VF) (Equation
4.20).

» Elasticity problem: Show that the bilinear form of Equation
9.10 is symmetric, so the bilinear form defines an inner product
and Riesz representation theorem can be applied.

4.4 Assignment 3: Variants of Poisson’s problem

We continue with the implementation of some variants of Poisson’s
problem into the FEniCSx platform. The problem we aim to solve now is
the following:

Consider a rectangular domain with some holes, i.e., Q = ([0, Ly]X
[0, Ly]) \ Qe € R?, 9Q = T UT i UT e UL, UT ., sSOUrce term
f and thermal diffusivity p. The problem reads: Find u such that

=V-(uVu) = f xe€Q
u = up xe€l
u = u x€Tl,
< uVu-in+yu = h xeTl,,
pVu-fi+yu = hy X€ Nyon
u = u xelj

where I'; is the boundary of the i—th hole, with centers and radii
{xt,ri}:?, being I, = U’ T';. A mesh and a typical result are shown
in Figure 4.6.

Figure 4.6: Typical result and mesh
considering homogenous source term,
Dirichlet conditions on the holes, left and
right walls and Robin type conditions in
the bottom and top walls.
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The discrete variational formulation

As in the previous chapter we consider a discrete version of the variational
formulation, similar to the one you should have obtained in the previous
theoretical excercise: Find u;, € Vj¢ such that

/quh-Vvhdx+/ yuhvhds:/fvhdx+
Q rmp Urbnttom Q

+/ hy vy ds +/ hy v ds Yoy € Vi, (4.23)
T, T

top bottom

where

Vig € Vg(Q) = {v € H(Q), lr,,, = tte, Vlryy, = tr,0lr, = ui}

Implement the following modifications to variants_poisson.py

» Inspect the script provided and make sure to understand its
different sections.

» In the first place, consider y = 0, so the Robin condition is noth-
ing but a Neumann (or natural condition). Take h; = hp = 1,
u=1, f=0u =100, u, =1and u;, i = 1,2,3 being the
mean temperatures you obtained in the previous assignment in
each inclusion when pp is set to a very large value. Compare
the temperature field with that of the previous assignment.

» Now consider the same conditions of the previous item but
y = 1. Plot the results.

» Consider the coefficient y assumes different values (e.g., 10>,
0.1,1.0,10.0,100.0,1000.0). Take f =0, u = 1, ug = u, = 10, the
same 1;’s of the previous item and h; = hy, = yu,. Implement a
code that makes continuation over y and interpret the results
by plotting the solution so as to appreciate what’s going on as
y grows. Base on the following code to implement:

xdmfrob = XDMFFile(MPI.COMM_WORLD, "robin.xdmf", "w")
xdmfrob.write_mesh(mesh)
for gam in [1.0e-5, 0.1, 1.0, 10.0, 100.0, 1000.0]:
gamma = Constant(mesh, ScalarType(gam))
ht = ...
hb = ...
a = inner(muxgrad(u), grad(v))*dx + ...
L = source * v * dx + ...

xdmfrob.write_function(uh, gam)

» In the previous item, now let u, = 10, but set 1, = 100. Run the
code and visualize the results. Can you explain what is going
on when y is large?

» Lastly, take f =0, u = 1, y = 0 and consider boundary condi- Figure 4.7: Result corresponding to a
Dirichlet condition u; = 0.1 sin?[(i +

o
2)6;], 6; = atan(x2 xfz) ,1=1,2,3at

X1 —x(l

holes’ boundaries.
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def gfuncl(x):

FEEUM o q
u_aux = Function(V)
u_aux.interpolate(gfuncl)
bc_holel = dirichletbc(u_aux, holel _dofs)




VARIATIONAL
FORMULATIONS III:
Galerkin

5.1 The Galerkin method

In this chapter we introduce a key ingredient of the finite elememt
method, namely, the Galerkin method (also referred to as Ritz-Galerkin) ,
which takes as starting point the variational formulation. Let recall the
abstract variational problem: Find u € V such that

a(u,v) = €v) YoeV (5.1)
of which we have just seen several examples. As commented in the
motivational example of Chapter 1, the idea behind the Galerkin method
is simply to replace the space V by a finite dimensional space V), C V.
The space V), can be spanned by a set of linearly independent functions
inV,{¢1,¢2,...,0n} 1 5o, we write a discrete variational formulation
(VFy): Find uy € V) such that

a(up,vp) = Lop) Yo, €Vy (5.2)
The idea is that u;, € V), defined by
n
up(x) = > Uj ¢j(x) (5.3)
=1

will get closer and closer to the solution u € V as n — co.

Assuming that problem given by Equation 5.1 is well posed, the logical question
that emerges is if the new problem given in Equation 5.2, is also well posed ...

The answer is yes, because the discrete problem inherits the properties
of the continuous one. First, observe that:

» Being V Hilbert, a finite dimensional subspace V;, C V is also
Hilbert?;

» Since a isbounded in V (i.e., |a(u,v)| < N, ||lu|lv ||o|ly Yu,v € V),
it is in particular bounded in V};

» Since a is strongly coercive (i.e., a(u, u) > a ||u||%/ Yu € V)itisin
particular coercive in Vy;

» For the same reason, £(v) is also continuous in Vj;

As a corollary of Theorem 3.3.2 in case a(-, -) is symmetric or Theorem
3.4.1, if it is not necessarily symmetric, we have the:

5.1 The Galerkin method . . . .39
5.2 Galerkin orthogonality &

Best approximation .. ... 40
5.3 Distanceto V), . . . ... ... 41
5.4 Conclusion - Consequence

of Céa’slemma ........ 42
5.5

............ 43

Figure 5.1: Boris Galerkin (Russia, 1871-
1945).

1: Recall, the subindex h is used to de-
note finite dimensional or discrete spaces.
The h in the finite element method is re-
lated to the refinement of a partition of Q2
(the mesh), such that 1 — 0 as n — oo.

2: A finite dimensional subspace is nec-
essarily closed.
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Corollary 5.1.1 There exists a unique u, € V), that satisfies the problem
(VF}y,): Find uy, € Vy, such that

aup,vp) = Uop) Yo, € Vy
The next question is if uy, is computable ...

The interesting thing about the Galerkin method is that it provides the
methodology to compute uy. If we choose a basis {¢1, P2, ..., ¢, } of Vi,
replace the Equation 5.3 and take v;, = ¢; in Equation 5.2, we obtain

a

> ui¢jr¢i) = >la(¢;, o) Uj= b(¢i), i=1,...,n (54
]'=1 ]’=1 ———— SN——
A,‘]' b;

which is clearly a linear system of equations
AU=b (5.5)
where U € R". A € R and b € R" are defined by
Aij = al(dj, i), bi =U(i). (5.6)
About matrix A we can say:
» ifa(pj, ¢i) = a(Pi, ¢;) (symmetry of a), clearly A is also symmetric;
» if a(vn, vy) > 0 (strong coercivity), taking any arbitrary nonzero

vy = 27:1 Vipj (ie., V # 0), we get

n n
= > > ViAijVi=VTAV>0, V#0
i=1 j=1

a (Z Vidj, > Vi
i=1 i=1
: (5.7)

thus, A is positive definite and therefore invertible, so, we can
safely solve the system and find the unique U that defines uy,.

5.2 Galerkin orthogonality & Best
approximation

An important property of the Galerkin solution uy, to (VFj) can be stated.
Begin by saying that

a(u,vy,) =L(vy) You, €V
a(up,vp) = L(vy) Vo, €V,

so, substracting
a(u —up,vy)=0 VYo, eV

This fact, allows us to show the following important lemma:

40
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Lemma 5.2.1 (J. Céa) Let a(-,-) and {(-) be continuous forms in V, with
a(-, -) strongly coercive, then

N,
e = wally < =l =vslly Vou € Vi 53)

This can be shown by using the trick:

a(u —uy,u — uyp) a(u —uy,u —up + v, —vy) =

= a(u—up,vp—up) +alu—uy,u—op)

=0
= a(u—up,u—-vy) Yo, €V

but, by the coercivity a(u — uy,, u — up,) > allu — uy ||, then

1 1
llu —unllf, < ;ﬂ(u — Uy, U —uy) = afl(u —up,u—vp) Yo, € Vi (5.9)

and by the continuity a(u—uy, u—vy,) < Ng|lu—up||lv|[u—vn|lv, implying
that N
llu —unlly, < fllu —upllvllu —vullv You € V. (5.10)

This is equivalent to say that®:

N .
lu = uplly < — min [lu —vy|lv. (5.11)
* vpeVy

So far, it has not been assumed that a(:, -) is symmetric. If 4 happens to
be, so it defines an inner product over V, then:

» a(u —uy,vy) = 0V v, € V) implies that the error e, = u — uy,
is orthogonal to V), therefore, we say that the Galerkin approxi-
mation uy, is the orthogonal projection of u onto V}, (see Figure 5.2);

» The Galerkin approximation u, is optimal in the energy norm, i.e.,
lu —uplla < llu—onlla Yor € V. (5.12)

since in this norm the coercivity and continuity constants are both
equal to 1.

5.3 Distance to V},

Let us briefly comment on an altenative way of thinking these issues.
First, recall that given an inner product, we have a natural way of defining
a distance d(-, -) between two functions in the space V, i.e.,

d(f,g)=Ilf —gllv=+(f -8 f-8v

3: Note that we may run into trouble if
% > 1, because this does not provide
a practical control on the error. Saying
that ||u — uy||v is lower than a very large
number is not that useful.

st PENAN

My
g9

Figure 5.2: Classical picture of orthogo-
nal projection in Euclidean spaces.
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This can be the L2(Q) or the H!(Q)-inner products. It can be shown that
there exists one and only one element uj, € V}, such that

d(u, up) < d(u,vy) Yo, € Vy, (5.13)

and uy, is the orthogonal projection of u onto V},. To construct such uy,
let us suppose that a u, that satisfies Equation 5.13 exists. Then, given
any vy, € Vj, the functional

j(s) = d(u, up +sop)? = |lu— (up +svp)lly (5.14)

will have a minimum at s = 0, i.e., if u; minimizes d(u,u;)?, then
j(0) < j(s) Vs € R. Using the linearity and symmetry of the inner
product we show that

js)=du,up+svp)® = (u—(up+sop),u—(up+sop))y =
(u = up, u—up)y — 28w —uy,vp)y + 5% (0n, op)v

llu = unllf, =25 (u = up, 0n)v + 52 [lonll,

Now, to have a minimum of this functional for all v;, € Vj, when s =0,
its derivative with respect to s is necessarily equal to zero at s = 0, i.e,,

i
d—i(s =0)=-2Ww—uy,vp)y=0VYo, €V

which, again, means that the difference between u and uj, is orthogonal

to all v, € V}, and uy, satisfies* 4: Notice that this is a variational prob-
lem in which the bilinear form a(-, -) and
the linear form {(-) are given by the inner

(un, vn)v = (u,vp)y VYo, € Vy, product:

a(up,op) = (up, vy

5.4 Conclusion - Consequence of Céa’s lemma

o) = (u,vp)v

The distance from u to V}, estimates de error, so the idea is that if we
build a sequence of discrete function spaces {V}, ,} (as is done in the
FEM) with & — 0 (as n — o), we pretend that

lim (min ||u — vh||) =0 (5.15)
h—0 \v,eVy,
or in simple terms we aim
limuy =u (5.16)
h—0

In the next few chapters we dedicate to study how to construct discrete
function spaces on partitions of () (meshes), in particular, piecewise
polynomial spaces and which are their approximability and interpolation
properties. Concerning what we have just presented, this is fundamental
because, as we shall see

min [[u —opllv < ||u = Fypully,

v eV

where .%,u stands for the interpolant of the exact solution u onto the
space V.
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So, the plan for the next part is to introduce:

Polynomial spaces on finite element partitions of (J;
Interpolation operators;

Local estimates of the interpolation error;

Global error estimates;

Some issues about regularity of meshes;

O O O O O

... but, before that, to fix some of the ideas of this chapter we must:

5.5 Assignment 4: Projection of functions

nels = ...

msh = mesh.create_interval(comm=MPI.COMM_WORLD,
points=((0.0), (1.0)),
nx=nels)
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e Take V}, to be a space of piecewise polynomial functions
of different degree, i.e., functions that are polynomials
of degree k (constants, linears, quadratics, etc) on each
element and discontinuous between elements®:

degree = ...
V = fem.FunctionSpace(msh, ("DG", degree))

Compute uy, the projection of u onto Vj with the L2(Q)
inner product. Take different number of elements (nels =
1, 2, 4, 8, 12, 16, 32)and degree = 0, 1, 2.

e Repeat the previous item using the H!(Q) inner product,
but now take a space of continuous functions between
elements®:

degree = ...

V = fem.FunctionSpace(msh, ("CG", degree))
with degree = 1, 2, 3. Thisis alse referred to as a con-
forming space.

e Plot the solution by reconstructing the corresponding
polynomial on each element. To that end consider accessing
the solution values of uy, from the array:

uh.x.array[:]

Interpret the number of components in the array and the
values according to the case being considered (discon-
tinuous or continuous functions and the degree k of the
polynomial on each element of the partition). Then, use
the function numpy . polyfit to build the polynomials on
each element and plot using matplotlib (see the example
in Figure 5.3).

» Now, consider a 2D case, the unit square Q = [0, 1]? and the
function
u(x1, x2) = sin(7 x1) sin(7m x7)

Compute the L?(Q) projection onto a space of piecewise constant
(discontinuous) functions and the H!(Q) projection onto a space
of continuous piecewise linear functions. Visualize in Paraview.

» Prepare a short monograph to report the results;

5: These spaces are named as Discontin-
uous Galerkin (DG in FEniCS)

6: These spaces are named as Continu-
ous Galerkin (CG or Lagrange in FEniCS).
Details about how all these spaces are
actually defined and built are explained
in the next chapter.

L2(Q)projection, k=0

—— nels=8
nels=16
—— nels=32

-0.75

-1.00

—— u(x) =sin(2nx)

0.0 0.2 0.4 0.6 0.8

Figure 5.3: Example of the L2(Q) orthog-
onal projection of u(x) = sin(27x) onto
spaces of piecewise constant functions
associated to partitions of the unit inter-
val.




FINITE ELEMENT SPACES

In the following sections the aim is to construct finite element spaces V},
to solve this problem. We begin with a few simple examples, introduce
the concept of degrees of freedom and also some classical finite element
basis.

6.1 Simple examples in 1D

6.1.1 A space of polynomial functions in (a, b)

Consider the interval (a, b). We define the space as

k
Vi =Pk(alb)= {v,v:Zakxk} (61)
i=0
eg. k=1
Pi(a,b) ={v,v=a+Bx} (6.2)

This space has dimension 2. Once we have defined the space, we proceed
like this:

1. Define a set of degrees of freedom {o1,02} (i.e., a set of linear
functionals of Py in R).

2. Define {¢)'(x), $?(x)} by the relation: 0;(¢p/) = &;;
(this is the Kronecker delta property, i.e., 6;j = 1if i = j and 0 otherwise).

One choice is to consider as degrees of freedom the value of the function
at the end points of the interval:

(6.3)
(6.4)

01(v) = v(a)

a2(v) = v(b)

To compute the basis, consider functions qu (x) = aj + Bj x. In order to
find aj and Bj, j =1,2 we have two 2 X 2 systems to solve:

Gl((Pl) = +ﬁ1€l =1, Gl(¢2) = a2+ﬁ2a =0
o) =a1+p1b=0, 0xd?)=ar+pab=1

Therefore, the basis is:

b—-x X—a

(Pl(x) = b_a’ ¢2(x) = b

— (6.5)

The last choice seemed arbitrary, but it is a very practical one. If we want
to describe a function in that space, the only thing we need is the function

6.1 Simple examplesin1D . .45
6.2 1D finite element meshes 51
6.3 2Dexamples......... 53
6.4 More examples of fi-

nite elements and their

associated global spaces .55
6.5 General definition of a

Finite element. . . ... .. 56
6.6 Affine family of finite

elements ........... 57
6.7 Hermitian finite elements

L 59
6.8 Conclusion ......... 60
6.9

.63

@ ®
a b

Figure 6.1: Space P1(a, b).

¢'(x) P*(x)

a

b

Figure 6.2: P1 basis function for one sin-
gle element.
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values at x! = g and x* = b, since ¢p'(x/) = 6y, i.e.

2
wx)= > Wpl(x)= W' ')+ W? $*(x) = w(a) ' (x)+w(b) p*(x)
P —— ——
w(a) w(b)
A numerical method is said to be a Galerkin finite element method if:

o It is based on a variational formulation, i.e., Find u;, € Vj, such
that
a(up,vp) =Llwy) VYo, € Vy (6.6)

where a(-,-) : Vj, x Vj, = R is a bilinear formand £ : V, » Risa
linear form. Both, @ and ¢ corresponds to the exact problem.

o The discrete space V}, is a finite element space.

In what follows we consider a prototypical 1D model problem:

1D Diffusion-Reaction problem

Determine u;, € V, € HY(0,1), such that u,(0) = 0 and that

1 1
/ (uj, v}, + O upvy) dx = / fop dx (6.7)
0 0

holds for all v, € Vj, satisfying v,(0) = 0.

As an exercise, we aim to compute the matrix A for this problem, i.e.
Aij=a(¢',d)), i,j=1,2
We write A as sum of two matrices
A=K+0M (6.8)

where the entries are computed according to:

) b
Kij = a4(pi, ¢j) = / (@) (@) dx,  Mij = ar(i, ¢j) = _/ ¢' ¢l dx

which by computing the integrals yield

b
Kn =il 0) = [ @@ dx= e
b
Kip = Ko1 = a4(¢?, ¢') = '/u (d*) (') dx = —ﬁ,

b
Ko = a6, 0% = [ @YY dx = e

and
a

b —
M1 = a, (¢, ¢1) = /a ¢lotdx = b 3

46
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a

b
b—
Miy = My1 = a,(¢!, ¢?) = / Pl dx = —
a
and so on ..., finally giving'
1 __1 b—a b-a
b—a b—a
A= +6

1 1
b—a b—a

|
(e}

6.1.2 A polynomial space by parts

Consider the intervals (a, b) and (b, ¢) and define the space

Vi = P;?SC ={v, v|@p) € Px(a,b), v|p,) € Pi(b,c)}.

Consider again the case k = 1 for simplicity. The space has dimension 4.
This is more or less evident if we notice that functions in this space are:

Z):{0z+ﬁx if x € (a,b)

y+ex ifxe(b,c)

Notice that such functions are not necessarily continuous at x = b and
therefore we have 4 degrees of freedom. For instance, choose for them:

o1(v) = ov(a)
02(v) = o(b7)
a3(v) = ()
os(v) = o(c)

Now, we can compute the basis by using the relation ai(qu ) = 0ij. We
write the basis function as

¢j(x): {oz]-+ﬁ]'x if x € (a,b)

yi+ejx ifx € (b,c)

Forj=1,...,4wehave

a(@) = aj+pia =0y
() = aj+Bib” =0y
03(¢)) = yj+ €bT =05
o4(@)) = yj+eic =04
a1+ﬁ1a =1 61{2+/32[1 =0 a3+ﬁ3a =0 a4+ﬁ4a

0(1+ﬂ1b =0 oz2+[3’2b =1 a3+ﬁ3b =0 a4+ﬁ4b
)/1+€1l’] =0 ]/2+€2b =0 ]/3+€3b =1 )/4+€4b
yi1+ec =0 Y2+€c =0 y3+ezc =0 Y4t €sc

1: All these computations at individual
intervals or elements will be useful later
on when we construct aproximations on
spaces defined on a collection of such
elements.

_

° ° °
a b c

Figure 6.3: Space P{*(a, c).



6 FINITE ELEMENT SPACES

By inspection we find that the basis is:

Z:x if x € (a,b) — ifxe(a,b)
ORI ;P00 =
0 ifx € (b,c) 0 if x € (b,c)
0 if x € (a,b) 0 if x € (a,b)
=1 AR
if x € (b, c) — ifxe(b,0)
¢'(x) *(x) $*(x) ¢*(x)

\
/

Now, if we define

Vi ={v,0|@ap) € P1(a,b), v(x) =0Vx ¢ (a,b)}
Vo ={0,9|4p,) € P1(b,c), v(x) =0Vx ¢ (b, c)}

which are the extensions by zero of the space P; we have defined at the
beginning of the section. This space can also be defined as

Pi“sc=V1€9V2={U,U=Z)1+'02, v; € Vi}

Now, we try to find an approximation uj, of u from this space to solve the
model problem when 0 = 0, but, first of all, recall the exact problem we
are dealing with: Determine u € V = H'(0, 1), such that u(0) = 0 and

that
1 1
/u’v’dx=/fvdx
0 0

holds for all v € V satisfying v(0) = 0. In this case we are taking
a =0, ¢ = 1. Notice that the integral above can be written as

1 b 1
/ u’v’dxzf u’v’dx+/ u' v dx
0 0 b

and similarly for the integral in the right hand side. Motivated by this,
consider the following Galerkin formulation: Determine u;, € Vj = Py,
such that u;(0) = 0 and that

b 1 b 1
’ ’ _
/0uhvhdx+‘/buhvhdx—/ofvhdx+/bfvhdx

holds for all v, € V), satisfying v (0) = 0.

48
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The discrete solution u, € V}, can be written as
4 .
up = > Uil (x)
i=1

(i) First, we have to include the boundary condition in the definition
of the space, for which we define

Vio = {v € P, v(0) = 0}

Notice that this removes one degree of freedom, so this subspace
has dimension 3 and is spanned by {¢?, ¢, ¢*}. This is like taking
U; = 0 above.

(if) Second, we have to compute the coefficients a d((j)i, d)f ) of the matrix
K € R33 appearing in the linear system

KU=F

Considering the basis of Vj to be the set of functions {lp1 , 1/12, 1{}3} =
{¢?, ¢*, p*}, we compute the matrix:

ag(p?, ¢ aq(P®, $?)  aa(Pp*, $?)
K=laa(¢? ¢%) aa(¢® ¢%) aq(d*, ¢°) (6.9)
ag(p?, ¢ aq(Pp®, ¢*)  aa(Pp*, d*)

and calculating the integrals we obtain

b 1 b
_ 2 42\ _ 2V ( 42V 2V ( 4,2V _ 2V ( 4,2 _ l
Kn= a0, 6% = [ @ ave [ @@ty s = [ @it aro= g,
b 1 b 1
Kuz = Kot = ag(@®, ¢?) = /0 (672 dxt /b (¢7Y(¢2Y dx = /0 0(¢?) du+ /b (¢%) 0dx =0,
b 1 b 1
Kis = Kn = ag(, ¢?) = /0 () (9% dx+ /b () (9% dx = /0 0(¢2) dx+ /b (¢ 0dx = 0,

and so on, giving

0 0

(ST

— 1 1
K=[0 & - (6.10)

1 1
0 - 1%
Notice that the term K11 = ad(gbZ, ¢)2) is exactly what we had computed
before when introducing the P1(a, b) space simply with a = 0, so, we
could just have reused that result. Similarly for the second diagonal 2 X 2

block of (6.10),
1
b

|H

=
<

-1 1
1-b  1-b
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which is exactly the matrix we have computed before but in the interval
(b, ) instead of (a, b) and taking ¢ = 1.

Matrix K is singular!. Notice that the space Vj, is not a subset of
HY0,1)%

In the previous example, since functions in the space are discontinuous,
their derivatives appearing in the integrals are Dirac delta functions at
x = b, so, the integrals are not defined, however, since we partitioned
the integrals, we naively proceed with the calculations and obtained a
singular matrix. Following with this naive approach, it is interesting also
to perform the computation of the system matrix when 6 = 1 and see
what happens, for which it only remains the computation of matrix M

1 b 1
Ml-j=/ qb’qb]dxzf (¢>’<;bfdx+/ o' ¢’ dx
0 0 b
Again, we can reuse the results already obtained when describing the

space P; for a single interval. The final matrix will be the sum of the
previously computed K and M.

1 b
;T3 0 0
— — 1 1-b 1 1-b
1 1-b 1 1-b
0 -3 +t% =t3

In this case, the matrix is not singular. For instance, if we take the function
in the right hand side of the variational formulation to be the constant
function f = 1 and we calculate the coefficients (') of vector F € R3
we get

1
Fy =e(¢2):/0 qbzdng

1 —
F2:€(¢3):/0 ¢3dx = %

fayl

1
P3=e(¢4)=/0 ¢*dx = 17

Takingnow e.g. b = 0.5 and solving, we finally obtain U = [0.1154 1 1] TS
up = 0.1154 $*(x) + ¢3(x) + ¢*(x), which is plotted Figure 6.4 and com-
pared with the exact solution for this problem. This solution does not
make sense, as a consequence of the incorrect choice for V. In the next
section we remedy this by defining a space of continuous functions.

6.1.3 A P; continuous space

Consider the intervals (a, b) and (b, c). In the previous example “glue”
the degree of freedom at x = b, of the interval to the left and to the right
of this point, by imposing the restriction v(b~) = v(b*). In this case we
only have three degrees of freedom:

2: This is related to Theorem 6.8.2 to be
introduced at the end of this chapter.

Figure 6.4: u;, vs exact solution when
using a P1 discontinous space.
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o1(v) = v(a)
o2(v) = o(b)
a3(v) = o(c)

so, the space has dimension 3. This choice automatically leads to a space
of continuous functions in (g, ¢) which we describe as

Vi = {0, vl@p) € P1(a,b), 0lp,e) € Pi(b, )} N C%a,c)

Again, considering

o(x) = {a+ﬁx if x € (a,b)

y+exifxe(b,c)

By inspection we find that the basis is:

7Y ifxe(ah) T ifxe(a,b)
o) = =] 600 =
0 ifxeb,c) E_; if x € (b,c)

which clearly satisfies that g;(¢/) = 8;;. By computing matrix A for the

P! (x) P*(x) P3(x)
a b c

model problem in this case and comparing with the one obtained using
the Py space we can see how good the approximation is as illustrated
below

Now, we generalize this to partitions of the interval with an increasing
number of subintervals:

6.2 1D finite element meshes

Let consider a partition 9} of Q = [0, 1], i.e., an indexed collection of
intervals

_ N
Q=1
j=1

where I; = [x/, x/*!] and the N, = N + 1 nodes (arbitrarily numbered)
are0 = x! < x2 <--- < xN*!1 = 1. Define h; = x**! — x and

h = max h;
]

pflisc P,

N T

Figure 6.5: P1 continuous vs discontinu-
ous space.

0 ifxe(a,b)

> ifx € (b,c)

Figure 6.6: 1), vs exact solution when
using a P discontinous and continuous
spaces.
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which is a measure of how fine the partition is.

6.2.1 A P;*(J}) (totally discontinuous) space in 1D

With the partition of Q just defined, we begin by defining the spaces:
Vi={v,v|;, € P1(l;), v(x) =0Vx ¢ I;}

where P;(I;) = Py(x', x'*1) is the space P; for an individual interval the
we introduced before.

We define a totally discontinuous space associated to the partition j, as
the direct sum of these V;’s:

Xp@T)=VieV+---dVy={v,v=01+0v+---+oyn, v; € V;}

This space has dimension equal to N X 2, but it is not in H'(0, 1).

6.2.2 P1(9}) conforming space in 1D

Now, if we “glue” the local degrees of freedom of the individual intervals
at the corresponding common nodes of Jj,, which is equivalent to
choosing as degrees of freedom the values of the function at these
nodes, we naturally define a space of continuous functions

Viy = P1(Tn) = Xn(Tn) N C°0,1)

and the basis functions will be

i-1

e
i-1
i _ i+1 _
(P (x) - xh—x if x € 11'
i
0 otherwise

» The dimension of V}, is equal to Ny;

» Since the degress of freedom are the values of the function at the
nodes of Jj, and the ¢»"’s are linearly independent, any function in
Vi, is uniquely determined precisely by these values, i.e.

N+1 N+1

w= > W el(x)= > wx)§(x)
i=1

i=1

» These functions are linear on each interval (or element) and continu-
ous, but their derivatives are not defined in the classical sense at all
points. However, as theorem Theorem 6.8.2 states, V}, C H 1(O, 1).

We can use this space to solve example and study ||z — up||f1(0,1) as we
refine the partition®

Fig. 1.1. One-dimensional hat functions

Figure 6.7: Hat basis functions in 1D.

=0 5 £ £ # ap =l

Figure 6.8: Continuous, piecewise linear
function.

3: Itis intuitive that the Galerkin approx-
imation u, from this space will converge
to the solution u as 1 — 0, since any con-
tinuous function can be approximated by
polygonals with an increasing number
of nodes.
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6.3 2D examples

6.3.1 P; element for a triangle

Consider a triangle K in R? with vertices (x!, x?, x*). We want to find a
basis for

Vi=Pi(K)={v:K->R,v=a+px+yy} (6.12)
The space has dimension 3.

Again we start by defining the degrees of freedom. As done in previous
examples we use the value of the function at a set of points, the vertices
in this case

0i(v) = v(x}) (6.13)

and the basis for P;(K) is defined by the relation o;(¢p/) = 0ij. The
coefficients of the basis functions are determined by solving the 3 x 3
systems:

a1+ﬁ1x1+7/1y1:1, 042+,82x1+)/2y120, a3+ﬁ3x1+7/3y120
a1+ﬁ1x2+7/1y2=0, a2+ﬁ2x2+7/2y2=1, a3+ﬁ3x2+y3y2=0
a1+ﬁ1x3+7/1y3=0, a2+/32x3+7/2y3:0, a3+‘83x3+7/3y3=1

Notice that for simplicity of notation above we have used (x’, y) instead
of (x], x5).

6.3.2 2D finite element meshes

Let consider a domain Q ¢ R? and for simplicity assume its boundary
dQ is a polygonal curve. Now, consider a partition 7;, = {K;}¥, of Q,

such that
- N -
Q=|JK;
i=1

where K; N K; = Qif i # j. 9}, is called a triangulation of €.

Given a triangulation like the one shown in Figure 6.10, what types of
V}i,’s can be constructed?

» We can certainly construct spaces of discontinuous functions (see
Figure 6.11). The partition having N, triangular elements and taking
P;-triangles, for instance, we have 3 ( local) degrees of freedom
per single triangle. Then a space of totally discontinuous functions
associated to I, will be the direct sum of the (local) P; spaces
Vik={v: K-> R,v|x € P1(K), v(x) =0Vx¢ K}, K=1,...,N,,
ie.,

Xp(@n)=VieVo+---0Vn={v, v=014+02+---+0N, v; € V;}

Figure 6.9: P1 basis functions on a single
triangle.

e

Figure 6.10: A general partition of Q.
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and its dimension will be N, X 3, however, recall that this space is
not in H(Q).

» We can also construct spaces of continuous functions. However,
it turns out that this task may be not trivial (or even possible) in
general meshes (as those shown in Figure 6.10). However, for the
so called conforming meshes this is perfectly possible:

Definition 6.3.1 A partition Ty, of a domain Q is conforming if K; N 12]-
is either

> empty, or,

» a vertex, or

» a complete edge.

» a complete face (in 3D)

otherwise the partition is said to be nonconforming.

6.3.3 P1(9},) conforming space in 2D

We proceed similarly to the 1D case. Given a conforming triangulation
I}, of a polygonal domain we can build a space of continuous functions.
Start with the space

X(Tn) ={v, vk, € P1(K;) VK; € Fp,} (6.14)

where v|g denotes the restriction of v to K and P;(K) is the space of
polynomial functions of degree < 1 on triangle K that we have already
defined in subsection 6.3.1

We define as degrees of freedom the value of the function at the nodes of
the triangulation.

Since we are assuming now that J, is conforming, each vertex of any

triangle can only be a vertex of other triangles an cannot be on an edge.

Thus, we can “glue” the (local) degrees of freedom of the individual
triangles. This naturally leads to the following description of the space
we have constructed

Vi, = X(J) N CUQ) = {v e CUQ), v|x € P1(K) VK € T;,}

We can construct a basis for this space. Let us assume 9}, has N, vertices
whose coordinates are {x' }f\i”l. Let¢’, i =1,..., N, be the functions that
satisfies

O'(d) = by (6.15)

whose restriction to element K having j as one of its vertices is the
corresponding function in P;(K) and 0 otherwise. Any function v =
Zﬁ”l v(x") ¢'(x) € Vj is uniquely determined by the degrees of freedom

AV A

Figure 6.11: Examples of discontinuous
functions.

Figure 4.1. Two examples of nonconforming triangulations. In both examples, the
intersection of triangles I and 2 is a line segment that is not an edge of triangle I.

Figure 4.2. Triangulations of two polygonal domains.

Figure 6.12: Different conforming and
nonconforming partitions of €.
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that are precisely the values of the function at the N, nodes of Jj,. Notice
that

» {¢/ };\f:vl are linearly independent;

» V= span{(,‘bj} ={ovp,vp = Z?]:Fl al (Pj}?
» dim(Vy,) = N,.

Figure 6.13: Hat function and an elemen-
twise P1 function on a triangular mesh.

6.4 More examples of finite elements and their
associated global spaces

6.4.1 P, triangular element

2

Consider a triangle K in R? with vertices (x!,x?, x*). We want to find a

basis for
Vi=P(K)={v: K-> R, v:ao+a1x+a2y+a3x2+a4y2+a5xy}

The space has dimension 6 since an element of P»(K) is determined by
six independent parameters. Any function is uniquely determined by its
values at:

» the vertices of the triangle;
» the midpoints of the three edges.

Take two points x' and x/. If a function v belongs to P»(K) then

v((l—s)xf+sxf) € Pa(s) = {w, w = Po+p1s +pas?}

where 0 < s <1, this is, the function restricted to the straight segment
joining x' and x/ of the triangle, is a parabolic function, which is uniquely
determined by its values at the three points. When considering the master
triangle K used above we have:

Pl=(-2-§@-20-2§), §*=228-1), §’=7@j-1) \
R R R Figure 6.14: P, functions on a cluster of
¢4:4fg, ¢5:49(1_£_§), ¢6:42(1_£_9) triangles.
(6.16)

These functions clearly satisfy ¢'(p/) = 6;j, where p/ corresponds to the
vertices for j = 1,2, 3 and to the midpoints of sides for j = 4,5, 6. Given a
conforming triangulation Jj,, we want to construct a space of continuous
functions as we did before, i.e., “gluing” together the degrees of freedom
of all the P>(K)-triangles in Jj, that share a vertex or a midpoint. In order
to do so, simply fix the value of the function at all vertices and at all
midpoints (on edges shared by two triangles). The resulting function will
be continuous and belong to the space:

Vi = Py(Ty) = {v € CY%Q), v|k € Po(K) VK € Ty} (6.17)
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6.4.2 Triangular elements of arbitrary degree

We can generalize the finite element spaces we have considered to
construct space of continuous piecewise polynomial functions of arbitrary
degree k on a triangle. The placement of the nodes on the triangle is
determined by:

(i) On each edge there must by k + 1 nodes since a one dimensional
polynomial of degree k has k + 1 degrees of freedom. Each edge
has two vertices and the other k — 1 nodes will be regularly spaces
between them;

(i) A polynomial of degree k in two variables is determined by

k+1)(k+2
14243+---+(k+1) = ()2#
parameters. Therefore, the number of interior nodes will be (k“)zﬂ -

3k.

When using high order Lagrange elements, the stiffness matrix K (K;; =
a4(¢', ¢’)) may become ill-conditioned as the mesh is refined. This is a
consequence of the chosen basis, and can be circunvented by choosing
other basis functions.

Given a triangulation of a domain € it is interesting to know the relation
between the number of vertices Ny, the number of edges Ne4g.s, the
number of elements N,. This is given by the Euler relations:

Lemma 6.4.1 ( Euler relations) Let I}, be a conforming partition of a
polygonal domain QO C R?, then

Ne_Nedges +N‘U = 1-1
J 0 —
Ny _Nedges =0

where I is the number of holes in Q) and the supraindex d denotes de boundary.
In particular, if the elements are polygons with v vertices

d
zNgdgeS +Nedges =vN,

6.5 General definition of a Finite element

The formal definition of a finite element is given next. This was introduced
in the book of [3].

Definition 6.5.1 (Ciarlet) A finite element in R? (typically d = 1, 2 or 3)
is a triplet (K, Px, Zx) where

(i) K is a closed bounded subset of R with a non-empty interior and
Lipschitz boundary;

Figure 6.15: Lagrange elements of order
4,5 and 6. The points indicate the location
of the dofs.

Figure 6.16: Leonhard Euler
(1707(Switzerland)-1783(Russia)).

[3]: Ciarlet (1991), Finite Element Methods
(Part 1)
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(ii) Py is afinite dimensional space of functions defined over K of dimension
n,

(iii) Xk is a set of n linear functionals {0;}i=1,... n such that for any real
scalars a;, i = 1,...,n there exist a unique function p € Py that
satisfies (unisolvence)

oi(p) = ai (6.18)

Proposition 6.5.1 There exists a basis {1, Y2, ..., "} in Px such that

oi(@))=06;, 1<i,j<n (6.19)

» Thelinear forms {01, 02, ..., 0, } are called the degrees of freedom;

» The functions {{!, ¢, ..., 1"} are called the basis functions;

» Let {K, Pk, Xk} be a finite element. If there is a set of points
{a',...,d"}inKsuchthatforallp € Pk, 0i(p) = p(@)i=1,...,n,
{K, Px, Lk} is called a Lagrange finite element.

6.6 Affine family of finite elements

A central concept in the FEM is that of affine family of finite elements,
that establishes the relation between reference and real (physical) ele-
ments*(see Figure 6.18). Its formal definition is the following:

Definition 6.6.1 (Affine elements) A family of finite elements is called an

affine family if all its elements are affine equivalent to a single reference or
master element.

n=1

n=2
§
(1] € 1 0 1
5,‘1 f,‘g i )A(l X3 F
¥ ‘ F
F. X3
X1 : /
e Xy
—tt—
I Ty I T z
Linear mapping in R™ F,: é—e

What is affine equivalence?

57

Figure 6.17: Joseph-Louis Lagrange
(France, 1736-1813).

4: This is important because the coeffi-
cients of linear systems are computed on
the master element. Also, the interpola-
tion theory, that is the basis of most con-
vergence theorems is easier to develop.

Figure 6.18: Affine mapping in 1, 2 and
3 dimensions
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An affine transformation Fg : K — K of the reference element K with
vertices X' onto an element K with vertices x* is defined by:

Fx(X) = Bk - X + bk, Bx € R b e R? (6.20)
We have

d=1, Bx = x2—xt, by = x!

x2 — ! x3—x1}
d=2, Bk = , b
K [yz_yl yB_yl K

Note that in this case we have:
y

Properties of the affine mapping

Il
—
= =
— =
S

x2

X+
2
y

x3 3 A
3} y = Zx]ll’](;‘)

1
;]u—f—9>+

(a) Vertices are mapped onto vertices:

x' = Fx(%')

(b) Midpoints of sides are mapped onto midpoints of sides:

x =

x ;—x] = IFig ()’21 ;)?]) = FK(f(l])

(c) Barycenters are mapped onto barycenters

ie X4+ X+ %+ %
xJ* = =rK

_ e
3 3 ) Fr(x7%)

(d) For a function ¢ defined on K, we define v;l; on K by

PR = ¢ (Fxk®) = (x)

Therefore, if function ¢ is a polynomial of degree k on K, i is
also a polynomial of degree k on K.
(e) The derivatives of ¢ and ¢ are related by

Vi (x) = By - ViR) (6.21)

_ meas(K)
(f) |detBk| = meas®

It is instructive to prove these properties, in particular (e). First, note that:
X = BI_<1 - X+ f) K
where b K= —BI_<1 - bk. Using index notation

n _ ~ Jx _
k= [By']q xe + [bk], = 8_}(1; = [Bx' |

58
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Now, applying the chain rule

d o IR I, _ _ o O
a_;bk(x) = 532 (F¢' () a_j;i = 92} (F'0) [B! | = [Bx" | a—;b[ (Fg'(x)

VY = B -V (F' ()
The case of P; linear elements is particularly simple

~

Pet-gog Feg, Pe9

whose gradients are
.01 —1 "’\2_1 "’\3_0
w’_[—l’ il 1 RS i

therefore, to compute lef , ] =1,2,3, we transpose the inverse of Bx
and multlying by those constant vectors.

Proposition 6.6.1 If K and K are affine equivalent and if the triplet (K, P, £x)
is a finite element, then we can define (K, Px, X.x) and it is a finite element.

To see this, let Fx : K — K be the affine mapping. We have to show how
to contruct Px and X based on P and X.. We define for any 0 € P the
function v € Px by v(x) = 0 (F¢'(x))

Px={v:K—>R, deb} (6.22)

and

Yk ={0:Px > R,0(0)=56®)¥0ecPandb e} (6.23)

6.7 Hermitian finite elements ©

When constructing the degrees of freedom as shown, the only ones that
are preserved when passing from the master to the real element are those

involving values of the function at a set of points, i.e., the Lagrangian dofs.

The case of the so called Hermitian elements, involving derivatives of
the function at a set of points as dofs, have to be considered differently.

We restrict ourselves to the 1D case for simplicity. Let P = P3(K), being
the master element K = (0, 1) and consider the degrees of freedom

61(9) = 0(0), 62(9) =0°(0)

63(0) = 0(1), 64(0) =0'(1)
The local basis functions are thus given by
@;2 =QE+1)(&-172 ¢%=%F-1)

~

P =(-28)%, §i=(E@-1%

Figure 6.19: Charles Hermite (France,
1822-1901).
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This is called the Hermite element. You can check that 31'(1%() = 0jj

Remember how Xk is defined: we consider a basis of linear functionals
gi€X,i=1,...,nand define 0; € Xk as:

oi(v) = 6;(0) Vo e b

We add a new ingredient at this point: scaling. This is, we define a set
of coefficients av;, i =1, ..., n and the degrees of freedom ¢; € Py such
that

0i(v) = a; 6{(d) Vo e D

In this way, it can be shown that (K, Pk, Lk) will also be a finite element.

Consider now a partition 93 of (), i.e., a 1D finite element mesh made of

nonoverlapping intervals and choose as coefficients a; on each element

K:
1

hx
where h is the size of element K. The local basis functions defined on K
are, forany x € K, x = Fx(%)

ar=az3=1, ap=ay =

Y0 = Pr(®), YR(x) = hg P (%)

P2 = 0280, Ph(x) = hc DA ()
so we define a space of functions associated to this partition which has
C!(Q) continuity. Globally, the space is described by

Vi ={v, vk € P3(K), VK € F,} n CY(Q)

Atnode i, shared by elements K (left) and K (right), we define two basis
functions

vy, ifx €K vy, ifx €K

p(x) = (pk ifxeK, ,  ¢M(x)= 92 ifx ek,

0 otherwise 0 otherwise

The set {¢0'0, ¢0'1, ¢1,0’ ¢)1’1, el qZ)NU’O, quU'l }, where N, is the number
of nodes, is a basis for Vj,.

6.8 Conclusion

We finally state the following theorem which is extremely important
to the FEM and justify the choice of piecewise polynomial spaces to
approximate the weak solution of PDEs:

Theorem 6.8.1 Let Q € R¥ be a bounded Lipschitz domain which can be
partitioned into N, Lipschitz subdomains K;j(ie, Q= U?]:"l K, KinK; =

60
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O Vi # j. Then, for every k > 1and 1 < p < oo, the set
{v € C"(Q), vl € CH(K)), j=1,.. N} c WkP(Q)

of interests to us is the next corollary

Corollary 6.8.2 Let v be a piecewise-polynomial function on a partition
of a domain ) as in Theorem 6.8.1, then

ve H(Q)  veC'Q)

also .
v e H*(Q) & veClQ)

Just to fix ideas, consider the case of linear polynomials and 2D partitions
made of triangles®. We aim to show that V}, = P1(9;) ¢ HY(Q), i.e., a
continuous piecewise linear function belongs to H!(Q). Start by consider-
ing v € P1(J), whose restriction to element K is v|x = ax + bx x + cx y.
Such functions belong to L?(Q), since

/vz— /Z)|K /(aK+be+cKy)2<oo
Q KeJh KElh

For such v, denoting by int(K), the interior of triangle K, define

| bk if (x,y) € int(K)
Wr = { 0  otherwise (6.24)

and similar for wy,. As a global function defined on €, in general the
derivatives are not continuous across edges shared by two triangles, so
the classical derivatives of v are undefined at JK. We have to show that
(Equation 6.24) defines the weak partial derivatives of v. Consider the
derivative with respect to x (for y is analogous). For any ¢ € &(Q)

/wm > (o= [ 2, Py [/lemex)

Keg, YK Keg, YK
(6.25)

where i is the outward unit normal to JK. The integral over JK must
be carried over all edges of triangle K. If edge e belongs to dQ

/Ev(qbéx) ak = /ev enk =0 (6.26)

since ¢ has compact support in Q. Otherwise, for any internal edge ¢
shared by elements K and K’, since v is continuous (i.e., v|x = v|x’ Vx € e)

W v ’ .
and 11X = =X on ¢, the sum over boundary terms vanishes. Then,

/wacp B KEJh/vh( / 3—f Vo e(Q)  (6.27)

which is the definition of weak derivative. Since w, belongs to L?(Q2), we
thus conclude that v € H'(Q).

To conclude this chapter:

5: The generalization to other poly-
nomial degrees or functions is quite
straightforward.

JEC ¢]
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6.9

Consider the unit square domain Q = [0, 1]* and the usual Poisson’s
problem: Find u such that

V- () Vu()

fx) xeQ
ux) = uglx) xe€Q

where f is the source term corresponding to the following manufac-
tured solution:

u(x) = sin(27mxq) sin(27x,) xeQ
ug(x) = sin(2mxy) sin(27mx;) x € Q)
u(x) = 1+ cos(2mxq) cos(2mxz) x € Q

The discrete variational formulation
As done many times before we consider a discrete variational formulation,
i.e., a variational formulation posed on a space of finite dimension, as in

the Galerkin method we have just presented: Find u;, € V(J},) C Hé (Q),
such that

/ puVuy - Vo dx = / fopdx VYo, € V(Ty) (6.29)
Q Q

where J, denotes a partition of Q) into elements or cells (triangles or
quadrilaterals) of characteristic size h, i.e., Jj, = {Kl}fi , such that

-— N -
Q=K
i=1
and the discrete space V(J}) is defined as
V(J) = {v € Hy(Q), v|x € Pk(K) VK € F;,} (6.30)

where Py(K) stands for the space of polynomials of degree k in each
element K (linears, quadratics, etc.).

The task is to study how the error of the finite element solution e, = 1 —uy,
converges as / is refined and the degree k of polynomials is increased.

Implement the following modifications to convergence_poisson.py

» Implement a function that solves the Poisson’s problem by
encapsulating everything needed to compute the solution error
in the L2(Q) and the H!(Q)-norms as well as the error in the

integral of u
Iy = / udx
Q

63
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Take care to apply the exact solution u as a Dirichlet boundary
condition. Also, notice that, you don’t actually need to compute
by hand the expression of the source term f, which may be
tedious task, instead, define:

f = -div(mu(x)*grad(uex(x)))

which does the job for you. The implementation may follow the
next guidelines:

def SolvePoisson(N=16, degree=1, celltype):

msh = mesh.create_rectangle(comm=MPI.COMM_WORLD,
points=((0.0, 0.0),
(1.0, 1.0)),
n=(N, N),
cell_type=celltype)

V = fem.FunctionSpace(msh, ("Lagrange", degree))

eh = uh - uex(x)

return EL2, EH1l, EInt

» Perform a numerical assessment of the formulation by:

o Refining the mesh;
e Increasing the polynomial order;
e Switching from triangular to quadrilateral cells;

You can perform a loop:

celltype = mesh.CellType.triangle
degree = 1
hh, errsL2, errsHl, errsInt = [], [1, [1, [] Convargenee: k=1 Triangias
for N in [16, 32, 64, 128, 256]:
EL2, EH1, EInt = SolvePoisson(N, degree, celltype)
hh.append(1.0/N)
errsL2.append(... B0

» Plot the error inloglog scale as a function of the mesh refinement — e
h. Estimate the convergence rates, i.e., the powers p and g and — e
r such that 1ot

o er2q) = |lu — upllrz@) ~ h7;
o ey = llu —upllaq) ~ h9;

° ey =|/Qudx—/0uhdx|~h’

You should obtain something similar to what is shown in the

figure. The theory behind these orders will appear in coming Figure 6.20: Errors as a function of h
for the finite element formulation of Pois-
son’s problem corresponding to the exact
solution u = sin(27tx1) sin(27xy).

102
h
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INTERPOLATION AND ERROR
ESTIMATES

Let us recall from chapter 5 that (Céa’s Lemma 5.2.1)
N, .
[l = uplly < == min ||lu - o4y,
a vpeV

A particular member of V}, whose properties are well known is the so
called interpolant ., u (e.g., the Lagrange interpolant), where ., : V —
V. is the interpolation operator. So, if we estimate the error of u — Fju,
we can estimate the error || — uy||y. This is the task in this chapter.

7.1 Interpolation operator

7.1.1 Local and Global interpolation

We consider a finite element (K, P, L), being dim(Px) = n, a space of
functions V(K) defined on K and introduce the interpolation operator:

Definition 7.1.1 (Local interpolation operator) Is the operator Jx :
V(K) — Pk, such that, for a function v € V(K) it satisfies

0i(Fxv) =0;(v), i=1,...,n

If{yt, 2%, ..., "} is a nodal basis of Px, the local interpolation takes the
form:

kv = zn] oi(v) ' Vo € V(K) (7.1)
i=1

Notice that,

» The local interpolation coincides with the function being interpo-

lated at the dofs;

» For the so called Lagrange interpolant, in which de dofs are the
function values at a set of points, we have

n

Jxv = > o(x) ¢’ Vv e V(K)

i=1

» The previous definition is relevant to as interpolation on individual
elements. The next step is to define a global interpolator:

Definition 7.1.2 (Global interpolation operator) Consider a finite ele-
ment function space Vy, i.e., a discrete space associated to a partition Jy, of Q
equipped with finite elements,

Vy={v eV, v|lgk € Px VK € J;,}

7.1
7.2

7.3

Interpolation operator .

Error estimates in the
L®(Q)mnorm .........

Error estimates in Sobolev

norms for Lagrange

elements

. 66
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The global interpolation operator Jy, : V. — V), is defined, for any u € V
such that
Fnu|g = Fxu

» The global interpolation operator can also be defined by
n .
Fnu = > > oki(0lK) Py (7.2)
Kegy i=1

» Depending on the choice of degrees of freedom, it may occur that
Jnu is multiple-valued at element boundaries.

» The informal idea of “gluing” the degrees of freedom of neighbor-
ing elements to construct spaces of globally continuous functions
Vi, = span{ ¢)1, e, qi)N } as shown in the previous chapter, can be
formalized by introducing a local-to-global-map, as follows:

» Consider a finite element mesh J}, each cell equipped with a finite
element, {(K, Pk, Zk) : K € J;,}. The local to global mapping is
defined by specifying how the local degrees of freedom o ; relates
to global degrees of freedom. We must define a mapping

LGk :{1,...,n(K)} > {1,...,N}, VK
such that!

orGe()(v) = ok,i(vlk), i=1,...,1n(K)

7.2 Error estimates in the L*(())-norm

7.2.1 Shape regular meshes

Prior to introducing classical error estimates, we need an additional
concept. Consider an individual triangular element as shown in Figure
7.1. The shape of this element is characterized by its largest side /1, called
the diameter and by the size of the largest ball inscribed in K, pk, called
the inner diameter

Definition 7.2.1 (Shape-regular family of meshes) A mesh Jy,, parame-
terized by the parameter h = maxgeg;, hk, is said to be shape-regular, if there
exists S € R such that

h—KSS VK € I},
PK

Although, we are interested in error estimates in the L2(Q) and H!(Q)-
norms, which are the relevant ones for the variational problems at hands,
it is instructive to consider the following theorem regarding the local
interpolation error in the L*(€)-norm.

For simplicity sake we consider from now on P; triangular elements.
This is enough to introduce the main ingredients involved and several
important results. The idea is to study at the element level the difference
between u and its interpolant fxu (see Figure 7.1).

1: Notice that, if matching dofs of neigh-
boring elements are all mapped to the
same global dof, the global approxima-
tion ends up being globally continuous,
as illustrated in Figure ?2.

Figure 7.1: A triangular element, show-
ing its diameter /g, the inner diameter
pk and a Pq interpolant of a function v.
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Theorem 7.2.1 Let K be a Py-triangle, hx its diameter and pg its inner
diameter. Then, for all v € C*,

(@) |lv — Jxovllpo) < 2h% max ID*0|| (k)
2
(b) max ||D%(v — Fx0)||1=(x) < 6 — max || D0||L=(x)
la|=1 PK lal=2

The proof of this theorem is instructive and involves essentially tools from

Calculus. Let {1, 2, %} be the basis for P;(K) and let x/ = (X!, Xé) be
the position of the j-th node of the element. The local interpolant is

Fxo(x) = Zs]v(xf)zpf(x), xek (7.3)

i=1

Now, perform a Taylor expansion around x € K

2
oy) =00+ ) S k- W) +ROy), 74
k=1 9tk

where the rest R is given by

R(uY) = 5 Z S Ow- W) )

and & is a point on the line segment between x and y. Now, evaluate the
expansion aty = x/

o(x) = v(x) + p/(x) + R/ (x), (7.6)
, 2 Jv i ; N o j
where p/(x) = kZa—Xk(x) (Xi—xr)and R/ (x) = R(x,x). Since || X; —x;|| <
=1
hx, j=1,2,3, i =1,2, we can write

IRI(x)| < 2k ma [|D“2llx) (7.7)

and inserting v(x/) into the definition of the interpolant:

3 3 3
Jxo(x) = Do) P + > pP 0P + DR Pk (7.8)
j=1

=1 =1

Let us consider each term separately:

3 3
2100 () = 0(x) DY/ (x) = v(x) (7.9)

j=1 =1

3
since , ¢/(x) = 1. For the second term
j=1

Jv 2

3 2 3
pr(x) EEEDIPIECCEENIUCEDY —<x>{2x ORES wa}
j=1

i=1 k=1 9%k k=1

—
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But, since Z X] I,D] (x) = xx, the second term vanishes, yielding
=)

Ixo(x) = v(x) + 23: RI () (x)
j=1

and

|0(x)=Fvk(x)| < max |R/(x)| 231 ¥/ (x) = max
] j=1 ]

RIG| < 21 max |D*olluex

3 o
implying assertion (a). Now, by differentiating .Fxv(x) = E,l v(X) P/ (x)

with respect to x,, and using the Taylor expansion again evaluated at x/
we obtain

3
il Zv(x)—(x)+2pf(x)i(x)+ZRf(x)i(ﬁf)

&xm =)

On the right-hand side, the first term vanishes. The second term is

Zp](x)—(x) Z ()(X]_xk)_(x) Z ()ZX (X)—sz (X)

Jv

3
X[l = Z Z )0k = 5 ()
j=1 m

‘ o

2
dvu
=250

k=1 Xm

Q)

Finally, taking the absolute value and using previous results for |R/(x)|

2

ov 0.Fxv ‘ - S 9y hy

—(x) - < max [R/(x -— — max ||[D0|| L~
’axmm ) axIR1 2350 =2 0 maxlID el
since :;;w < LK (by looking at the figure in the beginning of this section,

the reader can convince himself that the derivative of a P function which
equals 1 at a given node and is zero on the oposite side can never be
grater than 1/pk).

The results generalizes for dimension d as

d2
”'U - jKUHL“(K) < ? hi max||D“U||Loo(K)
|ar]=2

(d +1)d? h

max||D%(v — Fx0)||;~
|a|:1” ( k0L (k) < 5 x|

max||D || (k)

7.2.2 From local to global
By collecting the contributions from all the elements in the mesh we can
build a global error estimate as follows:

d? a2
~Jntt||po) < u—35 (k) < — h2 ||D%0|| < — h?||D%v||
llu—FnullL=(c) _Ilglea%H K|l < > ﬁ%’f{ D]y} < 7 [ID"0|=(q)
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and similarly for the gradient

2
IVa = Vi) iy < TS

h?||D?v]| ()
7.3 Error estimates in Sobolev norms for
Lagrange elements

We begin by stating a local estimate in the following theorem:

Theorem 7.3.1 Let (K, Px, Xx) be a Lagrange finite element such that:

o Pk contains all polynomials of degree < k
o it is affine equivalent to the master element (K, P, ¥)

Then, the Lagrange interpolant Jxu = X7 | o(x' ) satifies the following
error estimates: For all ¢ < k

(@) |lu— Ixullizg) < ChEID w2k

1+1
M) ||Vu = V(Fxu)ll2x) < C pK—K”DgHUHLZ(K)

with C being independent on hx and u.

» The L?(K)-norm of the gradient is sometimes called the H'!(K)-
seminorm?, i.e.,

IVu = V(Fxu)llr2x) = [ = Fxu|gi(x)

» Notice that in the estimate for this seminorm, we also have pg
dividing.

The proof can be found in [5]. We finally present a global error estimate
for continuous Lagrange elements®, which is of fundamental importance
for this course:

Theorem 7.3.2 Let V}, be a function space associated to a family of shape-
regular meshes Jj,, h > 0 of a domain Q C RY, equipped with continuous
Lagrange elements of order p. Let u € HP*1(Q), and let 5, : HP*1(Q) — V),
be the global interpolation operator. Then, there exists a constant C independent
of u and h, such that

lu = Fnullp) < CHP |ulpeq)

Let us comment about the previous theorem:

» First, the theorem says that the interpolation error when using
continuous Lagrange elements of order p is bounded by the size
(in the L*(Q)-norm) of the (p + 1)-th derivatives of the function
being interpolated;

» This bound, also says that the error scales as ©(/”). This means, we
have two paths to reduce the error: we can refine the mesh size h
or we can increase the polynomial order p.

2: It is called a seminorm because |u|
can be zero with u# not being necessarely
zero.

[5]: Ern et al. (2004), Theory and Practice
of Finite Elements

3: Recall, these are the most commonly
used ones in finite elements. In particular,
those of order 1 or 2.
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» The latter is true, provided the solution is smooth enough, such that
it belongs to H1*!, g > p. For instance, let us suppose u € H*(Q)
but u ¢ H3(Q). Then, using linear elements (p = 1) is fine, however,

upgrading to quadratics may not improve the result®. 4: This is called h-adaptivity and p-
adaptivity in the context of finite ele-

» Notice that u must belong at least to H>(Q2), so, we need to guaran- ments. Also, ip-adaptivity can be done.

tee, that the solution of the continuous problem, that is posed in

H! (Q), actually lives in H 2 (Q) at least 5 5: For this, we need something called an
elliptic regularity result, to be introduced

. . . in Ch; .
» In Figure 7.2 we see the infamous example of a solution to Laplace’s Chapter 9

problem in the domain [-1, 1] X [-1, 1] with a re-entrant corner.
The solution to this problem reads

u=r"sin(y0), O =atan(y/x), y = g

where w is the angle of the re-entrant corner measured in counter-

clockwise sense (y = in the example). The figure shows the

s
7 /4
interpolation .%,u onto a mesh made of triangles, locally refined
near the corner. This is an example of a function belonging to

H™7=¢(Q) Ve > 0, so, it does not belong to H?(Q).

» Going back to Céa’s Lemma 5.2.1, for the solution of our variational
problem (be it Poisson’s or the elasticity problem), using polynomi-
als of degree p, provided the solution u € H? +1(Q), we have the

following error estimate®.
6: Recall, we may run into trouble if

Na
N o > 1.
lu —unllm < C —aa [t | o)

B

Solve the following exercices

» Read carefully the proof of Theorem 7.2.1;

» Show that the local interpolation operator is a projection, i.e.,
Jkp=p forallp € Pk .

» Let F be the linear form defined by F(v) = /Q f(x)o(x)dx,
where f € L*(Q). For instance, if f = 1, F(v) is nothing but the
integral of v over Q. Let us suppose we have uj € Vj, where Vj,
is a discrete space made up of piecewise polynomials of degree
p (as in Theorem 7.3.2), such that |[u — uy || q) < ChP. Let us
consider the following PDE

L(w)
w

fin Q
0 on dQ

Considering the domain is regular enough for the operator &
to have a smoothing property, the solution w satisfies

lwllmzq) < cllfllzq)

The operator £(-) can be the Laplacian for instance. This prob-

Figure 7.2: Example of the function u =
4
7 sin(y0) ¢ HX(Q), y = 7 solution of

Laplace’s problem on a domain with a
re-entrant corner.
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FEniCSx BEHIND THE SCENES

7

Now, we discuss practical aspects and introduce some “technology”
needed for the actual computation of a finite element matrix as those
previously introduced and considering some of the finite element spaces
constructed. Here, we consider affine families of finite elements.

8.1 Finite element matrizes

Having selected a finite dimensional space and a finite element basis
{¢!, ..., ¢"} associated to a finite element partition Fj, of O

- N -
Q=K
i=1

computation of a finite element matrix tyically involves integrals of the
type

Ayj = a(@f, &) = /Q [0/ §I(0) + Vi(x) - Vol ()] 4O

Let us consider the first term in the integral above. We can compute then
the integral summing over all the elements

M= [g0owin= 3 [ o'wlk oWl K 6
Q K €Ty ¢ Kin

The notation above is redundant, because we are integrating on K,,,. Now,

we make use of the affine mapping we have previously introduced. The

idea is to transform the integral over K, into an integral over R which is

easier to handle. By doing the change of variables

/ ¢' Mk, ¢k, dK = /qbi(FK(ﬁ)) &/ (Fk(®)) IJk,, | 4K
Kin K

where

i.e., the determinant of the Jacobian of the affine transformation for
element K. The idea is to use the basis functions defined on the master
element and not the functions defined on the real element. As an example,
consider the case of a triangular mesh 9 and P linear elements. We
have constructed basically two types of spaces:

» Space of totally discontinous functions

Xn(Tn) = P{(T) = {v, vlk; € P1(K;), v(x) = 0ifx ¢ K; VK; € Jy,}

8.1 Finite element matrizes . . . 73
8.2 Numerical integration .. .75

8.3 Programming the assembly
of finite element matrices .76

8.4 FEniCSx components ... .79

which isspanned by asetof n = 3XN, basis functions {¢!, ¢?,..., p"} =

{¢}<l , %<1 , ?(1 ey d)}(M , l,b%(NE , I’D%Ne }, where there is a correspon-
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dence between the index of ¢! and the supraindex and subindex
of i ,say I = LGk, (r) (we denote the local-to-global map some-

times by iglob(r,K,,)). Each set {1,[1}<m , l/)%(m , 1/1?% } forms a set of local

basis functions on K, for which we have the set {JJ}%, A% , 17@:;2 } of

functions defined on the master element K because both are affine
equivalent, i.e.

Vi, 00 = i (Fx, (®) = P58, r=1,2,3

Now, A will be constructed by summing over all the elements,
however, in this case the support of any function is a single element,
so, if supp (¢) = supp (¢/) = K,s, we have

A= [ Wl ol ak= [ ol vg ak= [ 91D IR

otherwise A;; will be zero.

» Space of continous functions
Vi(Tn) = P1(Tn) = X(Tn) N CUQ)

whichisspanned by asetof n = N, basis functions {¢!, 2, ..., ¢"}.
Again, A will be constructed by summing over all the elements. In
this case the support of basis function ¢’ are all the triangles that
share vertex i, so, coefficient Ai]- will be

A= D] ¢'l,, ¢'Ix, dK

K E. K
(supp(¢’) N
supp(¢/))

but ¢'|k, = Pk, and Ok, = )k, for some r and s, then

/ ¢i|Km(Pj|Kde:/ g dK=/¢f¢f|me|d1%
K, K, "0 g KK

As seen, in either case, what just need to compute elemental contributions to
matrix A by integrating the basis functions defined on the master element R.
Now consider the term involving the derivatives of the basis functions.
We have

Ki= [Vo'w-Volan= 3, [ Vo, Vo, dk

Kin €T Kin
(8.2)

Once again, we transform the integral over K,, into an integral over I%,
for which we need the previous result obtained in 6.21,

/K Vo' )l - VoI (9], dK = / VL () Vi, (0 dK =

m

S AR R R O T
K

Again, we work with the local basis functions.

74
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PA(Th) & (st ¢k, =V )

T, s,t correspond to local indices

4 =iglob(r, K) corresponds to a global index

8.2 Numerical integration

Although, the master element K has a simpler shape, integrals are
sometimes difficult to be perfomed exactly. Even when the coefficients of
matrix A involve the integration of polynomial functions, the right hand
side may involve any function f:

Fo= [ 5009 Wlicdk = [ FEGR)WLEG IR = [ FR)P® 11l R

In theses cases we use numerical integration.

Definition 8.2.1 (Quadrature rule) Let K be non-empty compact connected
subset. Let ng be an integer. A quadrature on K with ng points consists of:

(i) Asetofng real numbers {wy,wy, ..., wng} called quadrature weights;
(ii) Asetof ng points {X1,%,. .., ing} called Gauss points or quadrature
nodes.

The largest integer such that
g
vheb, [ pRdR=3 w pk)
K g:l

is called the quadrature order and is denoted by r. It can be shown that

1

— <chPl  su ID* f(%)]
meas(K) K b /

%€k, |a|=r+1

FdR = wg F(xe)
K g=1

where hy, is the diameter of R (the largest side) and ¢ > 0 is a constant.

We see again the practicity of working on the master element, since in
this case we define the rules only once and for all.

Figure 8.1: Adrien-Marie Legendre
(France, 1752-1833).
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These quadratures are “tabulated” (see Table 8.1). In 1D we have the so
called Gauss-Legendre quadratures. Considering the master element
being the interval [-1, 1] quadratures of order r = 3, 5 and 7 are dis-
played in the table below. The quadrature points are zeros of Legendre
polynomials'.

» These rules can be adapted to other intervals rather than the
reference one by simple change of variables

b _ 1 _
/f(x)dx:bza /1f(a-£b+b2aé) i

» The cartesian product of 1D quadratures can be used in 2D and
3D so as to construct quadratures on quadrilateral and hexahedral

1: Note that, by the definition, these rules
are defined such that they provide the
exact result for polynomials up to the
corresponding degree, otherwise they
provide an approximate value. This is
sometimes referred to as a variational
crime

Table 8.1: 1D Gauss-Legendre quadra-
ture rules (points in reference element
[-1,1] and weights. Note these quadra-
tures are symmetric.

elements;
n Points &; Weights w;
» For elements of other shapes, such as triangles, tetrahedra, etc, the 2 0.5773502692 | 1.0000000000
quadratures can also be computed (see Figure 8.2). —0.5773502692 | 1.0000000000
3 | 0.7745966692 | 0.5555555556
0.0000000000 | 0.8888888889
[fdx~f(a!®) area(K) A =1 —0.7745966692 | 0.5555555556
K 4 | 0.8611363116 | 0.3478548451
0 area(K) & 0.3399810436 | 0.6521451549
[fdx~ 3 1(b) = r=2 —0.3399810436 | 0.6521451549
. - —0.8611363116 | 0.3478548451
[ fdx~ % [£(al) area(K)+f(bj)2 area(K)I 5
K j=1 20 15
5, 9 area(K) _
+f(al2 )—20 A r=3

2 3 2
hy hz)

area(K) .
4 :

r=3

V3 V3

8.3 Programming the assembly of finite element
matrices

In this section we explain the assembly process used to construct the
linear system of equations associated to one of the variational problems
described above.

Summarizing

1. A partition I, of Q) made up of elements K, m =1,..., Ny
that are affine equivalent to a master element K.

2. A space of functions associated to the partition: V},(J},), dimV), =
N (it can be a space of totally discontinuous or continuous

Figure 8.2: Some examples of quadrature
rules on triangular and quadrilateral ele-
ments.
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functions).

3. An incidence or connectivity matrix conec of dimension N,; X
njoc that describes the relation between the elements in 93, and
the global unknowns (see figure below).

4. A quadrature rule on K: {(wg,%0)}, §=1,...,nq.

As an example, let us consider the H!(Q)-projection of a function u over
the space V(J},), i.e., Find uj, € Vj, such that

(up vy +Vuy, - Vop)dx = | (uop +Vu - Voy)dx Yo, € Vy,
Q Q

with these ingredients the global matrix A denoted by Aglo below and
the global right hand side vector F denoted by RHS can be assembled as
shown in the pseudo-code below.

Conforming mesh Nonconforming mesh

723

conec = 7879

8 5 61
27 8 99
8 61 723 40 42 46
) ) 2 33 4

77
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1:
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:

15:
16:

17:
18:
19:
20:
21:
22:
23:
24:
25:

for

function [Aglo  RHS] = Assembly( ... )

g=1,...,n,do >
Calculate 97 (%4) and VY7 (Xg), 7=1,...,Mioc

end for

Initialize RHS and Aglo to zero

for

mzl,...,Neldo >
Calculate |Jx,,| and By
Initialize rhse and ae to zero

forg=1,...,n, do >
forr=1,...,m,. do
rhse(r) = rhse(r) + |, | wy * [u(Fr(%,)) * 0 (%) + Vul(Fr(R,)) - Bl Vi (%)]
for s=1,...,n4. do
ae(r, 5) = ae(r, 5)-+|.Ji, [ xwyx [y (%) * Uy () + BT - Vi (%) - B - Vi (%,)|
end for
end for
end for >
forr=1,...,n4. do >

I = conec(K,,,7)
RHS(I) = RHS(I) + rhse(r)
for s=1,...,m,.do
J = conec(Kn, )
Aglo(I,J) = Aglo(I,J) + ae(r,s)
end for
end for

end for >
26: end function

Aglo =

Is

It

r, s,t correspond to local indices

I, = conec(Kp, r) corresponds to a global index

arl a2 a3
ae— | @21 a ag ) |r
a31 a3 as3
N
S
N I a
N NI )
Y ! N
( glo(I,, J;) + = ae(r,s)
\_/ \
' 7\\‘ N N
N \_/ \_/

Jr Js Jt
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8.4 FEniCSx components

At this point, it becomes quite clear that many of the computations
we have been presenting in the last chapters, such as, construction of
finite element spaces, assembly of finite element matrizes, numerical
integration, imposition of boundary conditions, matrix solving, and
so on, that were done using the high-level FEniCSx platform, remains
totally hidden to the user. All these calculations being possible, thanks to
several components that form the FEniCSx platform. These are?

1. UFL: Python library for writing problems in variational form. It
provides the syntaxis to define linear and bilinear forms, finite
elements spaces, such that the PDEs can be written in weak form
in a language that is close to the mathematical one;

2. DOLFINx: Dynamic Object Oriented Library for Finite Element Com-
putation. It provides the computational environment of FEniCSx
in C++ and Python and serves, among other things, to interface to
parallel linear algebra routines, such as Petsc;

3. FFCx: FEniCS form compiler. From a high-level description of the
form in the Unified Form Language (UFL), it generates efficient
low-level C code that can be used to assemble the corresponding
discrete operators. Also, the tutorial about Just-in-time-compilation
reveals interesting information (see JIT);

4. Basix:Is a finite element definition and tabulation runtime library.
Basix allows users e.g. to evaluate finite element basis functions,
access geometric and topological information about reference cells,
interpolate into a finite element space, among other things;

For further details, it is highly recommended to access the specific
repositories in the green links above.

2: The descriptions of the different com-
ponents are just a brief summary taken
from their corresponding repository at
https://github.com/FEniCS.


https://github.com/FEniCS
https://github.com/FEniCS/dolfinx
https://github.com/FEniCS/dolfinx
https://github.com/FEniCS/ffcx
https://jorgensd.github.io/dolfinx-tutorial/chapter4/compiler_parameters.html
https://github.com/FEniCS/basix

MORE ON ELLIPTIC
PROBLEMS

9.1 Preliminaries

When discussing elliptic problems in Chapter 4, we have left several
details apart. In this chapter we aim to fill in some of these gaps. We begin
by stating an important theorem that says about how to properly define
the restriction of a functions that belongs to H'(Q) to the boundary of
the domain, which is of fundamental importance when dealing with
PDEs and boundary value problems.

Boundary terms and traces

Theorem 9.1.1 (The trace theorem) Let Q C R? be an open bounded
domain with Lipschitz boundary I'. Then, there is a unique bounded linear
map

y: HY(Q) — L*(T)

and a constant C > 0 such that
“V(’U”Lz(r) < C”u”Hl(Q) Yue Hl(Q)

with the property that if u € C1(Q), then y(u) = ulr in the conventional
sense.

» The operator y maps u to its values on I;

» Note that we usually ommit in the notation the trace operator y and
simply write u |r. However, this should always be understood in the
sense of traces, which as mentioned, coincides with the conventional
one for C! functions;

» This theorem is important, since it provides the rigorous way of
defining (unambigously) boundary values of function belonging
to H'.

9.2 Convection-Diffusion-Reaction problem

In this section we consider a more general version of Poisson’s problem,
namely the Convection-Diffusion-Reaction (CDR) equation. We assume
Q c R? and boundary dQ. We assume mixed boundary data, with
Dirichlet and Neumann parts (as usual, dQ = T'p UI'y and Tp NI'y = 0).

9.1
9.2

9.3

9.4

9.5

Preliminaries ........ 80

Convection-Diffusion-

Reaction problem . .. .. 80
Assignment 6: Bound-
ary layers in the CDR
problem ........... 85

Linear elasticity problem:

Elastostatic. . . ....... 87
Assignment 7: 2D and 3D
Elastostatic. . ........ 91
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The problem reads
diffusion convection  peaction
—_— — — =
-V-(x-Vu)+ B-Vu + ou = f inQ

9.1)

u g onlp

—(k-Vu)-n = H only

Also, we admit the diffusivity x to be a d X d symmetric positive definite
matrix, however, notice that the simple scalar case corresponds to

k=xkljxg = V-(x-Vu)=V-(xVu)

Finally, the convection velocity B is a d-dimensional vector and the
reaction coefficient o is scalar-valued. The variational formulation follows
after multiplying by a sufficiently regular test function and integrating
by parts. As done in Chapter 4, we consider an additive decomposition
for u such that we write

U=+ ug

where uy satisfies homogeneous Dirichlet conditions on I'p and u glisa
lifting function satisfying the nonhomogeneous data g on I'p (see Figure
4.1)!

By defining the bilinear form

a(w,v):‘/Q(K-Vw)-Vvdx+‘/Q(ﬁ-Vw)vdx+/awvdx

Q

the variational problem follows:

Weak form of the CDR problem

Given u, € H'(Q), ug = g on I'p, find u = ug + uy, such that
ug € Hy, (Q) satisfies

a(ug,v) = / fodx - Huods —a(ug,v) You € H}JO(Q) (9.2)
Q Tn

9.2.1 Well-posedness of the continous CDR problem

Now, we embark in the task of showing the following theorem that
establishes under which conditions the problem is well posed:

Theorem 9.2.1 Let consider the weak form of the CDR problem (Equation
9.2) and assume:

o x € [L=(Q)]", B € [L*(Q)]" and o € L™(Q);

o f, g, H, I'n and I'p are reqular enough for the right-hand-side of
Equation 9.2 to be a bounded linear operator on H}, (C2);

1: The data g and I'p must be regular
enough for a function ug € H L(Q), that
satisfies g = ¢ on I'p (in the sense of
traces) to exist. If such function exists, we
say, it belongs to a trace space.



o Assume further that

V-pel™@),
£+ ((98) = o[£
909 = 5V B0 = Smin
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B(x)-1(x) >0 ae onTy (9.3)
VE € RY ae.inQ (9.4)
a.e. in () (9.5)

where ko and smin are strictly positive constants.

Then, the CDR problem is well-posed.

The proof involves several steps, namely, we need to prove that the
billinear form af(-, -) is continuous and strongly coercive, the linear form
in the right-hand-side is continuous, and the space H 1130(9) isin fact a
closed subspace of H 1(Q), and thus, Hilbert.

Continuity and coercivity of the bilinear form

For the continuity of a(:, -), we first define

Cx = ||K||L°°(Q)r g = ||ﬁ||L°°(Q), Co = ||U||L°°(Q)

and the relations

IkG)ll2 < ccd, B0z < 5 VA

(9.6)

where d is the number of spatial dimensions?. Proceeding term by term

we obtain

/(K-Vu)-Vvdx
Q

/Q(ﬁ-w)vdx

IA

IA

IA

IA

IA

IA

IA

IA

IA

IA

/ |(x - Vu) - Vo|dx

Q

/||K‘VM||2||VU||2 dx
Q

/IIKIIzIIWIIzIIVUIIzdx
Q

CKd/||VM||z||VU||2dx
Q
e d [[Vulliz) Vol

e d |[ullgo) 1ol @)

/Ql(ﬁ~Vu) vl dx

/ IBIL211Val> o] dx

Q

cp Vd / V]l [o] dx
Q

¢ Vd [|Vaull 2 10112
cg Va llull o 10 llm )

2: The relations given in Equation 9.6
yield from:

llx(9) - wll2

kGl = sup T

weR4

but,

1
d d 212
ll(0)-wll2 = kij(wi | | < ced|[wlz
i=1 \j=1

Similarly

1
2

d
B0z = | D5 B:00%| < cpVd
i=1
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/ouvdx < /Iouvldx
Q Q

< /lﬁllullvldx
Q
< Ca/|u||v|dx
Q
< o llulliz) ol
< oo llullag) Iolla @)

thus giving

o, )| < (ced+ sV + o) lullinoy ol

Na

As for the coercivity of a(:, -), let us first consider the following trick

1 2 1 2
SV (W) =Zu (V-B) + (B-Vu) u

and consider u € HY , such that ulr, =0,

Do’

a(u,u)

/[(K-Vu)-Vu+(ﬁ'Vu)u+ou2]dx
Q

> /[K0||Vu||§+(a—1v-ﬁ) u2+lv-(uzﬁ)]dx
0 2 2
> /[K0||Vu||§+sminu2] dx+1/V-(u2ﬁ) dx
) 2Jo
1
> min{Ko,smm}/[||Vu||§+u2] dx+—/ u’p - nds
Q 2Jr
N
>

min{xo, smin}/ (u? + Vu - Vu) dx
Q

a4l

where a = min{xq, Smin }°.

Linear form

Lemma 9.2.2 (Boundedness of linear form) Let { : HEO(Q) — R be
defined by

{(v) = ‘/va dx — | Hods - a(ug,v) 9.7)

Under reasonable regularity assumptions on I'p, if H € L*(Ty) and ¢ €
H2(Tp) c L2(Tp), then €(v) is bounded in Hj,.

3: Notice that, thanks to the reaction
term and Equation 9.5 (Smin > 0),
we didn’t need to use the Poincaré-
Friedrichs inequality, as in Chapter 4.
However, if smin happens to be zero, the
proof of well-posedness can be done by
invoking the inequality Theorem 4.1.1.
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Characterization of H 11)0

The task is to characterize H},,(Q) = {v € H'(Q), v|r, = 0}. The first
thing to notice, is that, although we already have a trace operator, say

Y+ HY(Q) — L*(0Q)
we also need to introduce a restriction operator
rp : L2(9Q) — L*(Ip)
such that, the value of any function v € H(Q) on I'p is thus given by* 4 The linear operator j : HY(Q) —

j(v) = rp(y(v)). The space H 50 can now be defined as L*(I'p), being the composition of contin-
uous linear operators, is also continuous.

H}(Q) = {v € H(Q), j(v) =00onTp}

We have to see that H EO(Q) is closed. Let D = {0} (a closed set) and
consider a sequence v, — v,in which v, € j7}(D), and we will show that
also v € j7}(D). Since j is continuous, we have a convergent sequence

lim (o) = j(lim o) = j(©) = 0
But we know 0 is in the range of j (by definition of range), hence, v is in

the domain of j (the preimage). So the preimage, H lljo(Q)’ is also closed,
since it contains all its limit points.

9.2.2 Ritz-Galerkin aproximation of the CDR problem
To conclude this section, let us consider the Galerkin treatment of the

CDR problem. Take a discrete space V), ¢ H'(Q) associated to a partition
T, of O, equipped with finite elements. Consider the linear set

Vig ={v € HY(Q), v|rp = g}

Noticing that V}, is a subspace of V. The discrete variational formulation
is:

Discrete (Ritz-Galerking) form of the CDR problem

Find uj, € V)¢ such that

a(up,vp) = / fopdx - Hoy,ds (9.8)
Q Ty

Yoy, € V.

Two comments are in order here:

» In practice, we do not build a function u, to deal with the Dirichlet
boundary conditions, but, we set to zero all the degrees of freedom
associated to points located on I'p;

» The function uy, actually coincides with some interpolation .%, g of
the boundary data g on I'p.
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9.3 Assignment 6: Boundary layers in the CDR
problem

We consider the general CDR problem with Dirichlet and Neumann
data on a rectangular domain [0, L] X [0, 1]

-V-«kVu)+p-Vu+ou = f inQ
u = g onlp
—«xVu-n = 0 only

Depending on problem at hand (choice of BCs, parameters, etc.), the
solution to the CDR equation may exhibit boundary layers, that are
regions of the domain in which the solution # changes abruptly. These
layer can appear at internal interfaces, as is the case of a reaction
boundary layer, or near the boundaries of the domain, as we will see
in the convection dominated case.

Reaction boundary layer at internal interface

Consider the domain Q = [0, L] X [0, 1] with a vertical internal interface
I' located at x = L/2, which divides the domain into subdomains (2; and
(). Consider the Diffusion-Reaction equation

—«Viu+ou = f inQ
Vu-n = 0 in JQ

where « is the scalar diffusion coefficient and the function f in the right
hand side is given by

f=

0 ifx € ()
o ifx e

A boundary layer is observed in this problem around the interface T’ its
characteristic length scale being

b
o

This can be seen by solving a simple one dimensional problem whose
solution is

x—=1
1 -
1--e Or ifx>1
u(x) =
x—1
16 Oy ifx <1
2 1

Notice that the solution has derivatives that actually go to zero only for
x — +oo. This case is illustrated in Figure 9.1.

Internal reaction BL - k=1

000 025 050 075 100 125 150 175 2.00
Figure 9.1: Solution of the Diffusion-
Reaction problem along the x axis for
different values of o.
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Advection boundary layer at exit

Consider the computational domain QO = [0, L] X [0, 1] and the Diffusion-
Convection equation with homogeneous right hand side

~«Vu+B-Vu = 0 in Q

[
N

u
@(X, O)

ou
@(x/ 1) = Or

u(,y)
u(L,y)

Il
= O

A boundary layer is observed in this problem near the exit wall, its
characteristic length scale being now

K
O¢ ~ =
© Bl
Again, this can be seen by solving the corresponding one dimensional

problem with 8 = [1,0]T whose solution is

X
Pe — 1
e fa—
u(x) = e

which depends on the Peclet number that is defined as Pe = ||B||L/x.
This case is illustrated in Figure 9.2.

9.3.1 Petrov-Galerkin (SUPG) Stabilization: A Remedy
Consider the following stabilized (consistent) formulation:

a(up, vp) + r(up,op) = E(oy)

where a(-,-) and {(-) are the bilinear and linear forms respectively of the
original problem, and the perturbation term 7 is given by

o) = 3 [ 900) R ) d

KeTy

where & (1) = =V - (kVu)+ - Vu + 0 u — f is the residual of the original
differential equation, the elementwise stabilization parameter 7k is taken

as )
_ 4« 21Bll
K = lg + Ix +0

and the perturbed test function % (v) is
Pw)=p-Vo

Other choices for % (v) lead to different methods, such as the Galerkin
Least Square (GLS) or the Algebraic Subgrid Scale (ASGS) methods (see
Codina, 1997, CMAME).

Convective BL at exit - 8=[1,0]'

1004 — k=1
k=01
0.75{ — k=001
--- k=0.001

0.5)
°
o
b

(xy
°
3
8

uplx,y=0.

000 025 050 075 100 125 150 175 2.00
x

" |
Lk

Figure 9.2: Solution of the Diffusion-
Convection problem along the x axis
for different values of x (top) and 2D
solution corresponding to x = 0.001 (bot-
tom).
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Consider the script solve_CDR. py

1. Internal reaction Layer

(a) The first task is to solve the diffusion-reaction equation
setting L = 2, k = 1 and values of ¢ ranging from 1 to
10000. Use a structured type grid (flag_unstructured =
False).

(b) Compare the solution to the analytical one for different
grid sizes h and the values of ¢ of the previous item.

(c) Consider unstructured grids (flag_unstructured = True).
Implement the necessary modifications so as to identify
the internal interface located at x = L/2 and perform a
grid refinement around it (similar to what is implemented
under flag_refine_exit.

2. Convection layer at exit

(a) Consider the velocity field = [1,0]T and a mesh with
characteristic size of elements equal to 1/32. Compute the
solution with values of x ranging from 1 to 0.001. For each
case, plot the solution and observe the boundary layer.

(b) Setting x = 1072, perform a uniform mesh refinement
and observe the numerical solution improving.

(c) Setting x = 1072 perform a local mesh refinement near
the exit, so as to better capture the boundary layer.

3. Stabilization

(a) Complete the implementation of the Petrov-Galerkin sta-
bilization;

(b) Recompute the previous solutions and compare accuracy
of results and convergence rates with the unstabilized case.

4. Optional: Tensorial diffusion coefficient
Introduce the necessary lines to consider the case of a tensorial
diffusion coefficient. Consider the domain Q = [0,1]%, B =
[0,0]T and ¢ = 0. In order to build an analytical solution we
use the following tensor

_|(x+1)?+y? sin(xy)
| sin(xy) (x +1)%

and build a source term f(x, y) such that the solution is
u(x,y) = ¥} y* + x* + sin(x y) cos(y)

To solve this problem, impose the exact solution as Dirichlet
condition on the whole boundary.

9.4 Linear elasticity problem: Elastostatic

Let us go back to the prototypical example of an elliptic problem with
vector unknown, namely, the case of linear elasticity, whose differential
form is:

87
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-V.o(u) = f inQ
u = g only (9.9)
o-n = F onlg

where ¢ = 2pé(u) + A (V- u) I°. The variational formulation can be
obtained from this PDE, multiplying by a vector test function v and
integrating by parts. However, it can also be established as a fundamental
principle known as Principle of Virtual Work

Principle of Virtual Work

Consider a deformable body subject to external body forces f and
surface force distributions % . Then, the virtual work of internal stresses
equals the virtual work of the applied forces. This must hold for all
virtual vector fields that are kinematically admissible variations of
the body motion, i.e.,

1>

Total Internal Virtual Work
/f-vdx+/ F -vds
Q g

By defining the linear set of kinematically admissible motions

/a(u) c&(v)dx =
Q

Total External Virtual Work

1>

Vpg={ve [Hl(Q)]d, v=gonlp}
The variational problem reads: Find u € Vp, such that

‘/Q[Zys(u):e(v)+/\(V-u)(V-v)] dx:/of-vdx+/r F-vds

F

a(u,v) {(v)
(9.10)
Vv € Vpy.

Theorem 9.4.1 (Well-posedness of the Elastostatic problem) Let QO C
R be a reqular domain with meas(Tp) > 0. Assume further that:

o fe [12(Q)]"
o F € [12(Tg)]"
© 0 < Umin < U < Umax and A > =2y

Then, there exists a unique u that satisfies Equation 9.10 and it depends
continuously on the data, i.e.,

Nl < C (Illzq) + 1F li2ws))

5: It is worth also to recall the equations
using index notation, which may ease
some calculations:

0jj = 2u &ij + (3,‘]‘ Uk k
where ¢;; = %(ui,j + uj,;). The equilib-
rium equation becomes:
i 80,‘]‘ —f
= Ix; !

and the boundary conditions u; = g; on

'y and
d
E O',‘]‘fl]‘ =%F;
j=1

on I'g. Recall, that using Einstein’s con-
vention, the sum signs in front of the
equations can be omitted, implying sum-
mation over repeated indexes.
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As in the previous case, the proof involves showing that the bilinear form
is bounded and coercive. For the former we have®

alu,v) = /[2y£(u):£(V)+/\(V'u)(V-v)]dx
Q

A max (V ‘u, V- V)Lz(Q) + 2[-1max (E(u)/ E(V))LZ(Q)

< Amax IV ullpllV - Vi) + 2tmaxllé@) 2y lle() 2
< C maX{Amaxr Hmax}I|Vu||L2(Q)”vv||L2(Q)
< C max{Amax, tmax HIull gVl @)

As for coercivity, the situation is different. We need an inequality similar
to Poincaré-Friedrichs (see Theorem 4.1.1), but one that involves all first
order derivatives of the vector field that appear in the definition of &(u).
This is given by:

Theorem 9.4.2 (Korn’s Inequality) Let Q C R be a bounded domain with
Lipschitz boundary, Tp C dQ, meas(I'p) # 0. Then, there exists Cx > 0

(depending only on Q) and I'p) such that, for any u € [HEO] a
. 2
/Qs(u) : g(u)dx > Cg ”“”Hl(o) (9.11)

In such case, we have:

a(u,u)

/ [2 pea) : e(u) +A (V- u)z] dx
Q

/Zps(u) : &(u) dx
Q

Z[JminCK”u”%p(Q)

\%

\%

It remains to apply Lax-Milgram Theorem 3.4.1.

9.4.1 Finite element spaces for vector-valued functions

We have to extend the ideas of finite element spaces we have been using
for scalar problems to the case of vector-valued functions, as required
for the elasticity problem and the (Navier-)Stokes problem. The simplest
thing to do is to use the canonical basis of R?. To that end we define
as degrees of freedom the values of the x; and x,-components of the
displacement field u. For triangular linear elements, e.g.,

or(w) = wi(x)
o2(w) = wr(x)
o3(w) = ()
oi(w) = ()
os(w) = ui(x’)

gs(w) = w(x’)

6: From the second to the third step, we
have used the fact that the L2 norms are
taken over various combinations of first
order derivatives.



9 MORE ON ELLIPTIC PROBLEMS | 90

As we have done many times before, in order to build the basis functions,
we write 0;(N/) = 6;; and end up with:

N = ¢ (x) (é) N = g1(x) (‘1)) N = g2(x) ((1)) N* = g2(x) ((1’)
ie.,
Nl - ¢1(x) él/ N2 — lnbl(x) éZI N3 — IPZ(X) él/ N4 — I#Z(X) éZ/ o

However, notice that this is not the only possible choice. We can also use
different degrees of freedom. Typically, if the nodes are over a boundary
where the normal and tangential components of the displacement field
are to be specified, we may use as degrees of freedom the normal and
tangential components of the displacement (u, u;). This facilitates the
imposition of the boundary conditions on the global system. Moreover,
if u, component is the only one that is specified while the tangential
component is left free, this approach allows to handle this situation. In
this oblique case we define the following degrees of freedom instead

[any

oi(w) = ulx")-n
o) = ux)-¥#
o3(u) = u(x®)-#’
os(w) = u(®)- ¥
os(u) = u(®)-n’
ge(w) = u(x®) ¥

for given vectors fi” and ¥ on each node. The corresponding basis is
N'=yl(0n', N2=y'(0¥, N®=¢?(xn’, N*=y2x) ¥,

Now, we use these basis functions to construct the discrete system AU = F.
At the element level we need to compute the 6 X 6 matrix

K _ i i K _ i Lo
Ay =a(N,N), F/ =I(N'), i,j=1,2,...,6

and assembly it into the global system as we have learned. This matrix is
written as X « X
“an fap “as)

K K

K _ K
At =a 22 23

en “?

K K K
61 %62 ‘%63

where the blocks afr o /8= 1,...,3 are 2 X 2 matrizes corresponding

to nodes (r, s) and similarly for the elemental right hand side.

An alternative equivalent approach is using the canonical basis given
above and prior to final assembly, transform them using the change
of basis matrix , i.e., for each 2 X 2 block aﬁ 9 and 2 X 1 block f(f)

corresponding to nodes (r, s) we have:

~K _ T K K _ T K
5= Qi 82,5 Q) firy = Ly fi)
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where Q) = [flr | ¥ ] ,¥=1,...,3is the change of basis matrix corre-
sponding to node r. Unfortunately, this can not be easily implemented in
the FEniCS platform. To deal with oblique basis instead other approaches
such as Nitsche’s method [nitsche], in which Dirichlet conditions are
enforced weakly.

9.5 Assignment 7: 2D and 3D Elastostatic

Consider the computational domain Q C R? shown in the figure.

The elastostatic problem to be solved on this domain reads:

o6 = AV-ul+y(Vu+Vu)
-V.6 = f in O
u = ubottom ln bottom T {(xllxz) E aQ x2 - 0}

u = utop ln ]-—'top = {(xllxz) € aQ, x2 = H}

o-n = F inI'y=090\ThuwnYTl)
where
_ E 1= Ev
= a+yy T aena-2v)
and
E =10 (Young’s modulus), v = 0.3 (Poisson’s ratio)
£=(0,0)7
F =(0,0)7

uboﬂom = (OI O)T
u,, = (0,0.1)7

O O O O O

» Write the continuous variational formulation. Define the linear
and bilinear forms and the trial and test spaces to be considered.

» Write the discrete variational formulation. Considering contin-
uous P; elements, define the discrete spaces to be used.

» Implement a FEniCSx script to solve the problem above. To that
end, construct a 2D finite element triangulation of the domain
as shown in the figure. Notice that we need to declare now a
space of vector-valued functions

= fem.VectorFunctionSpace(msh, ("CG", 1))

» Given the deviatoric stresses

tr(o)I
3

Compute the scalar quantity known as the Von Mises stress

nitsche

é’ﬁ
Em s“ ""-f“

1;'445

f

Lz
KRl

5
KK
KRS
ity
A'éév 5

Vi
‘ab

TAVA
X
1
&
h

AVAYA
»:m
'% :
1
V
EE‘:

Pod

v Av»
1"@ m;
Figure 9.3: Computational domain to
solve the elastostatic problem in 2D. The
total height is 2.4 units, the width and
height of the bottom and top parts is
0.4 and the radius of the central arc (the
neck) is 1.2.
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defined as the second invariant of the deviatoric stresses’: o o
7: In engineering the criterion is that
yielding of a ductile material begins
3 when oy reaches a critical value.
oy = ES 1S

Implement in Fenics. For visualization of results, project oy
onto a space of elementwise constant functions.

» Repeat the previous points but now assuming the only compo-
nent to be specified on I',, is the vertical one, meaning that u; is
free (no restrictions) and up = 0.1. This can be done by adding
the suffix sub (k) to V as follows:

msh = CreateMesh( ... )

dim = msh.topology.dim-1

bfacets = locate_entities_boundary(msh, dim, tag_top)
dofsy = locate dofs_topological(V.sub(1l),dim, bfacets)
bcy = dirichletbc(ScalarType(0.1), dofsy, V.sub(1l))

Tt v Mire,

Figure 9.4: Richard Edler von Mises
(Ukraine(1883)-USA(1953)).

» Implement the 3D version of the previous problem. The geome-
try is shown in the figure. Consider the following data:

o E =10 (Young’'s modulus), v = 0.3 (Poisson’s ratio)
£=1(0,0,0)T

F =(0,0,0)T

W0 = (0,0,0)7

u,, =(0,0.1,0)7

O O O O

» In problems with symmetry of revolution (or axial symmetry), ok
as in the previous example, it is convenient (cheaper) to solve
the equations in the axisymmetric form. A three dimensional
vector field v in such case has the form (v,, vy, 0)T, where r
stands for the radial component (the distance to the symmetry
axis) and y the vertical Components. It is assumed that both ) ) ] )

5 . 8: Notice that in FEniCSx the radial com-
v, and v, are only functions of (7, y) and independent of the ponent r (the perpendicular distance to
angular coordinate 6 € [0, 27). Hence, the axis) will correspond in our problem

to x[0] and the axial or vertical compo-
nent y to x[1].

Figure 9.5: Computational domain to
solve the elastostatic problem in 3D.

Vv 0 Or,r vr,y
Vv = , Vv =

0 0 | — Oy,r

S

vy
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9: Note that &(u) : Vv = ¢g(u) : &(v),
because & is a symmetric tensor.




STOKES PROBLEM

10.1 Preliminaries

So far we have been dealing with strongly coercive problems. According
to Lax-Milgram theorem, strong coercivity is a sufficient condition for
well-posedness. In the discrete case, this condition amounts to positive
definiteness of the system matrix arising from the Galerkin formulation,
which again, is a sufficient condition for its invertibility. The Galerkin
formulation, thus inherits the well-posedness of the continuous or infinite
dimensional problem. There are problems that are not coercive, but still
well-posed. The necessary and sufficient conditions for well-posedness
are known as the Babuska-Brezzi conditions, that we introduce for further
use.

Definition 10.1.1 (Weak coercivity): A bilinear forma(-,-) : VXV — R
is said to be weakly coercive if there exists a constant B € R such that

> (10.1)
0£ueV gupey llullviolly

The following comments are in order:

» The Condition given in Equation 10.1 is also called an inf-sup con-
dition;

» Strong coercivity (see Definition 3.2.3) implies weak coercivity,
indeed,
a(u,u) > «a ||u||%, YueV

Taking any u # 0, and dividing by ||u||ly we have

a\u,o a\u,u
Sup ( ’ ) > ( ’ ) > ||u||V
ozvev l2llv — lully

and taking the infimum over u € V we conclude

a(u,v
inf sup _al0) >a>0
0#ueV zpey lullvilolly
» If a(:,-) is strongly coercive over V, then

a(v,v) _

ol

in a>0 (10.2)
0#veV

If V, € V, then a(-,-) will continue to be coercive!, because the
infimum is being taken over a smaller set. However, with weak
coercivity this is no longer the case, in general, i.e., the following is
not necessarily true!

inf a(up, vp)

>p>0
0£n€Vi g0, evy, [UnllvIlonllv

(10.3)
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10.2

10.3

10.4
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1: This has already be mentioned 5.1.



because, the supremum is being taken over a smaller set?.

» If V is finite dimensional, the bilinear form a(:, -) is weakly coercive
iff the associated matrix® A is invertible.

We state a generalization of the Lax-Milgram theorem to as necessary and
sufficient conditions for well posedness of a variational problem*:

Theorem 10.1.1 (Babuska theorem) Let V be a Hilbert space and a(-, ) :
V XV — R a bilinear form. Then, forall { € V*, the problem: Find u € V
such that

a(u,v)=L(v) YoeV (10.4)

is well posed if and only if the following conditions hold:
la(u,v)| < Ng llullv llollv (continuity)

. a(u,v)
inf su

> B > 0 (weak coercivity)
0#ueV opey llullviolly

Now, consider the Galerkin approximation: Find uj € V}, such that

a(uy,vy) = L(vy) Yo, €V, (10.5)

and assume that the bilinear form a(-, -) is continuous and weakly coercive
in Vy, i.e.,, 36, > 0 such that

. a(up,vp)
inf  sup

B O s g >0
0£un€Vi 00, vy, 1Un v Ilonllv

(10.6)

For weakly coercive problems we have a theorem analogous to Céa’s
lemma on the optimality of the Galerkin approximation:

Theorem 10.1.2 (Optimality of the Galerkin approximation for Weakly
coercive problems): If a(-, -) is continuous and weakly coercive in Vy, with
coercivity constant By, then the Galerkin approximation satisfies the following
estimate

N, .
lu —upllv < [1+=2] inf ||u—onllv
B | vnevi

The proof is as follows:

a(vy — up, wy)

Bullop —uplly < sup
0w eV ”wh”V
_ a(u —up, wy) + a(oy —u, wy)
= sup
0wy eV ”wh”V
a(vp —u, wy)
= sup —7——
0w eV ”wh”V
Nallop —u w
< up Nl ulvliwily
0£wy eV, llwnllv

= Nellop —ully
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2: In this case, the weak coercivity of
the discrete problem must be proven
independently, it is not inherited from
the weak coercivity of the continuous
problem.

3: If V is finite dimensional and
{q.')l,...,qb”} is a base, recall a;; =

a(@l, o).

4: The theorem is actually more general
and allows the test and trial spaces to
be different, i.e., a(-,-) : V1 XV, — R.
This can be important in several cases.
One case we have seen is the Petrov-
Galerkin (SUPG) stabilized formulation
in the previous chapter.
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but, by the triangle inequality (see Definition 2.2.1)

lu—uplly = llu—-op+op—upllv
< Nu=oplly + llop = unllv
N,
< low—ullv + == llow —ullv
B
N,
= (1 + —”) lu —onllv (10.7)
Bn

A very important point to as approximability is that if we aim that

li =
7t R
there must exist a constant o > 0, such that 5, > o for all k. This holds
if the family of discrete space {V},} >0 C V satisfies the approximability
property:

lim inf ||u —vy|ly =0.
h—0v,eVy,

10.2 Motivation: Incompressible elasticity -
Mixed problems

We have been considering continuous and discrete problems in the
so called primal form, where only one unknown field is sought. In
this section we consider the so called mixed form, where two or more
unknown fields must be determined simultaneously.

First, let recall the extremal formulation for the elasticity problem,
namely

Extremal form of the Elasticity problem

Find u such that
(EF): u = argmin (v) (10.8)
VEVDg
where
A 2 2
j(v):/[— (V-v) +y||£(v)||2] dx—/f-vdx—/ F -vds (10.9)
ol? 0 T

As with Poisson’s problem, being the bilinear form symmetric and
strongly coercive, we can show that the unique solution u of the varia-
tional problem (VP): Find u € Vp, such that

a(u,v) = /[A(V~u)(V-v)+2y£(u) ce(v)]dx = /f-vdx+/ F-vds = {(v)
Q Q I's

Vv € Vpy, is also the unique minimizer of the extremal problem (EF),

and viceversa (see Chapter 4).

» There exist certain materials (such as rubber) that behave as incom-
pressible, so they preserve the volume, i.e., the deformation field is
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divergence free®
V-ou=0

» Notice that the first term of Equation 10.9 acts as a penalization
of the incompressibility constraint as A — +oco (or is very large
compared to ).

One may attempt to solve the problem of incompressible elasticity by
incorporating the divergence-free constraint into the definition of the
space, as we do with the Dirichlet conditions. Then, we may define the
space

ZDg = {VEVDg, V'VZO} (10.10)

so, the extremal formulation consists in finding the mininum over Zp,
of the following functional

j(v)=/yue(v)ugdx—/f-vdx—/ F - vds (10.11)
Q Q I's

since the term involving A becomes irrelevant. The associated variational
problem being: Find u € Zp, such that

i(u,v) = /Zye(u) ce(v)dx = /f‘vdx +/ F-vds £ {(v)
Q Q Iy
(10.12)

Vv € Zpo. This approach indeed leads to a well-posed problem, however,
its practical implementation, which requires to construct finite element
spaces that respect the zero-divergence constraint, is very difficult.

Instead, we introduce a new extremal formulation as:

Extremal form of the Incompressible elasticity problem

Find u such that
u = argmin§(v)
VEVDg
(EF) : (10.13)
subject to V-v=0

We can reformulate this problem, introducing a Lagrange multiplier
p € L*(Q) and defining the Lagrangian

P(u,p) = j(u)—/pv-udx - %ﬁ(u,u)—f(u)—b(u,p) (10.14)
Q

———
b(u,p)

from which a new Mixed variational problem emerges:

Variational form of the Incompressible elasticity problem
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5: A free divergence field indeed, im-
plies volume preservation

/(V~u)dx=/ u-nds =0
Q 9Q



Find (u, p) € Vpg X L3(Q) such that

/Zys(u):e(v)dx—/pv-vdx

Q Q
/qV-udx
Q

V(V, q) € Vpo X L2(Q).

/f-vdx+/ F -vds
Q I's

(10.15)

Il
o

(10.16)

or in abstract form:

a(u,v) —b(v,p)
b(w,q) = 0

e(V) Vv € Vpo
Vg € L2(Q)

This variational formulation is obtained by considering the optimality
conditions

Lu+ev,p)—2(u,p)
m

Lulu, p;v) = E—>0 . =0 Vv e Vp(10.17)
. g(u/ +€ ) - 52e(u/ )
Zp(u,prg) = lim P Z Ploo wyer?@
(10.18)

This is left as an exercice.

10.2.1 Other problems in mixed form: Stokes and Darcy
flows

The abstract mixed formulation (10.15)-(10.16) is the prototypical form
of other mixed problems we have seen in Chapter 1, namely, the Stokes
problem of an incompressible Newtonian viscous flow and the Poisson’s
problem in mixed form (a.k.a. Darcy’s problem in the context of flow in
porous media). The former corresponds to the Navier-Stokes equations
Equation 1.15, but neglecting inertial terms®. This becomes more evident
if we integrate by parts and write the differential form of the problem:

-V-Quew)+Vp=£f inQ
V-u=0 in Q

(10.19)
u=up on rD
[-pI+2pe(w)]-n=F only

Notice that the incompressibility constraint materializes into the momen-
tum equation as the gradient of the unknown Lagrange multiplier p.
Also, if p1 is constant, in the incompressible case, the momentum equation
simplifies to”

~V - (2ue(u)) +Vp = —uV?u + Vp

where the Laplacian of u is a vector-valued function whose components
are the Laplacian of each component of u.
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6: Notice, the problem is formally iden-
tical to that of incompressible elasticity,
except that the vector field u corresponds
to a velocity instead of a displacement
field and u corresponds to the fluid vis-
cosity.

7: This is easily shown working with
index notation:

0 3141'
. — . T f= | —
[V et = [¥:(Va+ V7w = 5 52
Pu; d (9u; > d
= axj'ax]' +(9—x1. ((9_)(]) =V u,+(9—Xi V-u) =

ou;

]

+ —_—
ox;

Vzui

|



For Darcy’s flow, we take as the flux variable J and the scalar variable p
(the pressure), that satisfy

V-] = f in Q
J = —x-Vp in Q
(10.20)
P = Pp on I'p
J-n = H on I'y

By rewritting the second equation as
k- J+Vp=0

This leads us to the following variational problem?: Find (], p) € Vi X
L%(Q) such that

/K‘l-]-vdx—/pv-vdx
Q Q I'p
fqdx (10.22)

/qV-]dx
Q Q

Before proceeding we write the general abstract form of a mixed prob-
lem:

—/ pp (v-n)ds (10.21)

Y(v,q) € Vo x L2(Q).

Abstract variational mixed problem

Find (u, p) € V X Q such that

a(u,v) = b(v,p)

£(v)
b(u.0) (10.23)

g(q)

V(v,q) e V xQ.

where the spaces V and Q and the bilinear and linear forms have to be
interpreted accordingly in each case.

10.3 Well-posedness of the mixed variational
problem

First, notice that alternatively, the problem can be written by defining a
unique bilinear and linear form by substracting the two equations: Find
(u, p) € V x Q such that

a(u,v) = b(v,p) —b(u, q) = £(v) - g(q) (10.24)

B((u,p),(v,q)) L((v.q))

V(v, g) € VXQ, so the problem is defined in the product space W = VxQ
as
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8: In contrast to the primal form of Pois-
son’s problem we have been dealing until
now, in this mixed form, the Neumann
condition H on I'y appears (strongly) as
a restriction on the trial set Vi for J and
the Dirichlet condition pp onI'p appears
(naturally) in the variational problem
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Abstract variational mixed problem

Find (u, p) € W such that

B ((u/ P)/ (v, Q)) =L ((Vr 17)) Y(v, ’1) eEW (10.25)

The converse is also true, if (u, p) satisfies (10.25), it also satisfies (10.23).
The details are left as an exercise. To prove well-posedness of this abstract
problem we need the bilinear form to be bounded and weakly coercive,
such that we can apply Theorem 10.1.1. This is summarized in the
following theorem:

Theorem 10.3.1 (Well-posedness of Abstract mixed problem): Let the
bilinear form B(:, -) be defined as in (10.24). Assume that the bilinear forms
a(-,-) and b(-, -) are continuous, the bilinear form a(:, -) is strongly coercive
inZo={veV,blv,q)=0Vq €Q}

a(u,u) > allul,
and the bilinear form b(-, -) satisfies an inf-sup condition

blw,q)

n >B>0
0£9€Q ozvev llqllalvilv

Then, the abstract mixed problem 10.23 is well-posed.

First, we prove that B is bounded. Since, both bilinear forms a and b are
continuous, i.e.,

la(u, v)| < Nellullvllvlly Yu,veV

b(u, 9)| < Npllullv]igllo YueV,q€Q

If we define the norm on the product space W as

v, Dlw = lIvllv + llgllo (10.26)

and proceed as usual

1B((w,p), (v, @)l < la(w,v)| +[b(u, g)| + [b(v, p)|
< Nallullvlivily + Ny (Ilullvliglio + Iviiviiple)
< Na (llully +liplle) (Ivllv + llglio) + Ne (lullvliglio + lIviviiplio + llullviivily + liplioliglie)
< (Na+ No)ll(w, p)llwli(v, )llw

It remains to show that B is weakly coercive such that we can apply
Theorem 10.1.1 to prove well-posedness. We will ommit the details of the
proof for brevity.



10.4 Approximation of the mixed variational
problem

In the previous sections we have been dealing with the continuous
problem. Now, we have to tackle the problem in a discrete setting. We
consider discrete spaces V), C V and Qp, € Q. Define W =V X Q and
Wy, = Vi, X Q.

Theorem 10.4.1 (Well-posedness of Discrete abstract mixed problem):
Let (u, p) € W satisfy

B ((w,p), (v, qn)) = L((Vi, q1)) ¥ (vi,qn) € Wy
Assume further that forallv € Zyg = {vy, € Vi, b(vy, qn) = 0Vq, € Qp}:
a(vi, vi) > allvpll},
and the bilinear form b(-, ) satisfies an inf-sup condition

b(up,
inf  sup MZM>O

0%£01€Qn 0v,ev;, 1GnllQlIvhllv

ot, in a more general setting:

B
nf “u ((up, pn), Vi, qn)) >y >0

p
(wrP)EWE (v, q1)eW, lCar, p)llw 1 Vi, gr)llw

Then, the discrete solution (uy, py) € Wy, of

B ((un, pn), (v, qn)) = L((vi, qn)) Y(Vi, qn) € Wy

exists and is unique. Further, the following estimate holds

lu—wpllv +llp = pullo < C | inf lu—vullv + inf |lp = gull
vi€V) q1n€Qn
where C depends on N,, Ny, a, v

The following comments are in order:
» The proof of the theorem is done by invoking previous theorems;

» For the particular case of the Stokes problem, the inf-sup condition
takes the form:

/Q th vy dx
inf  sup >0
0£41€Qn gy, ev, IVIIET Q190 II20Q)

» The spaces Vj, and Qj, for velocity and pressure need to be chosen
such that the inf-sup condition above is satisfied. These combina-
tions are called stable mixed elements;

» To show that a given pair V},-Qj, is stable can be a cumbersome task.
However, there are several combinations of velocity and pressure
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spaces that render the formulation stable;

» Equal order formulations are not stable (e.g., continuous [Pl]d
elements for velocity and continuous P; elements for pressure). Q,
must be poorer than V},, for instance continuous [P,]% elements for
velocity and P; elements for pressure, work?;

» The alternative (more general) hypothesis allows us to perturb the
variational formulation, e.g., by adding stabilization terms, that
leads to non-Galerkin formulations, and also enables to use equal

order formulations for velocity and pressure '%;

» If the formulation is not stable, we will observe something called
spurious pressure modes, that typically manifests as spurious (non-
physical) oscillations of the solution;

To fill in some of the gaps troughout the chapter:

Solve the following exercices

» Complete the details to obtain the abstract mixed variational
problem (10.15)-(10.16) from the optimality conditions (10.17)-
(10.18).

» Complete the details to obtain the strong form of Stokes problem
(10.19) by integrating by parts (10.15)-(10.16).

» Complete all the details to obtain Egs. (10.21)-(10.22) from (Equa-
tion 10.20) by multiplying the first equation by a test function
g and the second equation by a test function v. Write also the

corresponding Lagrangian function.

» Show the details to prove that (u, p) is a solution of (10.23) & is
a solution of (10.25).

10.5 Assignment 8: Incompressibility

Consider the unit square domain Q = [0, 1]2 and the Navier-Poisson
equation

V. (Av-u1+2yv5u) =f, in Q

with f = 0 and boundary conditions on the bottom and top walls:

(ull 112) = (01 0)/ X1 € [O/ 1]/ X2 = 0
F=0c-n = (0,—e—20<"1—0~5>2)T , x1€[0,1], xo=1

The remaining part of the boundary is free.
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9: This pair is known as the Taylor-Hood
element.

10: This will be explored in the compu-
tational assignment at the end of the
chapter.
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Fixing y = 1, solve the problem for A = 10", r = -2,...,6.

1. Plot the results and compare the displacement field.

2. Obtain the deformed configuration of the domain by moving
the nodes of the mesh according to the obtained displacement
u and compute the area of the resulting domain as a function
of A.

3. Compute the quantity
pr = —AV.-u

as a function of A. Project p) onto a space of elementwise
constant functions for visualization. This is by definition the
pressure.

4. Introduce an additional field p to implement the resolution of
the incompressible Stokes problem (consider the script
solve_stokes.py):

-V-QuVSu)+Vp=f inQ
V-u=0 in Q

+ B.C. on dQ

whose discrete variational formulation reads: Find uj, € V}, and
pr € Qp, such that

/y(Vuh+Vu;):Vvhdx—/phV~vhdx+/th-uhdx=
Q Q Q

=‘/f-vhdx+/%-vhds
Q Q

V(Vh . q h) € Vio X Qp,. Figure 10.1: Velocity and pressure when
using the Taylor-Hood (P>-P1) element.

Consider the same boundary conditions as in the elasticity
problem and use Py spaces (k = 1,2) for velocity and P; for
pressure. Plot the pressure field and compare the results when
using the pair P1—P; and P>—P;. The product function space is
declared in FEniCS as

P2 = ufl.VectorElement("Lagrange", msh.ufl_cell(), 2)
P1 = ufl.FiniteElement("Lagrange", msh.ufl_cell(), 1)
TH = P2 * P1

W = FunctionSpace(msh, TH)

5. Implement the stabilized formulation by adding the term:

c+ >0 | Ry, pr) - P (vn, pr)dx = ...

Keg;, /K

wher: . . .
ere Figure 10.2: Typical spurious pressure

R (ap, Ph) =-V-(2 vauh) + Vph -1, mode when using the P1—P; (unstable)

element.
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