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1. INTRODUCTION AND STATEMENT OF RESULTS

The theory of difference equations has grown at an accelerated pace
in the last decades. It now occupies a key position in applicable analy-
sis. Several aspects of the theory of functional difference equations can
be understood as a proper generalization of the theory of ordinary dif-
ference equations. However, the fact that the state space for functional
difference equations is infinite dimensional requires the development of
methods and techniques coming from functional analysis (e. g. theory of
semigroups of operators on Banach spaces, spectral theory, etc.) The idea
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of considering phase spaces for studying qualitative properties of func-
tional difference equations was used first by Murakami [53] for the study
of some spectral properties of the solution operator for linear Volterra dif-
ference systems and then by Elaydi et al. [35] for the study of asymptotic
equivalence of bounded solutions of a homogeneous Volterra difference
system and its perturbations.

Besides its theoretical interest, the study of abstract retarded functional
difference equations in phase space has great importance in applications.
For those reasons the theory of difference equations with infinite delay
has drawn the attention of several authors. Properties of the solutions
have been studied in several contexts. For example, invariant manifolds
theory [50], convergence theory [17, 27, 28], discrete maximal regular-
ity [30], asymptotic behavior [20, 29, 51], exponential dichotomy and ro-
bustness [13], stability [36, 37], periodicity [8, 25, 32, 42, 54, 59–61, 63].

However, until now the literature concerning discrete maximal regu-
larity for functional difference equations with infinite delay is too incip-
ient and should be developed, so that to produce a significant progress
in the theory of Volterra difference equations with infinite delay. We note
that even in difference equations this new subject is limited essentially to
a few articles. In the continuous case, it is well known that the study of
maximal regularity is very useful for treating semilinear and quasilinear
problems (e. g. see [6, 7, 14, 33] and the bibliography therein). Discrete
maximal regularity has been studied by Blunck in [9, 10] for linear dif-
ference equations of first order; see also [40, 57, 58]. Kalton and Portal
in [48] discussed maximal regularity of power-bounded operator and re-
late the discrete to the continuous time problem for analytic semigroups.
Recently, three interesting articles were published, the first one by Geis-
sert [38] concerning the maximal regularity for linear parabolic difference
equations. The second one by Cuevas and Lizama [22], who obtained ex-
istence and stability of solutions for semilinear second-order difference
equations on Banach spaces by using recent characterization, in terms
of R-boundness of discrete maximal regularity studied in [21]. The third
one by Cuevas and Lizama [24] concerning the existence and stability of
solutions for semilinear first-order difference equations via maximal reg-
ularity.

1.1. Boundness. We are concerned with the study of the existence of
bounded solutions for the semilinear problem

(1.1) x(n +1) = L(n, xn)+ f (n, x•), n ≥ 0,
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by means of the knowledge of maximal regularity properties for the re-
tarded linear functional equation (e. g. see Marakami’s paper [52].)

(1.2) x(n +1) = L(n, xn), n ≥ 0,

where L : Z+×B → Cr is a bounded linear map with respect to the sec-
ond variable; B denotes an abstract phase space which we shall explain
briefly later (see Hino et al. [47] for an outline of the general philosophy
of such spaces); x• denotes the B-valued function defined by n 7→ xn ,
where xn is the history function, which is defined by xn(θ) = x(n +θ) for
all θ ∈Z−.

We assume the following condition:

Condition (A). {L(n, ·)} is a uniformly bounded sequence of bounded lin-
ear operators mapping B into Cr .That means that there is a constant
M > 1 such that

|L(n,ϕ)| ≤ M‖ϕ‖B , for all n ∈Z+ and ϕ ∈B.

Condition (A) plays a crucial role in the obtainment of a characteriza-
tion of exponential dichotomy for retarded functional difference equa-
tions in the phase space Bγ (γ> 0) defined by

(1.3) Bγ
def=

{
ϕ : Z− →Cr : sup

θ∈Z−

|ϕ(θ)|
e−γθ <∞

}
equipped with the norm

‖ϕ‖Bγ = sup
θ∈Z−

|ϕ(θ)|
e−γθ ,

see [13, Th. 1.1].
The following result (Theorem 1.1) ensures the existence and unique-

ness of bounded solutions which are in l p under quite general hypothe-
ses. Such a theory does not exist at this time. The framework for the proof
of this theorem uses the exponential dichotomy of the solution operator
of system (1.2) and a new approach based on discrete maximal regularity
(see [30].)

To establish Theorem 1.1 we need to introduce the following condition:

Condition (B). The following assumptions hold

(B1) The function f (n, ·) : l p (Z+;B) → Cr satisfies a Lipschitz condi-
tion, that is, for all ξ,η ∈ l p (Z+;B) and n ∈Z+ we get

| f (n,ξ)− f (η)| ≤β f (n)‖ξ−η‖p ,

where β f
def= (β f (n)) ∈ l p (Z+);

(B2) f (·,0) ∈ l p (Z+;Cr ).
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Theorem 1.1. Assume that (A) is fulfilled and that the functions N (·) and
M(·) given by Axiom (PS1) are bounded. In addition assume that equa-
tion (1.2) has an exponential dichotomy on B with data (α,Ked ,P (·)) and
Condition (B) holds. Suppose that the following condition holds

(1.4) 2Ked KB sup
m∈Z+

(1+‖P (m)‖B→B)‖β f ‖p +e−α < 1,

where KB is the constant of Axiom (PS2), see Section 2. Then for each ϕ ∈
P (0)B there is a unique bounded solution y of (1.1) with P (0)y0 =ϕ such
that y• ∈ l p (Z+;B), in particular y ∈ l p (Z+;Cr ). Moreover, one has that
the following a priori estimate for the solution

(1.5) ‖y•‖p ≤C (‖ϕ‖B +‖ f (·,0)‖p ),

where C > 0, and

(1.6) ‖y•(ϕ)− y•(ψ)‖p

≤ Ked

1−e−a −2Ked KB supm≥0(1+‖P (m)‖B→B)‖β f ‖p
‖ϕ−ψ‖B .

Estimate (1.6) implies the continuity of the applicationϕ ∈ P (0)B 7→ y•(ϕ) ∈
l p (Z+;B).

Next, we are concerned with the initial value problem defined by the
semilinear difference equation with infinite delay

(1.7) x(n +1) =L (xn)+ g (n, xn), n ≥ 0,

with initial condition

(1.8) x0 =ϕ ∈B,

where L : B →Cr is a bounded operator and g : Z+×B →Cr .
The following result ensures the existence and uniqueness of bounded

solutions of problem (1.7)–(1.8). To study this initial value problem we
assume the following condition:

Condition (C). The solution operator T (n) of equation

(1.9) x(n +1) =L (xn), n ∈Z+,

is uniformly bounded, that is, there is a constant KT such that ‖T (n)‖B→B ≤
KT for all n ∈Z+.

Theorem 1.2. Assume that (C) is fulfilled. Let g : Z+×B → Cr be a func-
tion such that g (·,0) is summable inZ+ and there exists a summable func-
tion lg : Z+ →R+ such that

(1.10) |g (n,ϕ)− g (n,ψ)| ≤ lg (n)‖ϕ−ψ‖B ,

for every n ∈Z+ and ϕ,ψ ∈B. Then there exists an unique bounded solu-
tion of the problem (1.7)–(1.8).
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A similar result was obtained by Henríquez [43] for functional differen-
tial equations.

1.2. Weighted boundness and asymptotic behavior. To state the next
result we introduce the following condition.

Condition (D). Suppose that the following statements hold
(D1) The function g (n, ·) : B → Cr satisfies a Lipschitz condition for all

n ∈Z+, that is for all ϕ,ψ ∈B and n ∈Z+, we have

|g (n,ϕ)− g (n,ψ)| ≤ lg (n)‖ϕ−ψ‖B ,

where lg
def= (lg (n)) ∈ l1.

(D2) g (·,0) ∈ l 1
α# (Z+,Cr ) (see Section 2 for the definition of l 1

α# ).

We have the following result about weighted bounded solutions.

Theorem 1.3. Assume that Condition (A) and (D) hold and that the func-
tions N (·) and M(·) given by Axiom (PS1) are bounded. Let K # e α# be the
constants of Theorem 2.5, l∞

α# � ·�α# and ‖ · ‖1,α# as in Definition 2.1. Then
there is an unique weighted bounded solution y of the evolution equation

(1.11) y(n +1) = L(n, yn)+ g (n, yn),

for n ≥ 0 with y0 = 0 and y• ∈ l∞
α# (see Definition 2.1). Moreover, we have

the following a priori estimate for the solution

(1.12) �y•�α# ≤ K #KBe−α#‖g (·,0)‖1,α# eK #KBe−α
#‖lg ‖1

.

The exponential dichotomy gives us relevant information about the
asymptotic relation between weighted bounded solutions of (1.2) and
its perturbed system (1.11). Precisely we have the following theorem on
asymptotics.

Theorem 1.4. Assume that Condition (A) holds and that the functions
N (·) and M(·) given by Axiom (PS1) are bounded. Suppose also that equa-
tion (1.2) has an exponential dichotomy with data (α,Ked ,P (·)) and that
condition (D1) holds with g (·,0) ∈ l 1

α(Z+,Cr ). If

(1.13) KBKed eα sup
m≥0

(1+‖P (m)‖B→B)‖lg‖1 < 1,

then for any solution z(n) of (1.2) such that z• ∈ l∞α , there exists an unique
y(n) de (1.11) such that y• ∈ l∞α and

(1.14) y(n) = z(n)+o(eαn), n →∞.

The conversely is also true. Furthermore, the one-to-one correspondences
y• 7→ z• e z• 7→ y• are continuous. ???(NO ORIGINAL, P 27, ESTAVA y• → x•
...)
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1.3. Asymptotic periodicity. A very important aspect of the qualitative
study of the solutions of difference equations is their periodicity and in
general their asymptotic periodicity. Results in such direction cannot be
deduced directly from the theory on the continuous case (e. g. [62].) Al-
most periodicity of a discrete function was first introduced by Walther
[67, 68]. There is much interest in developing the periodicity study for
difference equations. For details, including some applications and recent
developments, see the monographs of Agarwal [1], Elaydi [34] and Agar-
wal and Wong [5], and the papers by Agarwal et al. [3, 4, 56], Corduneanu
[16], Halanay [41] and Sugiyama [64]. Recently several works (see [59–61,
63]) have been devoted to studying the existence of almost periodic solu-
tions of discrete systems with delay. The main method employed in these
papers is to assume certain stability properties of a bounded solution.

On the other hand, we mention here the paper by del Campo et al. [32]
where the authors established the existence of almost and asymptotic al-
most periodic solutions for functional difference equations with infinite
delay of the form (1.7). The authors have assumed that the solution oper-
ator T (·) associated to the homogeneous linear system (1.9) is uniformly
stable.

The class of functions ξ : Z+ →B for which there existsω ∈Z+\{0} such
that limn→∞(ξ(n +ω)− ξ(n)) = 0 are called S-asymptotically ω-periodic
solutions for retarded functional difference equations. The literature con-
cerning S-asymptoticallyω-periodic functions with values in Banach spaces
is very new. This kind of functions have many applications in several
problems, for example in the theory of functional differential equations,
fractional differential equations, integral equations and partial differen-
tial equations. The concept of S-asymptoticω-periodicity was introduced
by Henríquez et al. [44, 45]. The article [45] concerns the development of
a theory of this type of functions in a Banach space setting. In particular,
the authors have established a relationship between S-asymptotically ω-
periodic functions and the class of asymptotically ω-periodic functions.
In [44] the authors study the existence and qualitative properties of S-
asymptotically ω-periodic mild solutions for a class of abstract neutral
functional differential equations with infinite delay. Related to the prob-
lem of existence of S-asymptotically ω-periodic solutions for ordinary
differential equations described in finite dimensional spaces we cite [39,
49, 65, 69]. It is important to note the fact that a S-asymptotically ω-
periodic function is not in general asymptotically ω-periodic (see [55])
and that the theory of almost periodic functions (see [15, 70]) have not
been satisfactory to study this class of functions. Recently Cuevas and de
Souza [18, 19] have treated the existence of S-asymptotically ω-periodic
(mild) solutions for fractal integro-differential equations. ???? (Pg. 44
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O RESPECTIVAMENTE NAO ESTA CLARO, VERIFICAR; AQUI EU REE-
SCREVI SEM O RESPECTIVAMENTE) In [31], de Andrade and Cuevas stud-
ied the existence of S-asymptoticallyω-periodic (mild) solutions to a first-
order differential equation with linear part dominated by a Hille-Yosida
operator with non-dense domain and Agarwal et al. [2] and Caicedo and
Cuevas [11] studied the existence of such solutions to an abstract neutral
integro-differential equation with unbounded delay. Cuevas and Lizama
[23] have studied the existence of studied the existence of S-asymptotically
ω-periodic solutions to a class of semilinear Volterra equations. In Hernán-
dez et al. [46] the authors studied the existence of S-asymptotically ω-
periodic “classical” solutions for a class of abstract neutral functional dif-
ferential equations with unbounded delay (see also [12, 26].)

The next result ensures the existence and uniqueness of a discrete S-
asymptotically ω-periodic solution for the problem (1.7)–(1.8). To the
knowledge of the authors until now there are no results in such direction
for functional difference equations.

Theorem 1.5. Assume that the solution operator of (1.9) is a strongly S-
asymptotically ω-periodic semigroup (see Section 2.) Let g be a perturba-
tion of (1.9) as in Theorem 1.2. Then there is a unique discrete S-asymptotically
ω-periodic solution of the problem (1.7)–(1.8) for every ϕ ∈B.

To establish our next result on the existence of discrete asymptotically
ω-periodic solutions (see Definition 2.12) for the abstract problem (1.7)–
(1.8) we introduce the another assumption.

Condition (E). The function g : Z+×B → Cr satisfies a Lipschitz condi-
tion in B, that is, there is a Kg > 0 such that

|g (n,ϕ)− g (n,ψ)| ≤ Kg‖ϕ−ψ‖B , ϕ,ψ ∈B, n ∈Z+.

??? O ENUNCIADO COM A DEFINICAO DE DECAIR EXPONENCIAL-
MENTE FICA DESELEGANTE ???

Theorem 1.6. Assume that the solution operator T (n) of the Equation (1.9)
decays exponentially, that is, there are constants K T ≥ 1 and α > 0 such
that

(1.15) ‖T (n)‖B→B ≤ K T e−αn , n ∈Z+.

Assume also that Condition (E) holds, g (·,0) is a bounded function and for
every B ⊂B, limn→∞ g (n,ϕ)−g (n+m,ϕ) = 0 uniformly forϕ ∈ B and m ∈
Z+. If KBK T Kg +e−α< 1 then there is a unique discrete asymptoticallyω-
periodic solution of the problem (1.7)–(1.8).

The paper is organized as follows. In Section 2 we explain the basic
properties and we recall the definition of exponential dichotomy which
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is a natural tool in our setting. We also give some basic properties re-
lated with S-asymptotically ω-periodic functions. In Section 3 we prove
theorems 1.1 and 1.2, while in Section 4 we prove theorems 1.3 and 1.4.
Also we prove that under certain conditions there is a one-to-one corre-
spondence between weighted bounded solutions of equation (1.2)1 and
its perturbation (1.11). In Section 5 we establish versions of theorems 1.1
and 1.3 which enable us to consider locally Lipschitz perturbations. In
Section 6 we prove Theorem 1.5. ??? CORRIGIR AQUI PARA DIZER ONDE
ESTA A PROVA DO TEO 1.6. ??? Finally in Section 7 we apply our results
to Volterra difference equations. During the last few years Volterra equa-
tions have emerged vigorously. We observe that there is much interest
in developing the qualitative theory for such equations. Our work is an
interesting contribution to the Volterra equations theory.

2. PRELIMINARIES AND NOTATIONS

We introduce certain notations which will be used along the paper
without any further mentioning. To write out statements, we will often
adopt the symbols and notation in a standard way as in [13,20,27–30,35–
37,42,50–53], for example. As usual, we denote byZ,Z+ andZ− the sets of
all integers, all non-negative integers and non-positive integers, respec-
tively. Let Cr be the r -dimensional complex Euclidean space with norm
| · |. We follow the terminology used in Murakami [52], thus the phase
space B =B(Z−,Cr ) is a Banach space with norm denoted by ‖ · ‖B and
it is assume to satisfy the following axioms.

Axiom (PS1). There are a positive constant J and non-negative functions
N (·) and M(·) on Z+ with the property that if x : Z→ Cr is if a function
such that x0 ∈B, then for all n ∈Z+

(i) xn ∈B;
(ii) J |x(n)| ≤ ‖xn‖B ≤ N (n) sup

0≤s≤n
|x(s)|+M(n)‖x0‖B .

Denote by B(Z−,Cr ) the set of bounded functions from Z− to Cr .

Axiom (PS2). The inclusion map i : (B(Z−,Cr ),‖·‖∞) → (B,‖·‖B) is con-
tinuous, that is, there is a constant KB > 0 such that ‖ϕ‖B ≤ KB‖ϕ‖∞ for
all ϕ ∈B(Z−,Cr ).

From now on B will denote a phase space satisfying the axioms (PS1)
and (PS2). Throughout this paper, for any number 1 ≤ p < ∞ we shall
consider the following spaces:

1??? TEXTO COMIDO, G. 1 SEGUINDO PG 48 ADIVINHANDO: ???
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Definition 2.1.

l p (Z+,B)
def= {ξ : Z+ →B /‖ξ(n)‖p

p
def= ∑∞

n=0 ‖ξ(n)‖p
B
<∞},

l∞(Z+,B)
def= {ξ : Z+ →B /‖ξ‖∞ def= supn∈Z+ ‖ξ(n)‖B <∞},

l∞β (Z+,B)
def= {ξ : Z+ →B /�ξ�β def= supn∈Z+ ‖ξ(n)‖Be−βn <∞},

l 1
β(Z+,Cr )

def= {ϕ : Z− →Cr /‖ϕ‖1,β
def= ∑∞

n=0 |ϕ(n)|e−βn <∞},

l p (Z+,Cr )
def= {ϕ : Z+ →Cr /‖ϕ‖p

p
def= ∑∞

n=0 |ϕ(n)|p <∞}.

For any n ≥ τ we define the operator T (n,τ) : B →B by

T (n,τ)ϕ= xn(τ,ϕ,0) ϕ ∈B

where x(·,τ,ϕ,0) denotes the solution of the homogeneous linear sys-
tem (1.2) passing through (τ,ϕ). It is clear that the operator T (n,τ) is
linear and by virtue of Axiom (PS1) it is bounded on B. We denote by
‖T (n,τ)‖B→B the norm of the operator T (n,τ), which satisfies the semi-
group properties

(2.1)
T (n, s)T (s,τ) = T (n,τ), n ≥ s ≥ τ,

T (n,n) = I , n ≥ 0.

The operator T (n,τ) is called the solution operator of the homoge-
neous linear system (1.2) (see [52] for details.)

Definition 2.2 (Cardoso and Cuevas [13]). We say that Equation (1.2) (or
his solution operator T (n,τ)) has an exponential dichotomy on B with
data α,Ked ,P (·) if α, Ked are positive numbers and P (n), n ∈Z+, are pro-
jections in B such that, letting Q(n)− I −P (n):

(i) T (n,τ)P (τ) = P (n)T (n,τ), n ≥ τ.
(ii) The restriction T (n,τ)|Range(Q(τ)), n ≥ τ, is an isomorphism from

Range(Q(τ)) onto Range(Q(n)), and then we define T (τ,n) as its in-
verse mapping.

(iii) ‖T (n,τ)ϕ‖B ≤ Ked e−α(n−τ)‖ϕ‖B , n ≥ τ, ϕ ∈ P (τ)B.
(iv) ‖T (n,τ)ϕ‖B ≤ Ked eα(n−τ)‖ϕ‖B , τ> n, ϕ ∈Q(τ)B.

In what follows we consider the matrix function E 0(t ), t ∈ Z−, defined
by

(2.2) E 0(t ) =
{

I (r × r unit matrix), t = 0,

0 (r × r zero matrix), t < 0,

We denote by Γ(n, s) the Green function associated with (1.2), that is,

(2.3) Γ(t , s) =
{

T (n, s +1)P (s +1) n −1 ≥ s,

−T (n, s +1)Q(s +1) s > n −1.
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The following definition was introduced in [30].

Definition 2.3. We say that system (1.2) has discrete maximal regularity
if for each h ∈ l p (Z+,Cr ) (1 ≤ p <∞) and each ϕ ∈ P (0)B the solution z
of the boundary value problem

z(n +1) = L(n, zn)+h(n), n ≥ 0,(2.4)

P (0)z0 =ϕ,(2.5)

satisfies z• ∈ l p (Z+,B).

It was shown in [13] the following result:

Theorem 2.4. Assume that system (1.2) has an exponential dichotomy on
B with data (α,Ked ,P (·)). Then system (1.2) has discrete maximal regu-
larity.

Exponential boundness of the solution operator plays a key role in our
results.

Theorem 2.5 (Exponential boundness of the solution operator). Assume
that (A) is fulfilled. In addition suppose that the functions N (·) and M(·)
given in Axiom (PS1) are bounded2 Then there are positive constants K #

and α# such that

(2.6) ‖T (n,m)‖B→B ≤ K #eα
#(n−m), n ≥ m ≥ 0.

A similar result was obtained by Cardoso and Cuevas [13] in the phase
space Bγ given by (1.3)

Proof of Theorem 2.5. The proof is based on the argument of proof of [13,
Prop. 2.1]. Without loss of generality we may assume that ML > max{1,1/J },

where J is the constant given in Axiom (PS1). Take now N I def= max{‖N‖∞,‖M‖∞,1}
and let x(·,m,ϕ) be the solution of the homogeneous system (1.2) passing
through (m,ϕ). To prove (2.6), we observe that in view of Condition (A)
and (PS1), we get

‖T (m,n)ϕ‖B ≤ N∞
(

n−m∑
j=0

(ML N∞) j

)
‖ϕ‖B

≤ N∞

ML N∞−1
(ML N∞)n−m‖ϕ‖B .

This clearly implies (2.6) with

K # = N∞/(ML N∞−1) and α# = ln(ML N∞). �

2We note that conditions of this type have been previously considered in the litera-
ture. See for instance [29, 42, 66].
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Proposition 2.6. Under the conditions of Theorem 2.5, if system (1.2) has
an exponential dichotomy with data (α,Ked ,P (·)), then

(i) supn∈Z+ ‖P (n)‖B→B <∞.
(ii) Range(P (n)) = {ϕ ∈ B : e−η(n−m)T (n,m)ϕ is bounded for n ≥ m} for

any 0 < η<α.
(iii) Let P̂ (0) be a projection such that Range(P̂ (0)) = Range(P (0)). Then

(1.2) has an exponential dichotomy on Z+ with data (α, K̂ed , P̂ (·)),
where

P̂ (n) = P (n)+T (n,0)P̂ (0)T (0,n)Q(n),

K̂ed = (Ked +K 2
ed‖P̂ (0)‖B→B)sup

m≥0
(1+‖P (n)‖B→B).

In addition, we have
(2.7)

sup
m≥0

‖P̂ (m)‖B→B ≤ (1+K 2
ed‖P̂ (0)−P (0)‖B→B)sup

m≥0
(1+‖P (m)‖B→B).

Also one has

(2.8) P̂ (n) = P (n)+o(1), as n →∞.

Proof. (i) For a fixed τ> 0, set

γτ
def= inf{‖ϕ+ψ‖B : ϕ ∈ P (τ)B, ψ ∈Q(τ)B, ‖ϕ‖B = ‖ψ‖B = 1}.

If ϕ ∈B is such that P (τ)ϕ 6= 0 and Q(τ)ϕ 6= 0, then

γτ ≤ 1

‖P (τ)ϕ‖B

∥∥∥∥ϕ+ ‖P (n)ϕ‖B −‖Q(τ)ϕ‖B

‖Q(τ)ϕ‖B
Q(τ)ϕ

∥∥∥∥≤ 2‖ϕ‖B

‖P (τ)ϕ‖B
.

Hence,

‖P (τ)‖B→B ≤ 2

γτ
.

It remains to show that there is a constant C > 0 (independent of τ) such
that γτ ≥ C . For this we consider ϕ ∈ P (τ)B, ψ ∈ Q(τ)B with ‖ϕ‖B =
‖ψ‖B = 1. Taking advantage of the exponential boundness of the solution
operator, we have

‖ϕ+ψ‖B ≥ (K #)−1e−α#(n−τ)(K −1
ed eα(n−τ) −Ked e−α(n−τ))

def= Cn−τ
and hence γτ ≥ Cn−τ. Obviously, Cm > 0 for m sufficiently large. Thus,
0 <Cm ≤ γτ.

(ii) The inclusion

Range(P (m)) ⊂ {ϕ ∈B : e−n(n−m)T (n,m)ϕ is bounded for n ≥ m}

is obvious, while the conversely follows from

‖Q(m)ϕ‖B = ‖T (m,n)Q(n)T (n,m)ϕ‖B ≤Ce(α−η)(m−n) → 0 as n →∞,
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where C is a suitable constant.

(iii) It is easy to see that for n ≥ τ
T (n,τ)P̂ (τ) = P̂ (n)T (n,τ).

We recall that the operator T (n,τ), n ≥ τ, is an isomorphism from Q̂(τ)B
to Q̂(n)B. In fact, we define T (τ,n) as the inverse mapping which is given
by

T (τ,n)Q̂(n)ϕ= T (τ,n)Q(n)ϕ−T (τ,0)P̂ (0)T (0,n)Q(n)ϕ.

On the other hand, if n ≥ τ and ϕ ∈ P̂ (τ)B, then T (n,τ)ϕ is estimated by

‖T (n,τ)ϕ‖B ≤ Ked e−α(n−τ)‖P (τ)‖B→B‖ϕ‖B

+K 2
ed e−α(n−τ)‖P̂ (0)‖B→B‖Q(τ)‖B→B‖ϕ‖B

≤ K̂ed e−α(n−τ)‖ϕ‖B .

If n < τ e ϕ ∈ Q̂(τ)B and ϕ ∈ Q̂(τ)B then we estimate T (n,τ)ϕ by

‖T (n,τ)ϕ‖B = eα(n−τ)(Ked +K 2
ed‖P̂ (0)‖B→B)‖Q(τ)‖B→B‖ϕ‖B

≤ K̂ed eα(n−η)‖ϕ‖B .

From

‖P̂ (n)−P (n)‖B→B ≤ K 2
ed e−2αn sup

m≥0
(1+‖P (m)‖B→B)‖P̂ (0)−P (0)‖B→B

it is easy to see that (2.7) and (2.8) hold. This completes the proof of
Proposition 2.6. �

Let X and Y be two Banach spaces. The notation L (X ,Y ) stands for
the space of bounded linear operators from X into Y endowed with the
uniform operator topology, and we abbreviate to L (X ) is X = Y .

Theorem 1.5 ensures the existence and uniqueness of a discrete S-asymptotically
ω-periodic solution of (1.7)–(1.8). We recall the definition of S-asymptotic
ω-periodicity.

Definition 2.7 (Henríquez et al. [45]). A sequence ξ ∈ l∞(Z+,B) is called
(discrete) S-asymptoticallyω-periodic if there isω ∈Z+\{0} such that limn→∞(ξ(n+
ω)−ξ(n)) = 0. In this case we say that ω is an asymptotic period of ξ. ???
REMOVI A REPETICAO NO FINAL ???

In this work the notation SAPω(B) stands for the subspace of l∞(Z+,B)
consisting of all the (discrete) S-asymptoticallyω-periodic sequences. From
[45, Prop. 3.5], SAPω(B) is a Banach space.

Definition 2.8 (Henríquez et al. [45]). A strongly continuous function F : Z+ →
L (B) is said to be strongly S-asymptotically periodic if for each ϕ ∈ B,
there is ωϕ ∈ Z+ \ {0} such that F (·)ϕ is S-asymptotically ωϕ-periodic.
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The function F is said strongly S-asymptotically ω-periodic if F (·)ϕ is S-
asymptotically ω-periodic for all ϕ ∈B. ??? ALTEREI A DEFINICAO PARA
ALGO QUE ME PARECEU O CORRETO ???

Definition 2.9 (Henríquez et al. [45]). A continuous function g : Z+×B →
Cr is said uniformly S-asymptotically ω-periodic on bounded sets if for
every bounded subset B of B, the set {g (n,ϕ) : n ∈Z+,ϕ ∈ B} is bounded
and limn→∞(g (n,ϕ)− g (n +ω,ϕ)) = 0 uniformly on ϕ ∈ B .

Definition 2.10 (Henríquez et al. [45]). A function g : Z+×B →Cr is said
uniformly asymptotically continuous on bounded sets if for every ε > 0
and every bounded set B ⊂ B, there are Kε,B ≥ 0 and δε,B ≥ 0 such that
|g (n,ϕ)− g (n,ψ)| < ε for all n ≥ Kε,B and all ϕ,ψ ∈ B with ‖ϕ−ψ‖ < δε,B .

Lemma 2.11 (Henríquez et al. [45]). Let g : Z+×B → Cr be uniformly S-
asymptotically ω-periodic on bounded sets and asymptotically uniformly
continuous on bounded sets. Let ξ : Z+ →B be a discrete S-asymptotically
ω-periodic function. Then the function g (·,ξ(·)) is discrete S-asymptotically
ω-periodic.

Definition 2.12 (Henríquez et al. [45]). A sequence ξ ∈ l∞(Z+,B) is called
discrete asymptotically ω-periodic if there exists a ω-periodic function
η ∈ l∞(Z+,B) and χ ∈ C0(Z+,B) such that ξ = η+χ. (Here C0(Z+,B)
denotes the subspace of l∞(Z+,B) of those ξ such that limn→∞ ‖ξ(n)‖B =
0.)

Remark 2.13. Note that it is possible to exhibit a function that is S-asymptotically
ω-periodic for every ω ∈ Z+ \ {0} but not asymptotically periodic. See
[45, 55].

3. BOUNDNESS

In this section we will prove theorems 1.1 and 1.2.

Proof of Theorem 1.1. Let ξ be a sequence in l p (Z+,B). Using Condition
(B) we obtain that the function g (·) = f (·,ξ) is in l p (Z+,Cr ). In fact we
have

‖g‖p
p =

∞∑
n=0

| f (n,ξ)|p

≤
∞∑

n=0
(| f (n,ξ)− f (n,0)|+ | f (n,0)|)p

≤ 2p
∞∑

n=0
| f (n,ξ)− f (n,0)|p +2p

∞∑
n=0

| f (n,0)|p

≤ 2p
∞∑

n=0
β f (n)p‖ξ‖p

p +2p‖ f (·,0)‖p
p .
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Hence
‖g‖p ≤ 2(‖β f ‖p‖ξ‖p +‖ f (·,0)‖p ),

proving that g ∈ l p (Z+,B).
If ϕ ∈ P (0)B, by Theorem 2.4, system (1.2) has discrete maximal regu-

larity, so the Cauchy problem

(3.1)

{
z(n +1) = L(n, zn)+ g (n), n ∈Z+,

P (0)z0 =ϕ,

has an unique solution z such that z• ∈ l p (Z+,B) which is given by

zn = [K ξ](n) = T (n,0)P (0)ϕ+
∞∑

s=0
Γ(n, s)E 0( f (s,ξ)).

We now show that the operator K : l p (Z+,B) → l p (Z+,B) has a unique
fixed point. Let ξ and η be in l p (Z+,B). In view of Condition (B) we have
that

‖K ξ−K η‖p =
[ ∞∑

n=0

∥∥∥∥ ∞∑
s=0
Γ(n, s)E 0( f (s,ξ)− f (s,η))

∥∥∥∥p

B

]1/p

≤ Ked KB sup
m∈Z+

(1+‖P (n)‖B→B)

×
[ ∞∑

n=0

( ∞∑
s=0

e−α|n−(s+1)|β f (s)

)p]1/p

‖ξ−η‖p

≤ Ked KB sup
m∈Z+

(1+‖P (m)‖B→B)

×
[ ∞∑

n=0

(
2

1−e−α

)p/q ( ∞∑
s=0

e−α|n−(s+1)|β f (s)p
)]1/p

‖ξ−η‖p

≤ Ked KB sup
m∈Z+

(1+‖P (m)‖B→B)

(
2

1−e−α

)1/q

×
[ ∞∑

s=0

(
2

1−e−α

)
β f (s)p

]1/p

‖ξ−η‖p

≤ 2Ked KB sup
m∈Z+

(1+‖P (m)‖B→B)(1−e−α)−1‖β f ‖p‖ξ−η‖p .(3.2)

By (1.4) and the contraction principle, it follows that K has a unique
fixed point ξ ∈ l p (Z+,B). The uniqueness of solutions is reduced to the
uniqueness of the fixed point of map K . Indeed, let y = y(n,0,ϕ) be a
solution of Equation (1.1) with P (0)y0 =ϕ. Considering ξ(n) = [K y•](n),
it follows from a straight forward computation that

ξ(n) = T (n,0)ξ(0)+
n−1∑
s=0

T (n, s +1)E 0( f (s, y•)), n ≥ 0.
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Define

x(n) =
{

[ξ(n)](0), n ≥ 0,

[ξ(0)](n), n < 0.

Applying [29, Lemma 2.8], x(n) solves the evolution equation{
x(n +1) = L(n, x•)+ f (n, y•), n ≥ 0,

P (0)x0 =ϕ,

together with the relation xn = ξ(n), n ≥ 0. Put zn = xn − yn , so z(n) is
solution of (1.2) for n ≥ 0, with P (0)z0 = 0. Using Theorem 2.1 in [52], we
get zn = T (n,0)z0, n ≥ 0.

Now, by property (ii) of Definition 2.2, we obtain that

z0 = T (0,n)Q(n)zn , n ≥ 0.

By property (iv) of Definition 2.2 and taking into account Proposition 2.6
(i), we obtain

‖z0‖B ≤ Ked e−αn sup
m≥0

(1+‖P (m)‖B→B)‖z•‖∞, n ≥ 0.

We conclude that z0 = 0 and hence zn = 0, what implies the uniqueness
of solutions of ??? (1.1) EXPECIFIQUEI???.

Let ξ be the unique fixed point of K . From Condition (B) and (3.2), we
have

‖ξ‖p =
[ ∞∑

n=0

∥∥∥∥T (n,0)P (0)ϕ+
∞∑

s=0
Γ(n, s)E 0( f (s,ξ))

∥∥∥∥p

B

]1/p

≤
[ ∞∑

n=0

∥∥T (n,0)P (0)ϕ
∥∥p

B

]1/p

+
[ ∞∑

n=0

∥∥∥∥ ∞∑
s=0
Γ(n, s)E 0( f (s,ξ))

∥∥∥∥p

B

]1/p

≤ Ked

[ ∞∑
j=0

e−αp j

]1/p

‖ϕ‖B

+2Ked KB sup
m≥0

(1+‖P (m)‖B→B)(1−e−α)−1

×
[ ∞∑

s=0
| f (s,ξ)|p

]1/p

≤ Ked (1−e−α)−1‖ϕ‖B

+2Ked KB sup
m≥0

(1+‖P (m)‖B→B)(1−e−α)−1

× (‖β f ‖p‖ξ‖p +‖ f (·,0)‖p ),
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whence

‖ξ‖p ≤ Ked max{1,2KB}supm≥0(1+‖P (m)‖B→B)

1−e−α−2Ked KB supm≥0(1+‖P (m)‖B→B)‖β f ‖p

×
[
‖ϕ‖B +‖ f (·,0)‖p

]
.

Our next step is to show (1.6), and we argue as follows.

‖y•(ϕ)−y•(ψ)‖p

≤ Ked (1−e−α)−1‖ϕ−ψ‖B

+2Ked KB sup
m≥0

(1+‖P (m)‖B→B)(1−e−α)−1

×
[ ∞∑

s=0

∣∣ f (s, y•(ϕ))− f (s, y•(ψ))
∣∣p

]1/p

≤ Ked (1−e−α)−1‖ϕ−ψ‖B

+2Ked KB sup
m≥0

(1+‖P (m)‖B→B)(1−α−α)−1‖β f ‖‖y•(ϕ)− y•(ψ)‖p .

It is easy to see that the desired bounds, (1.6), follow from the above in-
equality. This ends the proof of the theorem. �

Example 3.1. Assume that (A) is fulfilled for the phase space Bγ (see
(1.3)) and suppose that (1.2) has an exponential dichotomy on Bγ. Let
{L̃ (n, ·)}n∈Z+ be a sequence of bounded linear operators from Bγ intoCr .
If supn∈Z+ ‖L̃ (n, ·)‖Bγ→Cr is sufficiently small, then by the robustness of
the exponential dichotomy (see [13, Theorem 1.3]) we get that equation

x(n +1) = L(n, xn)+ L̃(n, xn), n ≥ 0,

has an exponential dichotomy (on Bγ) as well for suitable data (α∗,K∗,P∗(n)).
Next, assume that Condition (B) holds and that

2K∗ sup
m∈Z+

(1+‖P∗(m)‖Bγ→Bγ)‖β f ‖p +e−α∗ < 1.

Then by Theorem 1.1 for each ϕ ∈ P∗(0)Bγ there is an unique bounded
solution x of the initial value problem{

x(n +1) = L(n, xn)+L̃ (n, xn)+ f (n, x•), n ∈Z+,

P∗(0)x0 =ϕ,

such that x• ∈ l p (Z+,Bγ), and in particular x ∈ l p (Z+,Cr ). Moreover, we
have the following a priori estimate for the solution:

‖x•‖p ≤C (‖ϕ‖Bγ +‖ f (·,0)‖p ),

where C > 0.
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Proof of Theorem 1.2. We introduce the space l∞(Z+,R) endowed with the
norm of uniform convergence. We consider l∞(Z+,R) provided with the
pointwise order relation ¹ and define the map m : l∞(Z+,B) → l∞(Z+,R)
by

m(ξ)(n)
def= sup

0≤s≤n
‖ξ(s)‖B , ξ ∈ l∞(Z+,B), n ∈Z+.

It is easy to see from this construction that the following properties hold:

(i) For all ξ ∈ l∞(Z+,B), 0 ¹ m(ξ).
(ii) The norm in l∞(Z+,R) is monotonic with respect to the order ≤,

that is, if
0 ¹ f1 ¹ f2 =⇒ ‖ f1‖∞ ≤ ‖ f2‖∞.

(iii) ‖m(ξ)‖∞ = ‖ξ‖∞, for all ξ ∈ l∞(Z+,B).

Now, let us consider ϕ ∈B fixed and let us introduce the de Banach

l∞0 = {ξ ∈ l∞(Z+,B) : ξ(0) = 0}

endowed with the norm of uniform convergence. We define on l∞ϕ an
operator A by

(3.3) [A ξ](n) =
n−1∑
s=0

T (n − s −1)E 0(g (s,ξ(s))+T (s)ϕ).

We will show initially that A ξ ∈ l∞ϕ . In fact, we have the following esti-
mates.

‖[A ξ](n)‖B ≤ KB

n−1∑
s=0

‖T (n − s −1)‖B→B |g (s,ξ(s)+T (s)ϕ)|

≤ KT KB

n−1∑
s=0

lg (s)‖ξ(s)+T (s)ϕ‖B +KT KB

n−1∑
s=0

|g (s,0)|.

Hence we obtain

‖A ξ‖∞ ≤ KT KB‖lg‖1[‖ξ‖∞+???KT ‖ϕ‖]+KT KB‖g (·,0)‖1.

Furthermore, for ξ,η ∈ l∞0 the inequality

(3.4) ‖[A ξ](n)− [A η](n)‖B ≤ KT KB

n−1∑
s=0

lg (s)‖ξ(s)−η(s)‖B ,

shows that A : l∞0 → l∞0 is a continuous map.
On the other hand, we define the linear map C : l∞(Z+,R) → l∞(Z+,R)

by the expression

(3.5) [Cα](n) = KT KB

n−1∑
s=0

lg (s)α(s), n ∈Z+.
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It is easy to show that C is a bounded linear operator on l∞(Z+,R). In
fact, we can infer that

‖C ‖l∞→l∞ ≤ KT KB‖lg‖1.

Moreover, C is a completely continuous map. To establish this assertion,
for each ε> 0 and n1 ∈N sufficiently large such that KT KB

∑∞
s=n1

lg (s) ≤ ε
and, for each α ∈ l∞(Z+,R) with ‖α‖∞ ≤ 1, we define the functions

[C1(α)](n) =
KT KB

∑n−1
s=0 lg (s)α(s), 0 ≤ n ≤ n1,

KT KB
∑n1−1

s=0 lg (s)α(s), n ≥ n1,

and

[C2(α)](n) =
{

0, 0 ≤ n ≤ n1,

KT KB
∑n−1

s=n1
lg (s)α(s), n ≥ n1.

We can infer that Kε
def= {C1(α) : ‖α‖∞ ≤ 1} is relatively compact in l∞(Z+,R).

Since
[C (α)](n) = [C1(α)](n)+ [C2(α)](n), n ∈Z+,

we can affirm that

{C (α) : ‖α‖∞ ≤ 1} ⊆ Kε+ {β : β ∈ l∞(Z+,R), ‖β‖∞ ≤ ε},

what shows that the set {C (α) : ‖α‖∞ ≤ 1} is relatively compact in l∞(Z+,R)
and, in turn, that C is completely continuous.

Moreover, since the point spectrum σp (C ) = {0}, the spectral radius of
C is equal to zero. On the other hand, the operator C is increasing with
respect to the order ¹, that is, if 0 ¹α1 ¹α2 then Cα1 ¹Cα2.

Now, taking into account (3.4), we observe that

‖(A ξ−A η)(n)‖B ≤ KT KB

n−1∑
s=0

lg (s) sup
0≤ j≤s

‖ξ( j )−η( j )‖B ,

so that

m(A ξ−A η)(n) = sup
0≤k≤n

‖(A ξ−A η)(n)‖B ,

≤ KT KB sup
0≤k≤n

k−1∑
s=0

lg (s)m(ξ−η)(s)

≤ KT KB

n−1∑
s=0

lg (s)m(ξ−η)(s)

= [C m(ξ−η)](n),

for each n ∈Z+. Therefore, for all ξ,η ∈ l∞ϕ ,

m(A ξ−A η) ¹C m(ξ−η).
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Thus the maps A ,C e m satisfy all the conditions of [43, Theorem 1],
which implies that A has a unique fixed point. Finally, we observe that
the uniqueness of the solutions ??? ESPECIICANDO ??? of the problem
(1.7)–(1.8) ??? follows from the uniqueness of the fixed point of the map
A . This completes the proof of Theorem 1.2. �

Corollary 3.2. Assume that the solution operator of (1.9), T (n), decays
exponentially (see (1.15) and Section 7.) Let g be a perturbation of (1.9) as
in Theorem 1.2, and that one of the following conditions holds:

(i) g (·,0)eα· ∈ l 1(Z+,Cr ) and lg (·)eα· ∈ l 1(Z+,R+).
(ii) g (·,0) ∈ l∞(Z+,Cr ) and lg (n) ≡ lg ∀n ∈ Z+, where lg is a positive

constant such that KBK T lg (1− e−α)−1 < 1, with KB being that of
Axiom (PS2) and K T ans α given by (1.5).

Then there exists an unique bounded solution for the problem (1.7)–(1.8).

Remark 3.3. ??? TOTALMENTE CONFUSO ???
We observe that in the case of above condition (i) in Corollary 3.2, us-

ing [13, Cor. 6.2], we can get a similar result ??? CONFUSING ???, but
we need to impose a strong condition on the function lg (·)eα·; namely
that such function has a l 1-norm sufficiently small. On the other hand,
Corollary 6.2 in [13] cannot assure uniqueness of solutions to (1.7)–(1.8).
Therefore our above result generalizes substantially [13, Cor. 6.2].

4. WEIGHTED BOUNDNESS AND ASYMPTOTIC BEHAVIOR

In this section we shall prove theorems 1.3 and 1.4.

Proof of Theorem 1.3 (page 5). We define the operatorΩ on l∞
α# by

(4.1) [Ωξ](n) =
n−1∑
s=0

T (n, s +1)E 0(g (s,ξ(s))), ξ ∈ l∞
α# .

We now show that the operator Ω : l∞
α# → l∞

α# has an unique fixed point.
We observe thatΩ is well defined. In fact, we use Condition (D) and The-
orem 2.5 to obtain∥∥[Ωξ](n)

∥∥
Be−α#n ≤ K #KBe−α#

n−1∑
s=0

∣∣g (s,ξ(s))
∣∣e−α#s

≤ K #KBe−α#

[
n−1∑
s=0

lg (s)
∥∥ξ(s)

∥∥
Be−α#s +

n−1∑
s=0

∣∣g (s,0)
∣∣e−α#s

]
whence

(4.2)
��[Ωξ](n)

��
α# ≤ K #KBe−α# [‖lg‖1�ξ(s)�α# +‖g (·,0)‖1,α#

]
.

It proves that the space l∞
α# is invariant underΩ.
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Let ξ and η be in l∞
α# . In view of Theorem 2.5 and Condition (D1), we

have initially∥∥[Ωξ](n)− [Ωη](n)
∥∥

Be−α#n ≤ K #KBe−α#

(
n−1∑
s=0

lg (s)

)
�ξ−η�α#

≤ K #KBe−α#‖lg‖1�ξ−η�α# .(4.3)

Next we consider the iterates of the operator Ω. We observe from (4.3)
that ∥∥[Ω2ξ](n)− [Ω2η](n)

∥∥
Be−α#n

≤ K #KBe−α#
n−1∑
s=0

lg (s)
∥∥[Ωξ](n)−Ωη](n)

∥∥
Be−α#n

≤ [K #KBe−α#
]2

(
n−1∑
s=0

lg (s)

(
s−1∑
i=0

lg (i

))
�ξ−η�α#

≤ 1

2
[K #KBe−α#

]2

(
n−1∑
s=0

lg (s)

)2

�ξ−η�α# .

Therefore,

�[Ω2ξ](n)− [Ω2η](n)�α# ≤ 1

2
[K #KBe−α#‖lg‖1]2�ξ−η�α# .

In general, proceeding by induction, we can assert that

�[Ωnξ](n)− [Ωnη](n)�α# ≤ 1

n!
[K #KBe−α#‖lg‖1]n�ξ−η�α# .

The above estimates imply that the operatorΩn is a contraction for n suf-
ficiently large. Therefore,Ω has an unique fixed point in l∞

α# . The unique-
ness of solutions ??? of (1.11) ??? is reduced to the uniqueness of the fixed
point of the mapΩ.

Let ξ be the unique fixed point ofΩ. Then by Condition (D) we have∥∥ξ(n)
∥∥

Be−α#n ≤ K #KBe−α#

(
‖g (·,0)‖1,α# +

n−1∑
s=0

lg (s)
∥∥ξ(s)

∥∥
Be−α#s

)
.

Then by an application of the discrete Gronwall’s inequality [1, Cor. 4.12,
p. 183] we get

�ξ�α# K #KBe−α#‖g (·,0)‖1,α# eK #KBe−α#‖lg ‖1 .

This ends the proof of the theorem. �

Corollary 4.1. Assume that the solution operator T (n) of the equation
(1.9) decays exponentially (see (3.5)). In addition, suppose that Condition
(D1) holds with g (·,0) ∈ l 1

α, where α is the constant in (3.5). Then there is
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an unique weighted bounded solution y of equation (1.7) with y0 = 0 such
that y• ∈ l∞α . Moreover, we have the a priori estimate

(4.4) �y•�α# K T KBe−α‖g (·,0)‖1,α# eK T KBe−α‖lg ‖1 .

where K T and KB are the constants given by (3.5) and Axiom (PS2) respec-
tively.

Next we shall prove that under certain conditions there is a one-to-
one correspondence between weighted bounded solutions of (1.2) and
its perturbation (1.11).

Theorem 4.2. Under the conditions of Theorem 1.3, for any solution z of
(1.2) such that z• ∈ l∞

α# , there exists an unique solution y of (1.11) such that
y• ∈ l∞

α# and

(4.5) yn = zn + [Ωy•](n), n ∈Z+,

where Ω is given by (4.1). Conversely, for any solution y of (1.11) there
exists an unique solution z of (1.2) such that such that z• ∈ l∞

α# satisfying
(4.5).

Proof. Let z be any solution of (1.2) such that z• ∈ l∞
α# . We define the op-

eratorΘ on l∞
α# by

[Θη](n) = zn +Ωη(n), η ∈ l∞
α# , n ≥ 0.

We claim thatΘη ∈ l∞
α# . Using (4.2), we can assert that

�Θη�α# ≤�z•�α# +K #KBe−α#[‖lg‖1�η�α# +‖g (·,0)‖1,α#

]
.

We can proceed analogously as in the proof of Theorem 1.3 to obtain

�[Θnξ](n)− [Θnη](n)�α# ≤ 1

n!
[K #KBe−α#‖lg‖1]n�ξ−η�α# .

for any ξ,η ∈ l∞
α# . Therefor Θ has a unique fixed point ξ ∈ l∞

α# . Clearly ξ
satisfies the relation

ξ(n) = zn +
n∑

s=0
−1T (n, s +1)E 0(g (s,ξ(s))).

Define

y(n) =
{

[ξ(n)](0) n ≥ 0,

[z0](n), n < 0.

Applying [29, Lemma 2.8] we can see that y is a solution of (1.11) and
yn = ξ(n), n ∈Z+.

Conversely, let y be a solution of (1.11) such that y• ∈ l∞
α# . From [52,

Theorem 2.1] we get

yn = T (n,0)y0 + [Ωy•](n), n ∈Z+.
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Define a B-valued function ζ by

ζ(n) = yn − [Ωy•](n), n ∈Z+.

whence T (n,0)ζ(0) = ζ(n), n ∈Z+. Set

z(n) =
{

[ζ(n)](0) n ≥ 0,

[ζ(0)](n), n < 0.

Applying [29, Lemma 2.8] we obtain that z is a solution of (1.2) and zn =
ζ(n), n ∈ Z+. We can verify that z• ∈ l∞

α# . The proof of the theorem is
therefore complete. �

Proof of Theorem 1.4 (page 5). Let z be any solution of (1.2) such that z• ∈
l∞α . We define the operatorΘ# on l∞α by

(4.6)
[
Θ#η

]
(n) = zn +

∞∑
s=0
Γ(n, s)E 0(g (s,η(s))),

where η ∈ l∞
α# , n ∈ Z+ and Γ(n, s) denotes the Green function associated

with (1.2) (see (2.3).) We have that∥∥∥∥ ∞∑
s=0
Γ(n, s)E 0(g (s,η(s)))

∥∥∥∥
B

≤ KBKed sup
m∈Z+

(1+‖P (m)‖B→B)

×
{

eα
n−1∑
s=0

e−αneαs |g (s,η(s))|+e−α ∞∑
s=n

eαne−αs |g (s,η(s))|
}

≤ eαeαnKBKed sup
m∈Z+

(1+‖P (m)‖B→B)

×
[( ∞∑

s=0
l g (s)

)
�η�α+

∞∑
s=0

|g (s,0)|e−αs
]

Therefore ??? ANTES O SUP ERA EM Z E AGORA EH EM Z+ ???

�Θ#η�α ≤�z•
�α+KBKed sup

m≥0
(1+‖P (m)‖B→B)× (‖lg‖1�η�α+‖g (·,0)‖1,α

)
.

It proves that the space l∞α is invariant underΘ#.
A similar argument shows that

�Θ#η−Θ#ξ≤ KBKed eα sup
m≥0

(1+‖P (m)‖B→B)‖lg‖1�η−Ξ�α.

By (1.13) we have thatΘ# is a contraction in l∞α and henceΘ# has a unique
fixed point ξ ∈ l∞α .
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Next we define

y(n) =
{

[ξ(n)](0) n ≥ 0,

[ξ(0)](n), n < 0.

Applying [29, Lemma 2.8] we can see that y is a solution of (1.11) and
yn = ξ(n), n ∈ Z+. Conversely, let y be a solution of (1.11) such that y• ∈
l∞α . Define a B-valued function ζ by

ζ(n) = yn − [Θ# y•](n), n ∈Z+.

From [52, Theorem 2.1] we can verify that ??? COMEU A EQUACAO ABAIXO,
VER P. 98 E 94-95 DO MANUSCRITO ???

yn = T (n,0)y0 + [Θ# y•](n), n ∈Z+.

whence T (n,0)ζ(0) = ζ(n), n ∈Z+. Set

z(n) =
{

[ζ(n)](0) n ≥ 0,

[ζ(0)](n), n < 0.

Applying [29, Lemma 2.8] we obtain that z is a solution of (1.2) and zn =
ζ(n), n ∈Z+.

Next we prove the asymptotic relation (1.14). For n ≥ m we have

(4.7) yn = zn +
m−1∑
s=0

T (n, s +1)P (s +1)E 0(g (s, ys))

+
∞∑

s=m
Γ(n, s)E 0(g (s, ys))

We can assert that for m sufficiently large

(4.8)
∞∑

s=m
Γ(n, s)E 0(g (s, ys)) = o(eαn), n →∞.

In fact, we observe that

(4.9)

∥∥∥∥ ∞∑
s=m

Γ(n, s)E 0(g (s, ys))

∥∥∥∥
B

e−αn

≤ KBKed eα sup
m∈Z+

(1+‖P (m)‖B→B)

×
{( ∞∑

s=m
l g (s)

)
�y•�α+

∞∑
s=m

|g (s,0)|e−αs
}

On the other hand, we can infer that

(4.10)

∥∥∥∥∥m−1∑
s=0

T (n, s +1)P (s +1)E 0(g (s, ys))

∥∥∥∥∥
B

e−αn
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≤ eα(1+2m)
{(

m−1∑
s=0

l g (s)

)
�y•�α+

m−1∑
s=0

|g (s,0)|e−αs
}

.

It is clear from expressions (4.7), (4.8) and (4.10) that we get (1.14).
Finally we observe that

(1−KBKT eα sup
m≥0

(1+‖P (m)‖B→B)‖lg‖1)�y•− ỹ•�α
≤�z•− z̃•�α

≤ (1+KBKT eα sup
m≥0

(1+‖P (m)‖B→B)‖lg‖1)�y•− ỹ•�α.

This establishes the continuity of y• 7→ z• and z• 7→ y•. The proof is there-
fore complete. �

5. LOCAL PERTURBATIONS

Next we will establish a version of Theorem 1.1 which enables us to
consider locally Lipschitz perturbations of Equation (1.1).

To state the next result we need to introduce the following assumption.

Condition (F). Suppose that the following conditions hold:

(F1) The function f : Z+ × l p (Z+,B) → Cr is locally Lipschitz with re-
spect to the second variable, that is, for each positive number R,
for all n ∈Z+ and for all ξ,η ∈ l p (Z+,B) with ‖ξ‖ < R, ‖η‖ < R,

| f (n,ξ)− f (n,η)| ≤ l (n,R)‖ξ−η‖p

where l : Z+×[0,∞) is a nondecreasing function with respect to the
second variable.

(F2) There is a positive number a such that
∑∞

n=0 l (n, a) <∞.
(F3) f (·,0) ∈ l p (Z+,Cr ).

We need to introduce some basic notations. We denote by l p
m the closed

subspace of l p (Z+,B) of the sequences ξ = (ξ(n)) such that ξ(n) = 0 if
0 ≤ n ≤ m. For λ> 0, denote by l p

m[λ] the ball ‖ξ‖p ≤λ.

Theorem 5.1. Assume that conditions (A) and (F) are fulfilled and that
the functions N (·) and M(·) given by Axiom (PS1) are bounded. In addition
suppose that Equation (1.2) has an exponential dichotomy on B with data
(α,Ked ,P (·)). Then there are positive constants M ∈ R and m ∈ Z+ such
that for each ϕ ∈ P (m)B with ‖ϕ‖B ≤ M, there is an unique bounded
solution y of Equation (1.1) for n ≥ m with P (m)ym = ϕ such that yn = 0
for 0 ≤ n ≤ m and ‖y•‖p ≤ a, where a is the constant of Condition (F2). In
particular, yn =O(1) ??? O ou o??? as n →∞.
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Proof. Let ν ∈ (0,1). Using (F2) and (F3) there are n1 and n2 in Z+ such
that

(5.1)
2KBKed supn∈Z+(1+‖P (n)‖B→B)

1−e−α

[ ∞∑
j=n1

| f ( j ,0)|
]1/p

≤ ν

2
a

and

(5.2) τ
def= ν+ 2KBKed supn∈Z+(1+‖P (n)‖B→B)

1−e−α

[ ∞∑
j=n2

| f ( j ,0)|
]1/p

< 1,

where KB is the constant of Axiom (PS2). Let us denote

m
def= max{n1,n2},

M
def= νa(1−e−α)

2KBKed supn∈Z+(1+‖P (n)‖B→B)

ans letϕ ∈ P (m)B such that ‖ϕ‖B ≤ M . Let ξ be a sequence in l p
m−1[a]. A

short argument involving Condition (F) shows that the sequence

(5.3) gn
def=

{
0, 0 ≤ n < m

f (n,ξ), n ≥ m,

belongs to l p . By discrete maximal regularity (see Theorem 2.4) the Cauchy
problem

(5.4)

{
z(n +1) = L(n, zn)+ g (n), n ∈Z+,

P (m)zm =ϕ,

has an unique solution z such that
∑∞

n=m

∥∥zn
∥∥p

B
<∞, which is given by

(5.5) zn = [K̃ ξ](n) = T (n,m)P (m)ϕ+
∞∑

s=m
Γ(n, s)E 0( f (s,ξ)), n ≥ m.

We define [K̃ ξ](n) = 0 if 0 ≤ n < m.
Taking into account Condition (F), we have the following estimates

which imply that K̃ ξ belongs to l p
m−1[a].

(5.6)

[ ∞∑
n=m

∥∥T (n,m)P (m)ϕ
∥∥p

B

]1/p

≤ Ked sup
m∈Z+

(1+‖P (m)‖B→B)

[ ∞∑
j=0

e−αp j

]1/p

‖ϕ‖B

≤ Ked sup
m∈Z+

(1+‖P (m)‖B→B)(1−e−α)−1‖ϕ‖B
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(5.7)

[ ∞∑
n=m

∥∥∥∥ ∞∑
s=m

Γ(n, s)E 0( f (s,0))

∥∥∥∥p

B

]1/p

≤ Ked KB sup
m∈Z+

(1+‖P (m)‖B→B)

×
[ ∞∑

n=m

( ∞∑
s=m

e−α|n−(s+1)|| f (s,0)|
)p]1/p

≤ Ked KB sup
m∈Z+

(1+‖P (m)‖B→B)
( 2

1−e−α
)1/q

×
[ ∞∑

n=m

∞∑
s=m

e−α|n−(s+1)|| f (s,0)|p
]1/p

≤ 2Ked KB sup
m∈Z+

(1+‖P (m)‖B→B)

× (1−e−α)−1
[ ∞∑

s=m
| f (s,0)|p

]1/p

.

Analogously we have

(5.8)

[ ∞∑
n=m

∥∥∥∥ ∞∑
s=m

Γ(n, s)E 0( f (s,ξ)− f (s,0)
)∥∥∥∥p

B

]1/p

≤ 2Ked KB sup
m∈Z+

(1+‖P (m)‖B→B)

× (1−e−α)−1
[ ∞∑

s=m
l (s, a)p

]1/p

.

Then, inequalities (5.6)–(5.8) together with (5.1) and (5.2) imply

(5.9) ‖K̃ ξ‖p ≤ Ked

1−e−α sup
m∈Z+

(1+‖P (m)‖B→B)

× νa(1−e−α)

2Ked supm∈Z+(1+‖P (m)‖B→B)
+ ν

2
a + (τ−ν)a

= τa ≤ a,

proving that K̃ ξ belongs to l p
m−1[a]. On the other hand, for all ξ and η in

l p
m−1[a], we obtain that

‖K̃ ξ−K̃ η‖p =
[ ∞∑

n=m

∥∥∥∥ ∞∑
s=m

Γ(n, s)E 0( f (s,ξ)− f (s,η)
)∥∥∥∥p

B

]1/p

≤ 2Ked KB sup
m∈Z+

(1+‖P (m)‖B→B)

× (1−e−α)−1
[ ∞∑

s=m
l (s, a)p

]1/p

‖ξ−η‖p
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≤ (τ−ν)‖ξ−η‖p .

Hence K̃ is a (τ−ν)-contraction.
Next we will establish the uniqueness of solutions. Let y = y(n,m,ψ)

be a solution of (1.1) with the properties stated there. Considering z(n) =
[K̃ y•](n), it follows from a straight forward computation that

z(n) = T (n,m)z(m)+
n−1∑
s=m

T (n, s +1)E 0( f (s, y•)), n ≥ m.

We define a function a : Z→Cr by

a(n) =
{

[z(n)](m), n ≥ m,

[z(m)](n −m), n < m.

Applying [29, Lemma 2.8], we can infer that a(n) satisfies an = z(n), n ≥
m, and it is a solution of{

a(n +1) = L(n, an)+ f (y, y•), n ≥ m,

P (m)am =ϕ.

Then the difference xn = an − yn is a solution of the linear problem (1.2)
for n ≥ m. In this way, we have

yn = [K̃ y•](n)+T (n,m)
(
[K̃ y•](m)−ψ)

.

Now, puttingΦ(n)
def= ∥∥T (n,m)Q(m)([K̃ y•](m)−ψ)

∥∥−1
B andΨ(n)

def= ∑∞
s=nΦ(s+

1), we have

Ψ(n)

Φ(n)
=

∞∑
s=n

∥∥T (n,m)Q(m)([K̃ y•](m)−ψ)
∥∥Φ(s +1)

≤ Ked

∞∑
s=n

eα(n−(s+1))‖Q(s +1)‖B→BΦ(s +1)−1Φ(s +1)???

≤ Ked sup
m∈Z+

(1+‖P (m)‖B→B)(1−e−α)−1,

henceΨ(n) ≤ Ked supm∈Z+(1+‖P (m)‖B→B)(1−e−α)−1Φ(n), for all n ≥ m,
which means that

{‖T (n,m)Q(m)([K̃ y•](m)−ψ)‖B

}
n≥m is unbounded.

Since

T (n,m)([K̃ y•](m)−ψ) = T (n,m)Q(m)([K̃ y•](m)−ψ)

and y•, K̃ y• are bounded, we conclude that yn = [K̃ y•](n). Hence the
uniqueness of y follows from the uniqueness of the fixed point of the map
K̃ . This completes the proof of the theorem. �

Now we establish a local version of the Theorem 1.3. To state such ver-
sion, we will require the following assumption.

Condition (G). Suppose that the following conditions hold:
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(G1) The function g : Z+×B →Cr is locally Lipschitz with respect to the
second variable, that is, for each positive number R, for all n ∈ Z+
and for all ϕ,ψ ∈B with ‖ϕ‖ ≤ R, ‖ψ‖ ≤ R, we get

|g (n,ϕ)− g (n,ψ)| ≤ ρ(n,R)‖ϕ−ψ‖B ,

where ρ : Z+ × [0,∞) is a nondecreasing function with respect to
the second variable.

(G2) There is a positive number a such that
∞∑

n=0
ρ(n, aeα

#n) <∞.

(G3) g (·,0) ∈ l 1
α# (Z+,Cr ).

We have the following result.

Theorem 5.2. Assume that conditions (A) and (G) are fulfilled and that
the functions N (·) and M(·) given by Axiom (PS1) are bounded. Then there
is an unique weighted bounded solution y of Equation (1.11) for n > m
with ym = 0 such that ‖ym‖B e−α#n ≤ a, where a is the constant of Condi-
tion (G2).

Proof. Let ν ∈ (0,1). Using (G2) and (G3) there are n1 and n2 in Z+ such
that

(5.10) KBK #e−α#
∞∑

s=n1

|g (s,0)|e−α#s ≤ νa,

and

(5.11) τ
def= ν+KBK #e−α#

∞∑
s=n2

l (s, ae−α#s) < 1,

where K # and α# are the constants of Theorem 2.5. Set m = max{n1,n2}.
Denote by L∞

# the Banach space of all weighted bounded functions
ξ : N(m+1) →B ??? QUE NOTACAO EH ESSA ??? equipped with the norm
�ξ�α# = supn≥m+1 ‖ξ(n)‖Be−α#n . Denote by L∞

# [a] the ball �ξ�α# ≤ a in
L∞

# .
We define the operatorΩ on L∞

# [a] by

(5.12) [Ωξ](n) =
n−1∑
s=m

T (s, s +1)E 0(g (s,ξ(s))).

We observe thatΩ is well defined. In fact,

‖[Ωξ](n)‖Be−α#n

≤ KBK #e−α#
∞∑

s=m
e−α#s |g (s,ξ(s))|
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≤ KBK #e−α#
n−1∑
s=m

e−α#s(l (s, ae−α#s)‖ξ(s)‖B +|g (s,0)|)
≤ (τ−ν)a +νa ≤ τa < a,

whence �ωξ�α# ≤ a.
Let ξ and η in L∞

# [a]. We have

‖[ωξ](n)− [ωη](n)‖Be−α#n

≤ KBK #e−α#
n−1∑
s=m

l (s, ae−α#s)‖ξ(s)−η(s)‖Be−α#s

≤ KBK #e−α#
∞∑

s=m
l (s, ae−α#s)�ξ(s)−η(s)�α#

≤ (τ−ν)�ξ(s)−η(s)�α# .

HenceΩ is a (τ−ν)-contraction. This completes the proof of the theorem.
�

Theorem 5.3. Under the conditions of Theorem 5.2, there are ε > 0 and
m ∈ Z+ so that for any solution z(n) of (1.2) for n ≥ m such that z• ∈
L∞

# [εa] (see proof of Theorem 5.2 for the definition of L∞
# [εa],) there ex-

ists an unique solution y(n) of (1.11) for n ≥ m such that y• ∈L∞
# [a] and

(4.5), n ≥ m, holds with Ω defined by (4.1). Conversely, for any solution
y(n) of (1.11) for n ≥ m such that y• ∈ L∞

# [εa], there exists an unique
solution z(n) of (1.2) for n ≥ m such that z• ∈ L∞

# [a] satisfying (4.5) for
n ≥ m.

Theorem 5.4. Assume that Condition (A) is fulfilled and that the functions
N (·) and M(·) given by Axiom (PS1) are bounded. Furthermore, suppose
that Equation (1.2)has an exponential dichotomy with data (α,Ked ,P (·))
and assume that Condition (F) holds with α instead of α#. Then there are
positive constants ε ∈ R and m ∈ Z+ so that for any solution z(n) of (1.2)
for n ≥ m such that z• ∈ L∞

α [εa], there exists an unique solution y(n) of
(1.11) for n ≥ m such that y• ∈ L∞

α [a] and the asymptotic relation (1.14)
holds. The conversely is also true. Furthermore, the one-to-one correspon-
dences y• 7→ z• and z• 7→ y• are continuous. ??? AQUI COLOQUEI COR-
RESPONDENCIAS ENTRE Y E Z, E NAO Y E X, COMO NO MANUSCRITO
???
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6. ASYMPTOTIC PERIODICITY

Proof of Theorem 1.5. We define the operatorΓon the space SAPω(B) (see
Definition 2.7) by (3.3); we write [Γξ](n) = T (n)ϕ+ vξ(n), where

(6.1) vξ(n)
def=

n−1∑
s=0

T (n −1− s)E 0(g (s,ξ(s))), ξ ∈ SAPω(B).

We shall prove that Γ is well defined. It is easy to see that the remains
of the proof is the same as in Theorem 1.2. We note that the function
T (·)ϕ ∈ SAPω(B).

Moreover, in view of that the semigroup T (n) is uniformly bounded in
Z+, there is a constant KT ≥ 1 such that ‖T (n)‖B→B ≤ KT for all n ∈ Z+.
We get the following estimate

‖vξ‖∞ ≤ KT KB

[‖lg‖1 ‖ξ‖∞+‖g (·,0)‖1
]
.

On the other hand, we have the following estimates∥∥∥∥ m∑
s=n1

T (m − s)E 0(g (s,ξ(s)))

∥∥∥∥≤ KT

m∑
s=n1

|g (s,ξ(s))|

≤ KT

m∑
s=n1

(
lg (s)|ξ(s)|+ |g (s,0)|)

≤ KT

[( ∞∑
s=n1

lg (s)

)
‖ξ‖∞+

( ∞∑
s=n1

|g (s,0)|
)]

.

Hence we obtain that

lim
???

m∑
???

T (m − s)E 0(g (s,ξ(s))) = 0 uniformly in m.

Taking into account that T (·) is S-asymptoticallyω-periodic and the above
property, we infer from the decomposition

vξ(n +ω)− vξ(n) =
n1−1∑
s=0

[
T (n −1− s +ω)−T (n −1− s)

]
E 0(g (s,ξ(s)))

+
n1−1+ω∑

s=n1

T (n −1− s +ω)E 0(g (s,ξ(s)))

−
n1−1∑
s=n1

T (n −1− s)E 0(g (s,ξ(s))),

that
vξ(n +ω)− vξ(n) → 0 as n →∞. �

Remark 6.1. A result similar to Theorem 1.5 was obtained by Henríquez
et al. [45] for first order abstract Cauchy problem in Banach spaces.
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Notice that Theorem 1.5 does not cover the cases when the perturba-
tion g of (1.7) has a Lipschitz factor lg being a constant. Next we establish
a new result on the existence of discrete S-asymptotically ω-periodic so-
lutions of problem (1.7)–(1.8).

Theorem 6.2. Assume that the solution operator T (n) of Equation (1.9)
decays exponentially (see (1.15), page 7.) Let Condition (E)3 be satisfied
and assume that g is uniformly S-asymptotically ω-periodic on bounded
sets. If

KBK T Kg +e−α < 1

??? NO FINAL DA PROVA DIZ QUE Γ EH UMA [KBK T Kg (1 − e−α)−1]-
CONTRACTION. NAO SERIA ESSE NUMERO NA DESIGUALDADE ACIMA
???
then there is a unique discrete S-asymptoticallyω-periodic solution of prob-
lem (1.7)–(1.8).

Proof. We define the mapΓon the space SAPω(B) by the expression [Γξ](n) =
T (n)ϕ+ vξ(n), where ξ ∈ SAPω(B) and vξ is given by (6.1).

We will show initially that Γ is SAPω(B)-valued. Since T (n) decays ex-
ponentially, the problem is reduced to show that vξ belongs to SAPω(B).
Using the fact that g (·,ξ(·)) is a bounded function, it follows that vξ ∈
l∞(Z+,B). On the other hand, in view that g is asymptotically uniformly
continuous on bounded sets and applying Lemma 2.11, we have that for
each ε> 0 there is a constant Nε ∈Z+ so that

|g (n +ω,ξ(n +ω))− g (n,ξ(n))| < ε, n > Nε.

For n > Nε we estimate

‖vξ(n +Ω)− vξ(n)‖B

≤ KBK T (1−e−α)−1‖g (·,ξ(·))‖∞e−αn

+2KBK T ‖g (·,ξ(·))‖∞
∞∑

s=n−Nε

e−αs

+KBK T (1−e−α)−1ε,

which permit us to infer that vξ(n +Ω)− vξ(n) → 0 as n →∞. This shows
that Γξ ∈ SAPω(B). Pretty easy calculations show that the operator Γ is
a [KBK T Kg (1 − e−α)−1]-contraction, which finishes the proof of Theo-
rem 6.2. �

3A CONDICAO (E) EH A MESMA QUE A SEGUNDA CONDICAO (G), NA P 123 DO
MANUSCRITO.
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Proof of Theorem 1.6. Let S (B) the the space consisting of all sequences
ξ ∈ l∞(Z+,B) such that limn→∞ξ(n +mω)− ξ(n) = 0 uniformly for m ∈
Z+. It is easy to see that S (B) is a closed subspace of l∞(Z+,B). Let
ξ ∈ S (B). Since Range(ξ) is a bounded set and taking into account that
limn→∞ g (n +mω,ϕ)− g (n,ϕ) = 0 uniformly for ϕ ∈ Range(ξ), it follows
that

lim
n→∞g (n +mω,ξ(n +mω))− g (n,ξ(n)) = 0

uniformly for m ∈Z+. We keep notations introduced in the proof of The-
orem 1.5. We consider the map Γ defined in S (B). From

‖vξ‖∞ ≤ KBK T (1−e−α)−1[Kg‖ξ‖∞+‖g (·,0)‖∞
]
,

‖vξ(n +mω)− vξ(n)‖B ≤ KBK T (1−e−α)−1ε

+KBK T [
Kg‖ξ‖∞+‖g (·,0)‖∞

]
×

( ∞∑
j=n

e−α j +2
∞∑

j=n−Nε

e−α j

)
, n > Nε,

we get that Γ is S (B)-valued. Therefore the fixed point of Γ belongs to
S (B) and the assertion is consequence of [45, Cor. 3.1]. The proof is
complete. �

7. APPLICATIONS TO VOLTERRA DIFFERENCE SYSTEMS

We complete this work by applying our previous results to the Volterra
difference systems with infinite delay. Let γ be a positive real number and
let A(n), K (n) and D(n, s) be three r ×r matrices defined for n ∈Z+, s ∈Z
such that

(7.1) ‖A‖∞ = supn ≥ 0|A(n)| <∞
and

(7.2)
∞∑

n=0
|K (n)|eγn <∞.

We consider the following Volterra difference systems with infinite de-
lay.

x(n +1) =
n∑

s=−∞
A(n)K (n − s)x(s), n ≥ 0,(7.3)

y(n +1) =
n∑

s=−∞

[
A(n)K (n − s)+νD(n, s)

]
y(s), n ≥ 0,(7.4)

where ν is a real number.
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We recall that Volterra system (7.3) and (7.4) are viewed as a retarded
functional difference equations on the phase space Bγ, where Bγ is de-
fined as in (1.3). We have, as consequences of Theorem 1.1, the following
result.

Theorem 7.1. Suppose that the following hypothesis hold:

(i) System (7.3) possesses an exponential dichotomy.
(ii) There is a sequence β ∈ l p (Z+) such that

n∑
τ=0

|D(n,τ)|+
−1∑

τ=−∞
|D(n,τ)|e−γτ ≤β(n), n ≥ 0.

If |ν| is small enough, then for each ϕ ∈ P (0)B there is a unique bounded
solution y of the System (7.4) with P (0)y0 = ϕ such that y• ∈ l p (Z+,Bγ),
in particular y• ∈ l p (Z+,Cr ). Moreover, we have the following a priori esti-
mate for the solution:

‖y•‖p ≤C‖ϕ‖Bγ ,

where C > 0 is a suitable constant. Furthermore, the applicationϕ ∈ P (n0)Bγ 7→
y•(ϕ) ∈ l p (Z+,Bγ) is continuous.

Let B(n) and G(s) be two r × r matrices defined for n ∈ Z+ and s ∈ Z−
such that |B(·)| ∈ l p and

(7.5)
∞∑

n=0
|G(−n)|eγn <∞.

Next we consider the following Volterra difference system with infinite
delay:

(7.6) y(n +1) =
n∑

s=−∞

[
A(n)K (n − s)+B(n)G(s −n)|y(0)|]y(s), n ≥ 0.

As a consequence of Theorem 5.1 we have the following result.

Theorem 7.2. Suppose that System (7.3) has an exponential dichotomy.
Then there are positive constants M ∈ R and m ∈ Z+ such that for each
ϕ ∈ P (m)Bγ with ‖ϕ‖Bγ ≤ M, there is a unique bounded solution y of the
Volterra system (7.6) for n ≥ m with P (m)ym = ϕ such that yn = o(1) as
n →∞.

Example 7.3. Let ai (n), i = 1,2, be two bounded sequences in Z+ and σ,
α, γ be three positive constants such that

(i) ρ∗
1 = sup

n≥0
max

−n≤θ≤0

[
n−1∏

s=n+θ
|a1(s)|−1eγθ

]
<∞,

(ii)
n−1∏
s=τ

|a1(s)| ≤σe−α(n−τ), n ≥ τ≥ 0,
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(iii)
τ−1∏
s=n

|a2(s)|−1 ≤σe−α(τ−n), τ≥ n ≥ 0.

Set

ρ∗
2 = sup

n≥0
max

−n≤θ≤0

[
n−1∏

s=n+θ
|a2(s)|−1eγθ

]
.

We consider the following nonautonomous difference equation

(7.7) x(n +1) = L(n, xn), n ≥ 0,

with L(n,ϕ) = A(n)ϕ(0), ϕ ∈ Bγ, where A(n) = diag
(
a1(n), a2(n)

)
. The

solution operator T (nτ), n ≥ τ, of (7.7) is a bounded linear operator on
the phase space Bγ given by

[T (n,τ)ϕ](θ)

=


(
ϕ1(0)

n+θ−1∏
s=τ

a1(s),ϕ2(0)
n+θ−1∏

s=τ
a2(s)

)
, −(n −τ) ≤ θ ≤ 0,

(
ϕ1(n −τ+θ),ϕ2(n −τ+θ)

)
, θ <−(n −τ).

We define the projections P (n),Q(n) : Bγ→Bγ by

[P (n)ϕ](θ) {(
ϕ1(θ),ϕ2(θ)−ϕ2(0)

∏n−1
s=n+θ

1
a2(s) ,

)
−n ≤ θ ≤ 0,(

ϕ1(θ),ϕ2(θ)
)
, θ <−n,

and

[Q(n)ϕ](θ) {(
0,ϕ2(0)

∏n−1
s=n+θ

1
a2(s) ,

)
−n ≤ θ ≤ 0,

(0,0), θ <−n.

We can prove that T (n,τ)„ n ≥ τ, is an isomorphism from Q(τ)Bγ onto
Q(n)Bγ. The inverse mapping is given by

[T (τ,n)Q(n)ϕ](θ) {(
0,ϕ2(0)

∏n−1
s=τ+θ

1
a2(s) ,

)
−τ≤ θ ≤ 0,

(0,0), θ <−τ.

We have the following estimates:

‖T (n,τ)P (τ)‖Bγ→Bγ ≤ 4σ2ρ∗
1 e−α(n−τ), n ≥ τ,(7.8)

‖T (n,τ)Q(τ)‖Bγ→Bγ ≤σρ∗
2 e−α(τ−n), τ≥ n.(7.9)
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From estimates (7.8) and (7.9) we get that Equation (7.7) has an exponen-
tial dichotomy with data (α,K ,P (·)) where K = 4σ2ρ∗

1 +σρ∗
2 .

Next we consider the following perturbation of Equation (7.7):

(7.10) x(n +1) = L1(n, xn), n ≥ 0,

where L1(nϕ) = L(n,ϕ)+B(n)ϕ(−1) and B(n) is a 2×2 matrix with ‖B(·)‖∞
sufficiently small. Then by the Cardoso-Cuevas’ perturbation theorem
[13, Theorem 1.3] Equation (7.10) has an exponential dichotomy for suit-
able data (α̃, K̃ , P̃ (·)).

Let D(n) be a 2×2 matrix defined for n ∈ Z+ such that
∑∞

n=0 |D(n)|p <
∞. We have, as consequence of Theorem (7.1), the following result.

Proposition 7.4. Let ν be a real number such that |ν| is small enough, and
ϕ ∈ P̃ (0)Bγ. Then

(7.11) x(n +1) = L1(n, xn)+νD(n)x(n), n ≥ 0,

has a unique bounded solution y(n) with P̃ (0)y0 =ϕ such that y ∈ l p (Z+,C2).

Next we consider the equation

(7.12) x(n +1) = L1(n, xn)+D(n)|x(0)|x(n), n ≥ 0.

By Theorem (5.1), there are positive constants M ∈ R and m ∈ Z+ such
that for each ϕ ∈ P̃ (m)Bγ with ‖ϕ‖Bγ ≤ M , there is a unique bounded
solution y of (7.12) for n ≥ m with P̃ (m)ym =ϕ such that the map n 7→ yn

belongs to l p (Z+,Bγ). This finishes the discussion of Example 7.3.

Example 7.5. Let K (n) be an r × r matrix defined for n ∈ Z+ such that
K ∈ l 1−γ (see Section 2 for the definition of l 1−γ.) We consider the linear
Volterra difference equation on Cr :

(7.13) x(n +1) =
n∑

s=−∞
K (n − s)x(s), n ≥ 0.

Let K̃ (z) be a z-transform of K (n) (e. g. see [34].) Notice that K̃ (z) exists
and is analytic in the domain |z| > e−γ on the complex plane. Suppose
that the characteristic operator of (7.13), zI −K̃ (z), is invertible for |z| ≥ 1,
that is,

(
zI − K̃ (z)

)−1 ∈L (Cr ) for all |z| ≥ 1, where I is the identity opera-
tor on Cr . Let T (n) be the solution operator of (7.13) in Bγ. Then by Fu-
rumochi et al. [36, Corollary 2.3] T (n) decays exponentially (see (1.15).)
From Theorem 6.2 we obtain the following result.

Proposition 7.6. Let a : Z+ →R be a S-asymptoticallyω-periodic sequence.
Let ν be a real number such that |ν| is sufficiently small and ϕ ∈Bγ. Then

x(n +1) =
n∑

s=∞
K (n − s)x(s)+νa(n)x(n), n ≥ 0,
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has a unique solution x(n) which is discrete S-asymptotically periodic such
that x0 =ϕ.

This finishes the discussion of Example 7.5.
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