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Abstract

The caustic of a smooth surface in the Euclidean 3-space is the envelope of
the normal rays to the surface. It is also the locus of the centres of curvature
(the focal points) of the surface. This is why it is also referred to as the focal
set of the surface. It has Lagrangian singularities and its generic models are
given in [1] (see Figure 2). The aim of this paper is to define the caustic C(M)
of a smooth surface M embedded in the Minkowski 3-space and to study its
geometry. We denote by the LD the locus of points on M where the metric is
degenerate. If M is a closed surface then its LD is not empty. At a point on
the LD the “normal” line to M is lightlike and is tangent to M. Also, the focal
set of M is not defined at points on the LD. We define the caustic of M as the
bifurcation set of the family of distance squared functions on M. Then C(M)
coincides with the focal set of M \ LD and provides an extension of the focal
set to the LD. We study the local behaviour of the metric on C'(M).

1 Introduction

Let M be a smooth and orientable surface in the Euclidean 3-space. To a point p € M
are associated two focal points p+ (1/k1(p))N(p) and p+ (1/k2(p)) N (p), where x1(p)
and ko(p) are the principal curvatures of M at p and N is a unit normal vector at
p. The focal set of M is the locus of its focal points. The focal set of M coincides
with the caustic generated by its normal lines and is the bifurcation set of the family
of distance squared functions on M. Therefore, by a results in [1], for a generic M
the caustic C'(M) is locally diffeomorphic to one of the models in Figure 2. The affine
geometry of the focal set is also of interest and captures some of the extrinsic geometry
of the surface M (see for example [2, 3, 9, 13]).

We consider in this paper surfaces M embedded in the Minkowski 3-space R?. The
induced metric p on M may be degenerate at some points on M (this is indeed the case
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on any closed surface in R?). We label the locus of such points the Locus of Degeneracy
(LD). At a point p € LD, the tangent plane T,M to M is lightlike, so the “normal”
to the surface at p is the unique lightlike direction in 7,M. Away from the LD, the
surface admits locally a unit normal vector which is spacelike if p is Lorentzian and
timelike if p is Riemannian. If  : U C R* — R? is a local parametrisation of M
at p ¢ LD, then the shape operator —dIN,, where IN is the Gauss map, may have
real eigenvalues. When it does we call them the principal curvatures. To these are
associated two focal points which trace the focal set of M. However, IN is not well
defined on the LD and the principal curvatures near the LD tend to infinity as the
point tends to the LD. Therefore the focal set is not defined at points on the LD.
In contrast, the caustic C'(M) of M is defined even on the LD. The caustic is also
the bifurcation set of the family of distance squared functions on M and C(M \ LD)
coincides with the focal set of M \ LD. Again, by a result in [1], for a generic M the
caustic C(M) is locally diffeomorphic to one of the models in Figure 2. We study in
this paper the behaviour of the induced metric on C'(M).

We give in §2 some preliminaries on the geometry of surfaces in the Minkowski
space and a brief review of the lines of principal curvature of a surface as these are
related to its caustic. We study in §3 the behaviour of the induced metric on the
caustic of a Lorentzian surface patch and deal in §4 with a surface patch where the
induced metric has varying signature.

2 Preliminaries

2.1 Surfaces in R?

The Minkowski space (R3,(,)) is the vector space R? endowed with the pseudo-scalar
product (u,v) = —ugvy + u1v1 + ugve, for any w = (ug, uy, uz) and v = (vg, vy, v2) in
R3. We say that a vector u € R? is spacelike if (w,u) > 0, lightlike if (u,u) = 0 and
timelike if (w,u) < 0. The norm of a vector u € R} is defined by |lu|| = /|(u,u)]|.
We have the following pseudo-spheres in R? with centre p € R$ and radius r > 0,

HQ(p7 —’l“> = {’U, € R? | <’U, -—pu _p> = _T2}7
St(p,r) {fueR}| (u—pu—p =1},
LC*(p) = {uweR}|(u—pu—p)=0}

We denote by H?(—r) and S%(r) the pseudo-spheres centred at the origin in R3.

We consider embeddings ¢ : M — R? of a smooth surface M. The set of such
embeddings is endowed with the Whitney C*°-topology. We say that a property is
generic if it is satisfied by a residual set of embeddings of M in R$. We shall identify
t(M) with M.

The pseudo-scalar product in R} induces a metric on M which can be degenerate



at some points on M. We call the locus of such points the Locus of Degeneracy and
denote it by LD.

Let £ : U C R? — M be a local parametrisation of M. To simplify notation, we
write &(U) = M. Let

E = (acu,ar;u>, F= <£Bu,$v>, G = <$v7mv>

denote the coefficients of the first fundamental form of M with respect to . The
integral curves of the lightlike directions on M are the solution curves of the binary
quadratic differential equation (BDE)

Edu® + 2Fdudv + Gdv* = 0. (1)

We identify the LD and its pre-image in U by . Then the LD (in U) is given
by F? — EG = 0 and is the discriminant curve of the BDE (1) (the discriminant
curve of a BDE is the set of points where the directions it determines coincide). We
assume in this paper that the LD is either empty or is a smooth curve that splits
the surface locally into a Riemannian and a Lorentzian region (i.e., where the induced
metric has signature 2 and 1 respectively). The unique lightlike direction on the LD
is, in general, transverse to the LD. Then the configuration of the lightlike curves is
locally topologically equivalent to Figure 1 left. The unique lightlike direction on the
LD can be tangent to the LD at isolated points. Then the BDE (1) has a singularity,
and we assume that it is (well) folded (see for example [4] for terminology and [12]
for a survey paper on BDEs). The configuration of the lightlike curves at a folded
singularity is locally topologically equivalent to one of the last three cases in Figure 1.
The assumptions on the LD and on the singularities of the BDE (1) are satisfied for
generic embeddings of M in R?.

Riemannian

Aty .

Figure 1: Stable local topological configurations of the lightlike curves at points on
the LD.

The following special local parametrisations simplify considerably the calculations
and make the algebraic conditions involved easier to interpret geometrically. (The
proof is standard and is omitted.)



Theorem 2.1 (1) At any point p on the Lorentzian part of M there is a local parametri-
sation  : U — V. C M of a neighbourhood V' of p, such that for any p' € V, the
coordinate curves through p' are tangent to the lightlike directions. Equivalently, there
exists a local parametrisation with E =0 and G =0 on U.

(2) Let p be a point on the LD of a generic surface M. Then there exists a local
parametrisation x : U — V. C M of a neighbourhood V' of p, such that for any
p = x(¢) € VN LD, the lightlike directions in TyM are parallel to x,(¢'), i.e.,
E=F =0 on the LD.

Pei [10] defined an RP?-valued Gauss map on M. In x(U), this is simply the map
PN : x(U) — RP? which associates to a point p = x(q) the projectivisation of the
vector @, X T,(q), where “x” denotes the wedge product in R}. Away from the LD, the
R P2-valued Gauss map can be identified with the de Sitter Gauss map x(U) — S3(1)
on the Lorentzian part of the surface and with the hyperbolic Gauss map x(U) —
H?(—1) on its Riemannian part. Both maps are given by N = x, x x,/||z, X x,||.
The map A,(v) = —dN,(v) is a self-adjoint operator on «(U) \ LD. We denote by

[ = —<Nu,mu> = <N7 wuu>>
m = —<Nu,wu> = <N7 wuv>7
n = _<Nv7wv> = <N7 w’UU>

the coefficients of the second fundamental form on «(U) \ LD. When A, has real
eigenvalues, we call them the principal curvatures and their associated eigenvectors
the principal directions of M at p. (There are always two principal curvatures on
the Riemannian part of M but this is not true on its Lorentzian part.) The lines

of principal curvature, which are the integral curves of the principal directions, are
solutions of the BDE

(Gm — Fn)dv? + (Gl — En)dvdu + (Fl — Em)du® = 0. (2)

The discriminant of the BDE (2) is denoted the Lightlike Principal Locus (LPL) in
5, 6].

On the Riemannian part of a generic surface, the LPL consists of isolated points
labelled spacelike umbilic points (these are points where A, is a multiple of the identity
map). At none spacelike umbilic points, there are always two orthogonal spacelike
principal directions.

On the Lorentzian part of a generic surface, the LPL is either empty or is a
smooth curve except at isolated points where it has Morse singularities of type node.
Such points are labelled timelike umbilic points (these are also points where A, is
a multiple of the identity map). The LPL consists of points where the principal
directions coincide and become lightlike. There are two principal directions on one
side of the LPL and none on the other. When there are two of them, they are



orthogonal and one is spacelike while the other is timelike. The configurations of the
lines of principal curvature at points of the LPL are studied in [6].

One can extend the lines of principal curvature across the LD as follows ([6]). As
equation (2) is homogeneous in I, m, n, we can multiply these coefficients by ||x, x @, ||
and substitute them by

Z: <wu X wvawuu>7 m = <wu X wvawuv>> n = <wu X wvawvv>-

This substitution does not alter the pair of foliations on @(U)\ LD. The new equation
is defined on the LD and defines the same pair of foliations associated to the de Sitter
(resp. hyperbolic) Gauss map on the Lorentzian (resp. Riemannian) part of x(U).
The extended lines of principal curvature are the solution curves of the BDE

(Gm — Fa)dv? + (Gl — En)dudv + (FI — Em)du® = 0. (3)

We observe that one of the principal directions on the LD is the unique lightlike
direction and the other is spacelike. The LD and LPL can meet tangentially at
isolated points. These points are exactly the folded singularities of the BDE (1) of the
lightlike foliations ([6]).

2.2 The family of distance squared functions

The family of distance squared functions on M is given by

2. MxR — R
(pav) = d2(p7lv):<p_vap_v>‘

We denote by dz, the function on M given by da(p) = d*(p,v). We take a local
parametrisation « : U — R} of M at p = x(q) and write (U) = M. We denote by

S(d*) = {€ = ((u,v),v) € U x R | d;(€) = dy(€) = 0},
and by
Bif(d*) = {v € R} |3((u,v),v) € %(d*) such that rank(Hess(dy)) < 2 at (u,v)}.

The set Bif(d?) is the local stratum of the bifurcation set of the family d?, i.e.,
it is the set of points v € R} for which there exists (u,v) € U such that d3, has a

degenerate local singularity at (u,v). The mapping (d?,d?) is not degenerate at any

point in U x R3. Indeed, its Jacobian matrix, which is a multiple of

1 2
—I, —I )
1 2 )
v T Ly

T
xr —&

( (T, T — V) + (T, Ty) (Typ, T — V) + (T, T,)
(Typ, ® — V) + (XY, Ty) (Typy, T — V) + (Ty, Ty)

0
u
0
v



has rank 2 at any point in U xR} as x,, = (22, ., 2?) and x, = (20, !, 2?) are linearly

independent. Therefore the family d? is a generating family (see [1] for terminology)
and X(d?) is a smooth 3-dimensional submanifold of U x R}. We write v = (v, v1, v)
and denote by T*R? the cotangent bundle of R? endowed with the canonical symplectic
structure (which is metric independent). Then the map L(d?) : ¥(d?) — T*R3, given
by
d? d? d?
L@)((0,0).) = (0, (50 (0,0, 0) 50,0, 9), 5 (0:0),0),

is a Lagrangian immersion, so the map 7o L(d?) : ¥(d?) — R? given by ((u,v),v) — v
is a Lagrangian map. The caustic C(M) of M, which is the set of critical values of
7o L(d?), is precisely Bif(d?) (see [1] for details). Tt follows that for a generic surface
M, the caustic C'(M) is locally diffeomorphic to one of the surfaces in Figure 2.

OP R Y

Figure 2: Generic singularities of 2-dimensional caustics.

The local models of the caustic at v corresponding to p € M on a generic M,
depend on the R-singularity type of the distance squared function d, at p, where R is
the right group of local diffeomorphisms in the source that fix p. For a generic M, d3,
has local singularities of type AT, Ay, A5, Ay, Df which are modelled by the following
functions (together with a multiplication of these functions by —1)

(AF) s u? £ 07, (Ag) u? + 0%, (AF) s u? £, (Ay) 1 u? +0°, (DY) : v £ 03

The caustic is the empty set at an AF-singularity of d3,. At the remaining generic
singularities, it is diffeomorphic to a surface in Figure 2 labelled by the singularity
type of d3, at p.

We define the ridge on M as the closure of the set of points on M where d3, (for
some v € R3) has an As-singularity. It is the locus of points on M corresponding to
the singular points on the caustic. The image of the ridge on the caustic is labelled
the rib curve. (The notation follows that of Porteous [11] for surfaces in the Euclidean
3-space.)

We can obtain a parametrisation of the caustic, or its defining equations, as follows.
We have d%(u,v) = (x(u,v) — v, x(u,v) — v), so d3, is singular at ¢ € U if and only if
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(x—v,x,) = (x—v,x,) =0 at ¢, if and only if & — v is parallel to x, x x, at ¢. That
is, * — v = px, X x, for some scalar u. It is important to observe that this condition
includes the case when p is on the LD where x, X x, is parallel to the unique lightlike
direction at p.

The singularity of d3, at ¢ is degenerate if and only if (q) — v = ux, x x,(q) for

some scalar p and ((d%)2, — (d%)uu(da)w) (¢) = 0. We have
%(d%})uu = <33u, ',L'u> + <CL' -7, muu> =L + <ZL' -7, muu>7
%(d%)uv = <$uamv> + <CB—’U,$UU> = F+ <m_’vamuv>a
%(d%)vv = <$vaxv> + <5B—’U,.’13vv> = G+ <CU—’U,.’BUU>.

At ¢, T —v = 1Ty X Ty, SO (X —v, Ty, = pl, (T —v, Ty) = wm and (X —v, x,,) =
un, where [, m,n are defined in §2.1. Then

(d2, = E+ul,
(d?v)uv = F+ pum,
(d%)vv = G+ M.

Therefore the singularity of d3, is degenerate if and only if £ — v = pyx, X x, and
(F? — EG) — p(nE — 2mF +1G) + p(m?* — In) = 0. (4)
Then the caustic is given by
C(M) = {x(u,v) — px, X x,(u,v) | (u,v) € U and p is a solution of equation (4)}.

Away from the LD we can write € — v = AN, where A = ul|lx, X xz,|| and
N =z, xx,/||T, xx,|| is a unit normal vector. Then a singularity of d3, is degenerate
if and only if € — v = AN and

(F? — EG) — A(nE — 2mF + IG) + \*(m* — In) = 0. (5)

The solutions of equation (5) in A are equal to minus the radii of curvatures.
Therefore the caustic C'(M \ LD) is the focal set of M \ LD.

We study in the subsequent sections the induced metric on the caustic C'(M).
When C(M) is a smooth surface, its normal vector is parallel to one of the principal
direction of M (Proposition 3.2). Therefore when the metric on M is Riemannian
the caustic is Lorentzian. We consider separately the cases where the metric on M is
Lorentzian and when it is degenerate.

In the figures, the Riemannian part of C(M) is in white and its Lorentzian part is
in grey.

Remark 2.2 Following [7], the contact between two submanifolds ¢(U), where ¢ :
U C R" — R* is an immersion and ¥~1(0), where 1 : R¥ — RP is a submersion, at
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d(up) € v=1(0) is measured by the singularities of the map-germ o : R™ ug — RP, 0.
In our case, the singularities of d3, at p measure the contact of M at p with the pseudo-
sphere centred at v and of radius ||p — v||. The family d* is generic, so the contact
makes sense even when the fibre of d3, is singular, i.e., is a lightcone (see [8]). When
M is a Riemannian (resp. Lorentzian) patch, it can have singular contact (i.e., da is
singular) only with pseudo-spheres H*(p, —r) (resp. S*(p,r)). At points on the LD,
the contact can be singular only when the pseudo sphere is a lightcone.

3 Lorentzian surface patches

We suppose that x(U) is a Lorentzian surface patch and write M = x(U). The
vector x, X @, is spacelike at all points in U, so we can use the unit normal vector
N =z, x x,/||x, X x|

Let p = @(¢) and suppose that p is not on the lightlike principal locus (LPL).
Then to p are associated either two distinct points or no points on the caustic C'(M)
(which coincides with the focal set in this case) and this depends on whether there are
two or no principal directions at p. When there are two principal directions, one is
spacelike and the other is timelike, so one sheet of C'(M) is Lorentzian and the other is
Riemannian. We analyse the situation on the LPL, and suppose that p = x(q) € LPL
and ¢ = (0,0) € U. We define the map ¢ : U x R — R by

o(u,v,\) = (F? — EG)(u,v) — A(nE — 2mF +1G)(u,v) + X\*(m? — In)(u, v).

In all the paper, we assume that (m? — In)(q) # 0, that is, p is not a parabolic
point.

Theorem 3.1 Let M be a generic Lorentzian surface patch in R and p a point on
the LPL of M.

(1) The distance squared function has an As-singularity at p if and only if p is
neither a folded singularity of the lines of principal curvature nor a timelike umbilic
point. At folded singularities of the lines of principal curvature the singularity is of
type As and at a timelike umbilic point it is of type DF.

(2) The surface ¢=*(0) is smooth in a neighbourhood of (q,\) if and only if p =
x(q) is not a timelike umbilic point. When p is a timelike umbilic point, ¢~1(0) is
diffeomorphic to a cone.

(3) The projection w : ¢~1(0) — U is a fold map at (q,\) when p = x(q) € LPL 1s
not a timelike umbilic point. The discriminant of ™ (i.e., the image of the critical set
of ) is the LPL.

Proof (1) We take a local parametrisation of M as in Theorem 2.1(1). The LPL
is then given by In = 0 and the timelike umbilic points occur when | = n = 0. If
p € LPL is not a timelike umbilic point we suppose, without loss of generality, that
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[ = 0and n # 0 (we also have m # 0). Then the unique principal direction on
the LPL is parallel to x,, and equation (5) has a double root given by A = —F/m.
We have (d2))uu/2 = M, (d3)uw/2 = F + dm and (d%),,/2 = An. Therefore on the
LPL, (d3)u = (d%)us = 0 and (d%),w # 0, so d3, has singularities of type Aj. The
singularity is of type Ay at ¢ if and only if (d%)uuu = M # 0 at g, if and only if the
unique principal direction at ¢ is not tangent to the LPL, if and only if p = x(q) is
not a folded singularity of the lines of principal curvature BDE. When [, = 0, the
singularity is generically of type As.

At a timelike umbilic point, we have (day)uy = (d%)uw = (d3))w = 0 and the
singularity is generically of type DF.

(2) The expression for ¢ in a local parametrisation with £ = G = 0 is
¢ = (F +xm)* — \nl,

where F [, m,n are evaluated at (u,v). On the LPL, F'+Am = 0 and m # 0. We can
make a change of variable and write ¢ = 2 —nl({ — F)?/m?. This is a regular function
at (g,0) if and only if I(¢) # 0 or n(q) = 0, i.e., if and only if p = (q) is not a timelike
umbilic point. At a timelike umbilic point ¢ has generically a Morse singularity and
is equivalent, by smooth changes of coordinates in the source, to £2 — (Fu? & v?).

(3) The result follows from the fact that ¢, = 0 and ¢, # 0 at the points in
consideration. a

Proposition 3.2 The normal to the caustic C(M) at a smooth point v is parallel to
the principal direction corresponding to the principal curvature which determines v.

Proof We can assume, without loss of generality, that ¢, # 0 and parametrise
locally the surface S = ¢~ *(0) by (u,v(u,A),\). Then the caustic is parametrised
locally by
w(% )‘) = CC(U, v(u, )‘)) - AN(ua v(u, A))

We have

wu = Ty + VT — )\(Nu + UuNU)>

w)\ = ULy — N — )\U)\Nv.
As N, and N, are in T,,M, it follows that the caustic is singular if and only if ¢, = 0.
The matrix of the shape operator —dIN,, with respect to the basis {x,, x,} is

B 1 G -—-F I m
F2_EG\ —-F E m n )’

Fm — Gl Fl— Em

TP _BGT T PP BT
Fn—Gm Fm — En

FP_EGT T R _fRg

SO
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Therefore

Fm — Gl Fn—Gm Fl—Em Fm — En

— (14 A AT M (A e
=+ A g P m g™t W —gg t ol H A m g )@
and Frn—G Fm—E
n — m ™m — n
2/})\ = /\U)\FQ_—EC:Q'JU + UA(l + A_FQ——_EG)QBD — N.

We write ¢, = ax, + bx, and ) = cx, + dx, — N with a, b, c,d as above, then
hy X ¥y = (ad — be)xy X ¢, —axy X N —bx, X N.

We have, after simplification,

)

ad_bC:W——E'G

((F? = EG) — A(nE — 2mF +1G) + X*(m* — In))

and this is zero as A is a solution of equation (5). Now,

T, X N = —ku%mvumu X (@, X @)
- ||wuxmv\\<<wu7wu>wv — (@, Tu)Tw)
1
o, (Ete — Fay).
Similarly,
1
t, X N= ————(Fz, — Gz,).

||, x @, ||

It follows that
Yu Xy = ((aF +bG)x, — (aE + bF)x,) .

|2 < 2|

The result follows by showing that equation (2) is satisfied for du = aF + bG and
dv = —(aE + bF). O

Theorem 3.3 Let M be a generic Lorentzian surface patch in R} and p € LPL but
18 not a timelike umbilic point.

(1) Suppose that p is not a folded singularity of the lines of principal curvature.
Then there is locally one sheet of the caustic C(M) which is a smooth surface at the
point corresponding to p. The induced metric on C (M) is degenerate on the image of
the LPL on M, which we denote by the LDC' (the locus of degeneracy of the metric
on the caustic). The LDC' is a smooth curve that splits C(M) into a Riemannian and
a Lorentzian region (Figure 3, left).

(2) Suppose that p is a folded singularity of the lines of principal curvature. The
LPL and the ridge curve meet tangentially at p. The caustic is a cuspidal-edge and
each of its smooth components contains part of the LDC (Figure 3, right).
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Lbc LDC

Figure 3: The metric structure on the caustic at general points on the LPL (left) and
at a folded singularity of the lines of principal curvature (right).

Proof The results on the differentiable structure of the caustic are deduced from
results on 2-dimensional caustics ([1]). We proceed as follows to obtain information
about the positions of the relevant curves.

Statement (1) follows form Proposition 3.2. The surface S = ¢~ 1(0) is a double
cover of the set of points on M where there are two principal directions. As the
normal to C'(M) is parallel to a principal direction, one cover of S is mapped to the
Riemannian part of C'(M) and the other to its Lorentzian part. (Recall that when
there are two principal directions one is spacelike and the other is timelike [5, 6].) As
the principal direction is lightlike at points on the LPL, it follows that the induced
metric on C(M) is degenerate at points on the LDC.

(2) We can assume, without loss of generality, that ¢, # 0 and parametrise locally
the surface S by (u,v(u, A), A). Using the notation in the proof of Proposition 3.2, the
caustic is singular if and only if the coordinates of 1, in the basis {x,,x,} vanish.
As ) satisfies equation (5), both coordinates vanish if and only if one of them vanish.
Therefore the ridge curve is given by eliminating A from the following system

(F? — EG) — A(nE = 2mF +1G) + X\*(m* — In) = 0, (6)
F? — EG+ AN(Fm — Gl) + Av,(Fn — Gm) = 0.

We take a local parametrisation of M as in Theorem 2.1(2) (i.e., with £ = G =
0) and analyse the lifts of the ridge curve and of the LPL on the surface S. The
surface S is parametrised by (u,v(u,A),\) and the lift of the LPL is parametrised
by (u,w(u), —F(u, w(u))/m(u, w(u))), for some germ of a smooth function w which
satisfies w’(u) = 0 at the folded singularity of the lines of principal curvature (i.e., at a
point on the LPL which is also points on the ridge curve). Then the tangent direction
to the lift of the LPL at such points is parallel to (1,0, —(F,m — F'm,)/m?).

Denote by H the left hand side of the second equation in the system (6), the left
hand side of the first equation being ¢. The tangent to the ridge is orthogonal to the
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gradients vectors V¢ and VH. At the point of interest on the LPL, and with the
above setting, ¢ = ¢, = ¢, = 0. Hence the tangent to the lift of the ridge curve to
the surface S is parallel to (¢,Hy, 0, —¢,H,). The result follows from the fact that the
two vectors (1,0, —(F,m — F'm,)/m?) and (¢,Hy,0, —¢,H,) are transverse for generic
surfaces and their projections to the (u,v)-parameter space are parallel vectors. O

We deal now with the case when p is a timelike umbilic point. Then the LPL has
a Morse singularity of type node at p.

Lemma 3.4 Let p be a timelike umbilic point of a generic Lorentzian surface patch
M in R3. The image of the LPL on the caustic is the union of two smooth curves
meeting tangentially at the image of the timelike umbilic point.

Proof We take a local parametrisation as in Theorem 2.1(2) (i.e., with £ = G = 0),
so the LPL is given by In = 0 and the double root of equation (5) on this set is given
by A = —F/m. We write oy (t) = (uy(t),v1(t)) (resp. ao(t) = (ua(t),v2(t))) for a local
parametrisation of the curve [ = 0 (resp. n = 0). Then the image of the LPL on the
caustic is parametrised by

Bi(t) = (2 + %N)(ai(t)),i _12

It follows that

uin wil F

ﬁ/:_ ‘ mu__wv+<_)/N>
m m

¢ m

so at the timelike umbilic point 3] = 8} = (£)'N, and this is generically a non-zero
vector. O

Theorem 3.5 Let M be a generic Lorentzian surface patch in R3 and p a timelike
umbilic point on M. There are four possible generic configurations for the metric
structure on the caustic at a Dy (Figure 4) and two at a Dy (Figure 5). These are
completely determined by the 3-jet of a parametrisation of M.

Proof We take here a local parametrisation of the surface in Monge form (z,y) —
(x,y, f(x,y)) with the origin mapped to the timelike umbilic point. We write the 2-jet
of f in the form ag(2? — 3?). Under the genericity condition, we can suppose that
the roots of the cubic part of f are not lightlike. We suppose that one of the roots is
spacelike (the case when the root is timelike follows similarly) and make Lorentzian
changes of coordinates so that the 3-jet of f is written in the form

P2 f = ao(a® — y?) + ax(2? + axy + by?).

12



1144

Figure 4: The metric structure on the caustic at a D} -singularity of d3, (the LDC is
the thick curve).

hS

Figure 5: The metric structure on the caustic at a D -singularity of d3, (the LDC' is
the thick curve).
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The Dy -case
The cubic part of f has one root, so a? — 4b < 0. If we write v = (vg, v1, v2), then the
family of distance squared functions d?, which we denote here by D, is given by

D=—(z—v)’+(y—v)+(flz,y) — v)"

The function germ Dy = D(—,v) has a singularity at the origin if and only if
v = (0,0, —271”)) and the singularity is of type D; . Consider the set

Q= {¢ € R? x R?, ((0,0), (0,0, —2%0)) D, = D, = D2, — D, Dy, =0 at €},
Its projection to R? gives the caustic of M. The equation D, — Dy, Dy, = 0 involves
only x,y and vy and determines a cone C in the (x,y, vg)-space. A parametrisation of
this cone yields a parametrisation of {2 and of the caustic C'(M).

For (xo,yo, v, v1,v2) € €, the quadratic part of the Taylor expansion of Dy at
(w0, o) is a perfect square L2. The point (xg, yo, f(Zo,¥o)) is on the ridge curve if and
only if the cubic part of Dy divides L, if and only if

_Dzsziy + 3Da:a:yDina:a: - 3D$nyxyDix + Dynya?z)mc = 0

at (xo, Yo, Vo, v1,v2). We can now obtain the 1-jets of the parametrisations of the
relevant curves. The 1-jet of the ridge curve (in the (z,y)-plane) is given by y = — ¢
and those of the LPL curves by

__ 2a—b-3
n="% v

__ _ 2a+b+3
Y2 = at2b L

The 1-jet of the lift of the ridge to the cone C is given by (z, — %z, —5- — 24 z) and

5% " Zag 242

those of the lifts of the LPL curves are, respectively,

1 a(a?—ab+b>—3b)
<x’y1’ 2a9 + 2(a—2b)a? )
(.I‘ 1 a(a?+ab+b>—3b) )

1 Y25 2a0 2(a+2b)a3

The 1-jet of the rib (the image of the ridge on the caustic) is (0,0, —5~ — %x},

- 2a0
and the 1-jets of the images of the LPL curves on the caustic are, respectively,

(O, O, _ﬁ + a(a?—ab+b2—3b) ZE)

(a—2b)ad
1 a(a®+ab+b*—3b)
<O’ O’ 2a0 (a+2b)a? lL‘)

The caustic has two sheets at a D] (Figure 4) (each sheet is the image of a con-
nected component of the cone C \ {(0,0, —ﬁ)}) We consider the sheet where part
of the the rib curve parametrised by x > 0 lives. The other sheet has symmetrical
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properties. This part of the rib curve is below the plane vy = —ﬁ. We seek the

positions of the images of the LPL with respect to the plane v, = —s-. These are

2a0

determined by the signs of %W and —%W. We set a = 1 so that the

sign is completely determined by (a,b). We obtain a partition of the set a? — 4b > 0
into regions where the configuration of the caustic is constant. The configurations are
as shown in Figure 4.

In order to distinguish between the first two cases in Figure 4 we consider the curve
Vg = —ﬁ on the caustic. The two cases are distinguished by the relative position of
the rib and of the images of the LPL with respect to this curve. This is determined
by the relative position of the lifts of the ridge curve and of the LPL curves on C
with respect to the pre-image of the curve vy, = —ﬁ on C. A calculation shows that
the relative position of the above curves is determined by the sign of (a — 2b)(a + 2b)

(negative for the first configuration in Figure 4 and positive for the second).

The Dy -case
We follow the same setting as for the D} -case and take a = 1. The 1-jets of the LPL
curves, of their lift on the cone C and of their images on the caustic are as for the
D -case. We have three ridge curves in this case and their 1-jets are given by

Yry = —%1‘,

Yy = —m(w3 — ab?® + bab + (a® — 3b — b?)Va? — 4b)x,

Ypy = —m(ag’ + ab® — 5ab + (a? — 3b — b*)v/a? — 4b ).

The 1-jets of the lifts of the ridge curves to the cone C are given by

1 b
(x>yr1> " 2a0 W&?),
(:L‘ 1 (a®—4b) T
1Yres T3a0 T 2a20-1) )

(557yr37 _ﬁ - %x)'

There are two possible configurations for the metric structure on the caustic (Figure
5) and these are determined by the relative position of the lifts of the ridge curves
and of the LPL on the cone C. The position of these curves on C is completely
determined by a and b. There is a partition of the region a? — 4b > 0 given by the
connected components of the complement of an algebraic curve into regions where
each case occur. The algebraic curve has a lengthy expression to reproduce here. If
we take for example (a,b) = (0, —2) we get the configuration in Figure 5 left, and for
(a,b) = (—3,—1) we get the configuration in Figure 5 right. O

4 Surfaces with a degenerate metric

We start by determining the type of the singularities of d3, at points on the LD. This
will determine the structure, up to diffeomorphism, of the caustic.
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Theorem 4.1 Suppose that p is a point on the locus of degeneracy (the LD) of the
induced metric on M. If p is not a folded singular point of the lightlike curves, there
are two distinct light cones that have degenerate contact with the surface at p. One of
these is centred at p and it has an As-contact with M at p. The other is centred away
from p and has an As-contact with M at p, except maybe at isolated points on the LD
where the contact becomes of type As. At folded singularities of the lightlike curves,
the light cone centred at p is the unique pseudo sphere that has a degenerate contact
with M at p and the contact is generically of type As.

Proof Let @ be alocal parametrisation of M with p = (0,0) € LD. The origin is a
degenerate singularities of d3, if and only of equation (4) is satisfied. As F? — EG =0
at p, equation (4) has two solutions

nE — 2mF +1G

m? —In

p1 =0, p2 =

At =1, v =p and (dy)uu = 2E, (d3)w = 2F, (d3))os = 2G. Generically, one
of the coefficients of the first fundamental form is not zero at p, so the singularity of
d3, at the origin is of type Ay>2. As v = p, the pseudo sphere that has this degenerate
contact with M is the set of points ¢ with (¢ — v,q —v) = (p —v,p —v) = 0. This is
the light cone LC*(p) centred at p.

We have, at the origin,

(d%)uuu = 3Eu7
(d’QU)uuv = FE,+2F,,
(d?v)mw - Gu + 2F’U7
(%) v = 3G,.

The singularity of di, is of type A, unless the cubic part of di, divides L, where
L? = (Eu*+ 2Fuv + Gv?)/2 is the quadratic part of d3,. We can take L = —Gu+ Fv.
Let

1
C(u,v) = g ((d%)uuuu?’ + 3(d3)) wuntt®v + 3(d3y) uopuv® + (d%)vwv?’)

denote the cubic part of d3, at the origin. Then the singularity is of type Ay if and
only if C(—G, F) # 0, if and only if

E,G* - FG(E, +2F,) + EG(G, + 2F,) — EFG, # 0.
The above inequality is equivalent to
~G(F? - EG), + F(F* - EG), # 0,

which means that the unique lightlike direction —Gx, + F'x, on the LD is not tangent
to the LD, or equivalently, p is not a folded singularity of the lightlike BDE. At folded
singularities of the lightlike BDE we have generically a singularity of type As.
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The condition C(—G, F') = 0 is equivalent to ps = p; = 0. (This can be seen by
setting £ = F = 0 on the LD. Then C(—G, F) = 0 if and only if [ = E, = 0, if and
only if s =0=p; =0.)

When p is not a folded singularity of the lightlike BDE, puy # 0, and d3, with
v = p+ pusx, X x, has a singularity of type As at general points on the LD. The
pseudo sphere that has this degenerate contact with M at p is the set of points ¢ with
(q—v,q—v) = (p—v,p—v) = pi(x, X T, T, X T,) = 0, which is the light cone
LC*(v) centred at v. The singularity of d3, at p can become of type Az (when the
cubic part of d3, divides L, L? being its quadratic part) at isolated points on the LD.
(At such points, the ridge intersects transversally the LD and is transverse to both
principal directions.) O

We consider now the behaviour of the metric on the caustic at points on the LD
and deal separately with the cases where p is or is not a folded singular point of the
lightlike curves.

Theorem 4.2 Suppose that p is on the locus of degeneracy of the induced metric on
M but is not a folded singular point of the lightlike curves. Then the caustic has locally
two sheets C1(M) and Co(M).

(1) The sheet C1(M) is a smooth surface tangent to M along the LD. The LD on
M is also the locus of degeneracy of the induced metric on Cy(M) and splits Cy (M)
into a Riemannian part and a Lorentzian part.

(2) The sheet Co(M) is either a smooth surface or a cuspidal-edge, and is Lorentzian
at its reqular points. The image of the LD on Cy(M) is a lightlike curve.

Proof (1) We follow the notation in the proof of Theorem 4.1. Denote by C}(M)
the caustic associated to the value p; = 0 at p. The roots of the quadratic equation
(4) in p are distinct, so its discriminant function is strictly positive. Therefore there
exists a smooth function p(u,v), with u(u,v) = 0 on the LD near p, which solves
equation (4) .

A parametrisation of Cy(M) is given by v(u,v) = x(u,v) — p(u,v)x, X x,(u,v).
It follows that the LD is also a curve on C(M). We have

Vy = Ty — fUu@y X Ty — 1Ty X Ty)y
Vy = Ty — [Ty X Ty — Ty X Ty),

At p=z(u,v) € LD, , x x, € T,M which implies that v, and v, are also in T,,M.
That means that C;(M) and M are tangential along the LD and that the LD is also
the locus of degeneracy of the induced metric on Cy(M).

We take a local parametrisation of M with £ = F' = 0 on the LD. The generic
assumption on the LD (given by F? — EG = 0) to be a smooth curve implies that
E,#0or E, # 0 on the LD. We assume, without loss of generality, that F, # 0.
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The coefficients E, E', G of the first fundamental form of Cy (M) are equal to those
of M on the LD. Let 6 = F? — EG. To prove that the LD on Cy(M) splits this
surface into a Riemannian and a Lorentzian part, we show that ¢ changes sign on the
LD. For this, it is enough to show that b # 0. As 6y = —F,G on the LD, we show
that £, # 0.

The vector x,, is the unique lightlike direction in 7,M at p € LD, therefore there
exists a smooth function «(t) such that

T, X T, = Qx,

on the LD. We have | = (x, X Xy, T,), 50 on the LD, | = (a@,, ) = %ozEu, and
therefore

2l
a= R
Differentiating equation (4) yields (on the LD)
E,
Py = T
It follows from the identity (@, €, X ,) = 0 that (x,, (T, X T,)) = —(Tyw, Ty X Ty).
In particular, (@, (€, X ,).) = —a(Tyy, €,) on the LD.

Now, on the LD,
v, = (1 — pya)x, = 3z,
and
Vyu = Lyu — 2Nu(wu X wv)u — Uy Ty X Ty
= Lyu — zﬂu(mu X w’u)u — My Oy
Therefore, on the LD,

N[

Eu — <qu7 vu>

<muu - 2,uu(wu X wv)u — Hyu Oy, 3mu>
= 3 ((muua mu) - 2,uu<(wu X mv)ua mu))
3(1 4 2pu ) (T, Tu)
— 3B, £0.

(2) The sheet Cy(M) of the caustic is associated to the non-zero solution of equation
(4). It is not difficult to show that the normal to Cy(M) at its smooth points is parallel
to the spacelike principal direction —ma,, + lx,, so Cy(M) is a Lorentzian surface at
its smooth points. (The result on the smooth model of Cy(M) follows from Theorem
4.1.)

To simplify the calculations, we take a local parametrisation as in Theorem 2.1(2).
We suppose that [ # 0 so that the solution

G

m? —In

H2 =
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of equation (4) is not zero at p. Here too the caustic is parametrised by v(u,v) =
x(u,v) — p(u,v)x, X ®,(u,v) for some smooth function p with g = ps on the LD.
The image of the LD on Cy(M) is then parametrised by

Y(t) = (& — pay X @) (ult), v(t)),

where (u(t),v(t)) is a local parametrisation of the LD (in U). We simplify notation by
dropping the coordinates (u(t),v(t)) of points on the LD. We can suppose (v',v") =
(—E,, E,) as this is a non-zero tangent vector to the LD. We seek to prove that
(',7") = 0. For this we need some preliminary results, where differentiation is carried
out along the LD with respect to the parameter ¢.

We have E = (x,,x,) = 0 on the LD, so on this curve

<.’13u, —vauu + Euwuv> = 0 (7)

From the proof of Theorem 4.2 (1), there exists a smooth function «(t) such that
x, X x, = ax, on the LD. Therefore, on the LD,

l_: Oé<wua wuu>7 m = a<wuu wuv>7 n= a<wU7 -’EM))‘
Differentiating both sides of the equality «, x x, = ax,, we get

(_Evmuu + Euwuv) X Ty + Ly X (_vauv + Euxvv) = O/wu + a<_vauu + Eumuv)

Taking the pseudo scalar product of both sides of the above equality with @, and
using (7) yield

<(_vauu + Euwuv) X Ly, wu> = a<_vauu + Euwuva "Bu>
= 0.

It follows that —FE, (€, X @y, Ty) + Eu(Tyw X Ty, x,) = 0 on the LD, that is,
—E,+ E,m=0. (8)

We have also on the LD, F = (x,,x,) = 0. We get by differentiating along this
curve

1
(—Ey@yy + Eyyy, @) = —(xy, —Eyxyy + Eyay) = ——(—E,m+ E,n).  (9)
«

It follows from (7) that —E, @y, + Eyxy, € T,M (x, is a normal lightlike vector
to T,M). Hence, —E,x,, + E,x,, = ax, + bx,, for some scalar a and b. Then,
from (9), (—E,@yy + EyTuy, @) = —é(—Evm + E,n) = bG, and from this we get
b=—(—E,m+ E,n)/(aG) and

—E,m + E,n)?

—Ev u Eu m}—EU w Eu w :b2 :(
(— By + Buuy, = Euoy + Eyy,) = 0°G e

(10)
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Now, differentiating v = x — (ua)x,,, we get

vV = —(E, + (pa))x, + Eyx, — (10)(—Ey@yy + Eyyy).

Therefore,
() = ELG A+ 2pB (= Eym + Eun) + g (—Eym + Eun)* (using (7), (9), (10))
= E.G—2uE,(E,n— E,n) + % (Eym — E,n)?
= (B.G — p(Eym — E,n))?
EZ2 E, 2

O

Remark 4.3 The principal curvature k; (i = 1,2) tends to infinity and ||z, X x,||
tends to zero along a sequence of points on M \ LD converging to a point on the LD.
Theorem 4.2 states that 1/(k;||x, X x,||) has a finite limit p; and the focal set of
M\ LD can be extended to M (giving the caustic of M ).

We turn now to the case when p € LD is a folded singular point of the lightlike
curves. Recall from [6] that the LPL meets the LD tangentially at such points.

Theorem 4.4 Suppose that p € M is folded singular point of the lightlike curves.
Then p is an Asz-singularity of the distance squared function. The LPL, LD and the
ridge curve are tangential at p and the ridge curve can be either in the Riemannian or
in the Lorentzian part of M. There are four possible configurations for the caustic as
shown wn Figure 6.

Proof We follow the same steps of the proof of Theorem 3.3. We denote by ¢ the left
hand side of equation (4). The surface S = ¢~1(0) is generically smooth and we can
assume, without loss of generality, that ¢, # 0 and parametrise S by (u, v(u, i), f1).
Then the caustic is parametrised by ¥ (u, 1) = @(u, v(u, 1)) — pa, X €, (u, v(u, @)).

On the LD near p, equation (4) has two roots u; = 0 and puy = (nE — 2mF +
IG)/(m?* — In), which coincide at p. Thus the LD lifts to two curves on S, one is
the LD itself and corresponds to the root u = u; and the other corresponds to the
root p = po. The latter maps to a lightlike curve on the caustic (Theorem 4.2(2);
dotted curve in Figure 6). We denote this curve by (£). It is generically smooth and
transverse to the LD on S.
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Figure 6: The metric structure on the caustic at a folded singularity of the lightlike
curves. The thick curve is the LDC' and the dotted curve is the lightlike curve in
Theorem 4.2(2).

Calculation (similar to those in the proofs of Proposition 3.2 and Theorems 3.3)
show that the ridge is a solution of the system of equations

F? — EG + p(Fm — GI) + pv,(Fn — Gm) = 0. (11)

{ (F? — EG) — pu(nE — 2mF +1G) + p?(m? — In) = 0,

The first equation of (11) is ¢ = 0 and we denote the left hand side of the second
equation by H. The solutions of (11) are the projections to the (u,v)-space of the
intersection set of S = ¢~(0) with H~'(0). We consider the map germ J(u,u) =
H(u,v(u, p), 1)), where (u,v(u, i), 1)) is the local parametrisation of S. A calculation
shows that J has an Aj-singularity at the origin, so J~(0) consists of a pair of
transverse curve. One of them maps to the LD on S and the other to the lift of the
ridge curve on S.

We can use J to calculate the tangent directions to the lifts of the relevant curves
on S. To simplify the notation, we take a parametrisation of M at p as in Theorem
2.1(2) so that the tangent direction to the LD at p is along the lightlike direction x,.
Then at p, E = F =1 = E, = 0. We found that the tangent directions to the lift of
the relevant curves on S are as follows

the lift of the LD (1,0,0),
the lift of the ridge (1,0, 2(_FuEv;gzuG—2F3))’
the lift of the LPL (1,0, _%%

the lift of the curve £ (1,0, —22fu hG),

These curves are generically transverse and all possible configurations can occur.
The projections of the above curves to the (u,v)-plane are tangential curves and have
generically pairwise ordinary tangency at the origin. A maple calculation shows that
the ridge curve is between the LD and the LPL if and only if the singularity of d3, is
of type A;. Then the ridge lies in the Lorentzian part of the surface. The ridge lies
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in the Riemannian part of the surface (the LD is between the ridge and the LPL) if
and only if the singularity of d3, is of type Aj. O

Remark 4.5 Define the colour of a ridge as white if its associated principal direc-
tion is timelike and grey if it is spacelike. The ridge does not change colour at an
As-singularity of d3, on the LD (Figure 6). However, it changes colour at an As-
singularity on the LPL and away from the LD (Figure 3, right). The ridges also
change colour at a DF-singularity (Figures 4, 5).

Remark 4.6 The distance squared function d3, can have a swallowtail singularity (Ay)
at isolated points on a generic surface M. These points are generically neither on the
LPL nor on the LD of M. They occur either on the Riemannian part of M, in which
case the caustic is Lorentzian at its reqular points, or in the Lorentzian part of M away
from the LPL. In the latter case the caustic is either Riemannian or Lorentzian at its
reqular points (this depends on whether its normal direction is parallel to the timelike
or spacelike principal direction).
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