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Abstract

In the first part of this paper a variational characterization of parts of the Fucik spectrum for
the Laplacian in a bounded domain ) is given. The proof uses a linking theorem on sets obtained
through a suitable deformation of subspaces of H* ().

In the second part a nonlinear Sturm-Liouville equation with Neumann boundary conditions on
an interval is considered, where the nonlinearity intersects all but a finite number of eigenvalues. It is
proved that under certain conditions this equation is solvable for arbitrary forcing terms. The proof
uses a comparison of the minimax levels of the functional associated to this equation with suitable
values related to the Fucik spectrum.

1 Introduction

The purpose of this paper is twofold. First we consider the so called Fucik problem for the Laplacian,
both with Dirichlet and Neumann boundary conditions:

—Au=Mtut —A"u~™ in Q

o
or in 00 (1.1)
u=20

where (2 is a bounded domain in R and u*(x) = max{0, +u(z)}.

The notion of Fuéik spectrum was introduced in [9] and [4]; it is defined as the set ¥ C R? of points
(A*, A7) for which there exists a non trivial solution of problem (1.1).

To know the Fuéik spectrum is important in many applications, for example in the study of problems
with “jumping nonlinearities”, that is nonlinearities which are asymptotically linear at both +oco and
—00, but with different slopes: if the slopes correspond to a point (AT, A\™) which is not in the Fuéik
spectrum, then it is possible to guarantee a priori estimates for the solutions and the PS condition for
the associated functional; if moreover the point (A*, A7) may be connected by a curve which does not
intersect the Fuéik spectrum to a point of the line {A\* = A~} (not belonging to the Fuéik spectrum),
then it is possible to prove existence of solutions.

If one has also a variational characterization of this spectrum, then other interesting results can be
obtained, cf. [2], [5], [7] and [3]. However these papers deal only with the first nontrivial curve of the
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Fucik spectrum or with the periodic case on an interval.

In the following we will call H the space H'({2) when considering the Neumann problem and H{ (£2)
when considering the Dirichlet problem; we will denote with
0 < A1 < A < A3 < ... < )X < ... the eigenvalues of —A in H and with (¢, k = 1,2,..) the
corresponding eigenfunctions, which will be taken orthogonal and normalized with ||¢g||zz = 1.

First we give a variational characterization of parts of the Fuéik spectrum for problem (1.1), in
particular we prove:

Theorem 1.1. Suppose that the point (a™,a~) € R? with a™ > a~ is X-connected to the diagonal
between A, and Ag41 in the sense of definition 2.1, then we can find and characterize one intersection of
the Fucik spectrum with the halfline

{(a™ +t,a” +rt), t >0}, for each value of r € (0,1].

The cases a™ < a~ and r € [1,400) can be done in a similar way.

The second main theme of the paper is the following Sturm-Liouville equation with Neumann bound-
ary conditions:

—u" =+ g(x,u) + h(z) in (0,1) (1.2)

W(0)=u(1)=0 ’ :
where g € C°([0,1] x R) with

lim 288 g m 908 (H1)
§——00 S s——+o0 S
uniformly with respect to = € [0,1], and h € L?(0, 1).
We will compare it to the Fu¢ik problem
—u" =Atut —A"u™ in (0,1)
{ W(0) = /(1) = 0 (13)

and, taking advantage of the fact that in the one dimensional case the Fucik spectrum may be exactly
calculated, we will prove existence results for problem (1.2). The proof uses the variational character-
ization above to make a comparison of these minimax levels with those of the functional associated to
problem (1.2), in order to prove the existence of a linking structure for this last functional.

Some hypotheses on the growth at infinity of the nonlinearity g will be needed to obtain the PS
condition for the functional associated to problem (1.2): defining G(z,s) = f; g(z,£)dg, we ask

1
30 <0, 2) , So>0 st 0<G(z,s) <0Osg(x,s) Vs> sp; (H2)

1
ds1 >0, Co>0 st G(z,s) < isg(x,s) +Cp Vs< —sy. (H3)
For certain “resonant” values of A also the following hypothesis will be needed:
dpo >0, Mg eR s.t. G(z,s)+h(x)s < My ae. xz€l0,1], Vs < —pg. (HR)

The exact statement of the results is:

Theorem 1.2. Under hypotheses (H1), (H2) and (H3), if A € (’\4—’“, A’“jl) for some k > 1, then there
exists a solution of problem (1.2) for all h € L*(0,1).
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Theorem 1.3. Under hypotheses (H1), (H2), (H3) and (HR), if A = % for some k > 1 and
h € L*(0,1), then there exists a solution of problem (1.2).

Remark 1.4. The hypotheses (H1) to (H3) are satisfied for example by the function g(x,s) = e*; in
this case to satisfy also (HR) we need h(x) > 0 a.e.

Another example of nonlinearity which satisfies also (HR) and where there is some more freedom on
h, is when g behaves at —oo as |s|° with § € (0,1); then h may be chosen arbitrarily in L>°(0,1).

1.1 Bibliography

Theorem 1.2 extends the result obtained in [6], where the existence is proved for A € (0, ”72), that is the
case k = 1 of theorem 1.2.
Results similar to [6] (with slightly different hypotheses) can be found in [18].

Perera in [13] proved the existence of a solution for A € (%2, A*), where \* is some value in (7r2 L2)7

and so theorem 1.2 extends this result, too. v
We also mention that for periodic boundary conditions the equivalent of theorem 1.2 is proved in [7].
Theorem 1.3 deals with some kind of resonance (as will be clear from the proofs in the following);

the case \ = % was already discussed in [13], where the existence is proved under different hypotheses,

while the case A = AL (that is A = 0) is treated in [6].

For what concerns the variational characterization of the Fucik spectrum we cite [5] and [2] where the
second curve in any spatial dimension is characterized (in two different ways), and [7], where the whole
spectrum for periodic boundary conditions on an interval is characterized.

In the construction of the characterization of the Fué¢ik spectrum we will use a technique derived from
a similar one used in [8], which will be discussed in section 2.1.

For other bibliography on problem (1.2), see [6].

1.2 The Fucik spectrum

The notion of Fuéik spectrum was introduced in [9] and [4]; it is defined as the set ¥ C R? of points
(AT, A7) for which there exists a non trivial solution of problem (1.1).

In the case of problem (1.3) the spectrum can be completely calculated, with the corresponding non
trivial solutions. It is composed by curves (which we will call ¥;,) in R?, arising from each point (Ag, Ag):

Y1 {>\+ = )\1} U {)\_ = /\1}

. (k=Dm | (k=Dm _ _ (1.4)
T Sor g BT k=23,..
Note that each curve with & > 2 is monotone decreasing, has asymptotes at \* = )ka and lies

completely in the quadrant \* > %.

In the case of higher dimension less is known: ¥ is always a closed set, the lines {A\* = A1} and
{A\™ = A1} belong to ¥, and ¥ does not contain any other point with AT < X; or A~ < A;; moreover
we still know (see for example [16], [10] and [11]) that in each square (Ag_1, Mktm1)?, Where A\p_1 <
Ak = oo = Metm < Mktm+1, from the point (Mg, Ax) arises a continuum composed by a lower and a upper
curve, both decreasing (may be coincident); other points in ¥ N (Ag—1, )\k+m+1)2 can only lie between
the two curves (and hence in the open squares (Ax_1,A\x)? and (Agtm, Aksm-1)? there never are points
of ¥). Something more can be said about the lower part of the continuum arising from (A2, A2): see [5].

In [1] it is proved, under a non-degeneracy condition (which was first introduced in [12] and [14]) that
the whole spectrum is composed by curves arising from a point (Ag, A\x), never intersecting and going to
infinity; this non-degeneracy condition is discussed in [14], where it is proved that it holds for ‘almost all’
(in a suitable sense) domains; however in general it seems not possible to arrive at the same conclusion.

For a larger bibliography about the Fucik spectrum see [17].
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1.3 1Idea and plan of the paper

If we consider a point a € (Mg, Ag+1) and the functional J, : H — R

Jo (1) :/Q|Vu|2—a/ﬂu2 ) (1.5)

we have a natural splitting H =V @ W, where V = span{¢1, .., di }.
Taking 8B§2 to be the boundary of the unit ball in L? norm in V', one knows that there exists > 0
such that

Jo(u) < —p <0 forallucdBy, , (1.6)
Ja(u) > pllull3 >0 forallueW (1.7)

and that the two sets link (for a definition of the concept of linking see for example [15]).
The existence of this structure allows to characterize the eigenvalue ;11 as

A1 =a+ inf sup J,(u) , (1.8)
VEL ey (B*)

where the family I' is defined as

[ ={y€C%B"* dB2) s.t. ylppr is an homeomorphism onto OB}.}; (1.9)

here By denotes the unit ball in L?-norm in H and B* = {(z;...,2;,) € R* s.t. Zle x? < 1}.
In this paper we will build suitable sets to play the same role for the functional

Jao(u) :/Q|Vu|2—a+/9(u+)2—a_ /Q(u_)2 , (1.10)

in order to characterize a point in the Fu¢ik spectrum.

These sets will be obtained in section 2.1 as a deformation of the sets in (1.6) and (1.7), using a
technique similar to the one described in [8].

Then the variational characterization will be done in section 2.2.

In section 3.1, a comparison of the obtained minimax levels with those of the functional associated to
problem (1.2) will allow to prove the existence of a linking structure for this last functional, and then to
prove theorem 1.2 and 1.3.

Finally in section 4 is reported the complete proof of PS condition for the functional associated to
problem (1.2).

2 Variational characterization of the Fucik spectrum

2.1 Construction of the linking structure

Consider first the Dirichlet problem (thus here H will be Hj and the norm considered [[ul|3, = [, [Vu|?).
Take a point (o™, a™), X-connected to the diagonal between Ay and A1, that is:

Definition 2.1. A point (a™,a™) ¢ ¥ is X-connected to the diagonal between A and \pi1 if:
Ja € (Mg, Aet1) and a C function o : [0,1] — R? such that:

a‘) a(O) - (a’a a)’ a(]-) - (O‘+7O‘7);
b) a([0,1]) N3 = 0.

Remark 2.2. Since ¥ is closed and «([0,1]) is compact, this implies the property
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b’) 3d > 0 such that £a([0,1])NE =0 for all§ € [1 —d, 1+ d];
this property will be used in the following proofs.
Now consider
Ja(t)(u) :/ |Vu|2 —oﬁ(t)/(tﬁ)z 7017(15)/(”7)2 , (2.1)
Q Q Q
where a(t) = (a™(t),a™ (¢)); then splitting as before H =V & W, we have
Joa(oy(w) < —pllullf forallueV (2.2)
o0y (u) > pllull% for all ue W

for some p > 0.

Lemma 2.3 (from lemma 2.3 of [8]). If (o, &™) is as in definition 2.1, we can find n € (0, ) and 6, > 0
such that:
Vt € [0,1]),u € H with ||u|lg = 1:

if Jay@) € [=nn),  then |[Vaduw @13 = (Vudag (), u)y > 8.

Proof. Following [8], take n = min(ﬁil),u), suppose by contradiction the existence of a sequence
t, C[0,1] and u, € H, ||uyn||z = 1 such that

2
=1 < Ja@,)(un) <0 and ||VuJa(tn)(un)H%{ — <VuJa(tn)(un), un>H -0 (2.4)

as n — +00.
Define j, = (Vudag,) (Un), U">H = 2Jat,)(un) € [~2n,2n]; from Pythagoras’ theorem deduce that

2 .
”VuJa(tn)(un)”%{ - <Vu<]a(tn,)(un)v un>H = ”vuJa(tn)(un) - Jnun”%{a (2'5)

then evaluating the norm considering the points in H as operators on H one concludes that

(1 —jn)/ Vu, Vv, — a+(tn)/ uwlfv, + a_(tn)/ Uy vy — 0 (2.6)
Q Q Q

for any bounded sequence v,, C H.
Up to a subsequence we may say that j, — j € [—2n,27], t, — to € [0,1] and u,, = v € H (strongly
in L?); taking the limit of (2.6) with v, = u,, gives

1 j=a*(to) / (Wh)? + o™ (1) / ()2, (2.7)

where j < 2n < 1 and then u is not trivial.
From equation (2.6) with arbitrary test function and using the weak convergence of u,, we get that
a+(t0) a” (to)
—j * 1-j
imply that this is not possible, since ﬁ €[l —-d,1+d],Vje[-2n,2n).

u is a solution of the Fuéik problem with coefficient ( ), but the choice of n and remark 2.2

O

Then as in [8] (see there for the proofs and the details) define a continuous flow oy (u) : [0,1] x H — H:

{ %Jt(ul: M Fy(ov(w) (2:8)
oo(u) =u

where

e M is a suitable positive constant, defined as M = 2KSQ/5,7, with
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— K =sup;ep,y(la™ @)+ |a™(@)]),

1 all o
e [, : H— H is defined such that it is locally Lipschitz and

Fi(u) = VuJaw(u)  where LCIOR

llli%y

Fy(u) = =VuJow(u) where Too (u) < -n/2

el

Then o4(u) has the properties:

e 0:(0) =0 and o;(u) # 0 Vu # 0,

e Vi, o0;: H — H is an homeomorphism.
Moreover

Lemma 2.4 (from lemma 2.6 of [8]). Defining O(u) = M, we have that, fizing u, O4(u) is

lloe (W)l
increasing (resp. decreasing) in the variable t in any interval [t1,ta] such that

n/2 < @t(u) <mn, Vit € [tl,tg}
(resp. —n < O4(u) < —n/2, Vt € [t1,t2]).

Proof. Consider first the case /2 < ©;(u) < n: then the flow is defined by
d
aﬂ't(u) = MVuJa(t)(ot(u)) (210)

for all ¢ € [t1,ta].
Then we have (we will omit the dependence from u in the notation)

@ 1 [8Ja(t)(0t)

d d 1
e Tten godn |+ dote ()

- ”USH% [_oﬁ(t)’/ﬂ(aj)? —of(t)’/ﬂ(fr?)2+

+<VuJa(t) (Ut)7 MvuJa(t) (O-t)>H:| +

(Vudaw) (1), 00) 1 ( 2 d )
+ — Oty =0
2 a7 @7
2 2
S K4 M (HVUJa(t)(;t)HH B <vuJa(t)(0:)70't>H> > _KS? 4 Ms,.
lloel % loe|l%r

By the choice made above M > KS?/4, and then the proof of the first part is complete.
In the case —n < O4(u) < —n/2 the proof follows the same ideas. O

Finally denote oy (u) with 7, ,(u) (to remember its dependence from « and 7)), to obtain
Lemma 2.5 (from equation (2.9) and lemma (2.7) of [8]).
Jo(Ta()) < =nl|Tan(@)|F foralueV (2.11)

Ja(Tan(W)) = llTan(W)lF for allue W ; (2.12)
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VR >0, To,,(W) links with R, ,(0BY) where BY. is the unit ball, in the H-norm, of V.

Proof. Equations (2.11) and (2.12) follow easily from lemma 2.4.
For the linking property we need to prove that:
Vy € T = {y € COR7,(BE); H) and s.t. y(u) = u for u € R7,,,(0BY)}, there exists a point 4 €
V(RTa,n(BY,)) N Tan(W).
We start by proving that
ETan(U) # Tan(v) (2.13)

for any u € OBY, v € W and € > 0: actually if it were not so, from equations (2.11) and (2.12) we
would get 77”7'@,17(”)%1 < Ja(Tan(v) = Ja(€Tay(u) = §2Ja(7'a,n(u)) < *77€2H7'a,77(u)”%1 which implies
(using also the uniqueness of the Cauchy problem) u = v = 0: contradiction since u € 83{3.

Now define P to be the orthogonal projection of H onto V' and consider the map H; = Po T(;}] o(1+
(R — 1)t)Ta,: property (2.13) implies that H; # 0 on OBL for any t € [0, 1] and then deg(H;, BY,0) =
deg(Hy, BY.,0) = deg(Id, B, 0) = 1.

Now for any v € I', deg(P o 7077717 o7vo Rty p, B‘k,, 0) = 1 since on 3B‘k/ the function is exactly H;, and
then there is a point p € BY such that v(R7a.,(p)) € Tan(W).

O

For the Neumann problem, as shown in the proof of theorem 3.4 of [8] for the periodic case, one can
get the same conclusions, working with the operator —Aw + u to avoid the problems arising since the
first eigenvalue is 0.

Finally we prove one more property that we will need later:
Lemma 2.6. IfueV orue W, and £ > 0 then 1o, (fu) = ETa,n(u).

Proof. From lemma 2.4 and 2.5 and equations (2.8) and (2.9) we have that in these two cases the
equation just contains the gradient of Jy ().
If we take u € V, then the flow is defined by

{ g‘lg((;;()ulz ;]\‘fvuJa(t)(Ut(U)) ) (2.14)

Consider then the change of variable o = km with k& > 0: equation (2.14) becomes

k‘%ﬂ't(u) = _MVuJa t (kﬂ-t(u))
{ kﬁ'g(u) =ueV " (215)

and considering the linear positive homogeneity of V,J,() it can be simplified to obtain

Dy (u) = =MV Sy (e ()
{ Rolu) = ufk eV | o

which is the same equation as (2.14) with a different initial condition: then
ot(u) = km(u) = ko (u/k).
The case u € W is treated in the same way. O

2.2 Construction of the variational characterization

Now we use the results of section 2.1 to obtain a variational characterization of some parts of the Fucik
spectrum (problem (1.1)).
The result is the one stated in theorem 1.1.
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Note that in the one dimensional case, since the spectrum is known, (o™, @) may be taken anywhere
between the continuous curves arising from a point (Ag, Ax) and the ones arising from (Ag41, Ag+1); in the
multi dimensional case one has to be more careful, but ¥-connection may be assured at least for (a™,a™)
in the square (Ax_1, Aetmi1)? (being A\g—1 < Ag = ... = Mgt < Agtmr1) When it is not between (or on)
the lower and the upper curve arising from (Mg, Ag).

We will now imitate the characterization of Axy1 described in (1.8).

We fix a point (at,a™) X-connected to the diagonal between A, and A\p4; and with a™ > o™, then
we apply the results of section 2.1, obtaining the deformation 7, ,, we choose r € (0, 1], we split again
H =V &W with V = span{¢1, .., ¢} and we consider:

e The set

Qr = {u € H st /Q(uﬂ2 +r(u”)? = 1} : (2.17)

e The radial projection on @, of the set obtained in section 2.1 by the deformation of GB"C/, that is

La,r = Pr(Ta,n(aB\k/)) y (218)
where P" : u — AR Ok
e The class of maps
Lo, ={y€C%B*:Q,) s.t. y|sp: is an homeomorphism onto L, } , (2.19)

where B* = {(21...,71) € R¥ s.t. Zle z? <1}

Jo(w) :/Q(Vu)2 —oﬁ/ﬂ(uﬂ2 —of/Q(lf)2 . (2.20)

The idea now is to consider

e The functional

dor= 1inf  sup Ju(u) (2.21)
Y€ a,r ye~(BF)
and to prove that this leads to a nontrivial solution of the Fuéik problem (1.1), that is to a point in X.
We first prove that the above definitions are well posed and derive some properties of the defined sets:

Lemma 2.7. For u € Q, we have that 1 < fQ u? < 1/r.
Proof. 1= [(ut)? +r(u™)? < [(wm)?+ (u")? = [u* < (Jowm)2+rw)?)/r=1/r O
Lemma 2.8.

(i) The set Ly, is homeomorphic to OB*.

(it) Loy C Tay(V).

Proof. (i) Since 8B‘k/ is homeomorphic to 0B* and Ta,n 1S an homeomorphism, we just need to prove
that P" is an homeomorphism when restricted to 7o, (0BY}).

Toy 00 OBY has the property (see lemma 2.6) that V&€ > 0, 7, ,(€u) = €74, (u), then PT is one to one
on 7,.,(0B%) and so can be inverted.

Finally P" is continuous together with its inverse because, since aB{“/ is a compact set which does not
contain the origin, [i,(u")? +r [,(u™)? is continuous, bounded and bounded away from zero on it.

(ii) The second point is a trivial consequence of lemma 2.6.
O
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Lemma 2.9. 7,,(W) links with L, ,.

Proof. From lemma 2.5 7, ,(W) links with 7, , (OBE).

Then the claim could be false only if for some u € Ly ., £ > 0, and v € 7, (W) we had {u = v. But by
the homogeneity property of 7,,, in V and W (lemma 2.6) this would imply &(7a,,) " (u) = (7o) "t (v)
and then u = v = 0, which is impossible since u € P" (7, ,(0B%)). O

In the next three lemmas we verify the conditions for the “Linking Theorem” which will be used to
prove the criticality of d,,.

Lemma 2.10. The functional J,(u) constrained to Q, satisfies the PS condition.

Proof. Consider the sequences {u,} C Q., {8,} C R (Lagrange multipliers) and €, — 0% such that

[ —at [ —am [

| Jo Vun Vo — o [o(uh)o+a™ [q(u; v+
+ﬁ"(fﬂu:gvirugv)| < 577,HU||H, YveH .

<C (2.22)

(2.23)

Since {u,} C Q,, it is a bounded sequence in L?, and then equation (2.22) implies that it is also a
bounded sequence in H. Then there is a subsequence converging weakly in H and strongly in L? to some
u.

The L? convergence implies that u € Q,.

Taking v = u,, we get that

B+ (/Q(wnf - oﬁ/ﬂ(uzf Cam /Q(u;)2> 0. (2.24)

Then, with v = u,, — u we have

/QVunV(un —u)—a’ /Q(ui)(un —u)+a” /Q(u;)(un —u) +

(fur o [ -am [nr) ([ -) o

where all terms except the first go to zero. Then we conclude that
IVunllzz = ||Vul|z2 and then u,, — u strongly in H. O

Lemma 2.11. sup,ecopr) Ja(u) <0 Yy €Ty,

Proof. By lemma 2.5, since v(0B*) = Ly, C Ta,,(V) and then
Ja(u) < —nllullf; <o. s

Lemma 2.12. 400 > Sup, e (pt) Jo(u) > 1 >0 for each v € 'y »

Proof. By lemma 2.9 there is always a point u € y(B¥) N 7,.,,(W), and by lemma 2.5 we have in that
point J,(u) > nl|lul|%; considering lemma 2.7 and that u € Q,., this becomes > 7.
Finally it is less than +oo since each v(B*) is a compact set.
O

At this point we can state the following standard “Linking Theorem” (see for example [15]):

Proposition 2.13. The level do, > 1> 0 is a critical value for J,(u) constrained to Q.
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The importance of the criticality of the level d, , is clarified in the following proposition:

Proposition 2.14. The critical points associated to the critical value dq , are non trivial solutions of
the Fucik problem (1.1) with coefficients (AT, A7), where
A —at =dy, and X\~ —a” =rdq,,.

Proof. Criticality of v implies that there exists a Lagrange multiplier 5 € R such that

/QVqu—a*/ﬂ(zﬁ)v—ka‘/ﬂ(u‘)v—kﬁ (/Q u+v—ru_v> =0 YweH, (2.25)

but testing against u we get 8 = —d, » and so u solves
—Au=a"ut —a u +daut —do,ruT = (" Fdo)ut — (a7 +rde)u” (2.26)

in €2, with the considered boundary conditions.
Finally u is not trivial since it is in Q. O

Proposition 2.13 and 2.14 imply that the point (ot + dn,, @~ + rd,,,) belongs to the halfline
{(a™ +t,a +rt), t > 0} (since d,, > 0) and also to the Fucik spectrum; thus theorem 1.1 is proved.

Remark 2.15. We did not prove that this solution corresponds to the first intersection (that is the one
with smallest t) of the halfline with X.

Thus, even in the one dimensional case (that is when the spectrum is known), we cannot assert that
the point belongs to the continuum arising from (Agt1, Ak+1): what we can say (since do, > 0) is just
that it belongs to the continuum arising from (A, \p) for some h >k + 1.

3 The superlinear problem

3.1 Proof of theorem 1.2

Consider now the superlinear problem (1.2): the idea here is to prove the existence of a non constrained
critical point of the functional

F(u);/Ol(u/)Q;\/01u2/01G(:L',u)/01hu : (3.1)

which corresponds to a solution of the problem.
We will follow a strategy inspired by [7].
Note that H'(0,1) C €°([0, 1]) with compact inclusion and recall that in this case the asymptotes of

each ¥ with k > 2 are at A~ = % and that X, lies entirely in {A\™ > %’“}

This structure of ¥ implies that, fixed A € ()‘Tf, )‘Tl ), k > 1, it is always possible to find:

e a point (a+, a~) X-connected to the diagonal between Ay and A1 and such that a= < A,
e a § > 0 such that = < A —§ and )\—|—5<%.
Now, using the notation of section 2.2, we define, for R > 0, the family of maps
Fff ={y* €C%B" H) st. v*|pgr is an homeomorphism onto RL.r} . (3.2)

We want to prove that, for a suitable R > 0, the level

f= inf sup  F(u) (3.3)

v erf - uEy*(B*)

is a critical value for the functional F.
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Remark 3.1. In the definition of Ffji the choice of ¥ € (0,1] has no importance: it can be chosen
arbitrarily.

Using that h € L? and hypothesis (H1), we can find constants C7, Cy and C3 as follows:
e (C1(0,h) such that

1
)
‘/ b < Zlullf + C1(6,h); (34)
0
e (C5(4,g) such that
1
_ 1)
[ 6| < fl + a0 (35)
0
e for any M, C5(M, g) such that
! M
[ Gty = St - GaLg). (36)
0

To find a Generalized Mountain Pass structure we first need
Lemma 3.2. VC € R we can find R > 0 such that

sup  F(u)<C Yy Tk, (3.7)
uev*(0BF) ’

Proof. We evaluate, for u € L, 7 and p > 0,

F(pu) . /Ol(u’)2 _2 /01 u — fol G(z, pu) fol hpu

2 9 9 2 2
1 1 1 _ 1 1

< 1/ (u/)z _ é/ u? i |f0 G(l‘;—pu ) _ fo G(xzvpqu) 4 |f0 Zpu|
2 Jo 2 Jo p p p

< g far=g [ (5[ s £02)
(3 [ -SG5 e )
1/01(@/)2_)‘_‘S 1u2_% 1(u+>2+

<
- 2 2 0 2 Jo
+Ol(67h’)+02(6ag)+03(Mvg)
02
1 A=S6+M—at (1 ., A=b6—a" [' _,
e s e e e
+Cl+02+CB(M79)

2

Now if we fix M = a* — o~ and consider that J,(u) < 0 and fol u? >1on Ly, we get

F(pu) <_)\_5_O‘7+C~((5aaagvh)
P 2 p?

9
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where the first part is negative by the choice made for § and then we can find the required R, namely
R > /2C0Gagn-C) .
Next we need
Lemma 3.3.
sup  F(u) > —C1(6,h) — Ca(6,9) =1 Vy* eIE_. (3.9)

«,T
u€y* (B*)

Proof. Fix a v* € Fff.
Since v*(B*) is a compact set in a space of continuous functions, we can find

b(v*) = max{|u(z)| : x € [0,1],u € v*(B")} (3.10)

and then there exists jiy~ > 0 such that

%32 >G(x,s)—1 for all se€l0,b(y")]. (3.11)
Then
1 1 5 (1
/G(:E,u)Jr/ hu < 7/ u? + Cy(6,h) + (3.12)
0 0 4 Jo
5 L e 1
+*/ u2+02(5,g)+i/ (u+)2+/ 1,
4 Jo 2 Jo 0
and so

N |

sup  F(u) =
u€y*(B*)

o ( / W) - (4 9) / 2 e / 1<u+>2) ¥
—Cy (5, h) — Co(8,9) — 1 . (3.13)

Now if 0 € 4*(B¥) the sup on the right is clearly nonnegative.
Otherwise we can rearrange the terms in the sup on the right, adding and subtracting ot fol (ut)? +

a” fol (u™)?, defining r.« = /\ﬁ\iiiﬁ and collecting fol (uh)? + 7. fol(u’)2 > 0, obtaining

sup l ( Ja(u)
ue~* (BF) fol(u+)2+7"~/* fol(u,)z

(/01(u+)2+w /Ol(u_)2> }

Now if the sup of the first part is nonnegative, then so is all the sup.
Jo (u)
BUb SUPuey (54) Ty, - )2

equation (2.19) and (3.2), considering the definition (2.18)); then it is not lower than the value dq . .
obtained in proposition 2.13; this means that by proposition 2.14 and remark 2.15

— AN+ 0+ py _a+)> (3.14)

is equivalent to sup,c.(gr) Jo(u) for some v € I'y ;. . (compare

sup Jo(u) > AL —at (3.15)
u€y(BF)
where (\*.,A7.) € B with h >k + 1 and ¥ = 7.
T

Then remains the calculation

O —a%)— (A5 — ) = 0o —a)-(+d-a7) X.-(A+d) 5.16)

v T'Y* T’Y*
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which is positive for the choice made for 4, since the curves ¥;, with h > k + 1 have all points with

AT > Akl
.
To conclude note that in this way we eliminated the dependence from v* (and from the values which
depended upon it: ry-, )\,JYZ and /\;) in the estimates, hence the lemma is proved. O

The PS condition for F' was proved (using hypothesis (H2)) in [6] for A € (0, %2), and in [7] (using
also (H3)) for any A > 0, in the case of periodic boundary conditions, but the proof can be extended to
the Neumann case. The complete proof is given, for sake of completeness, in section 4.

Using lemma 3.2 with C' < —C1(6,h) — C5(d,g) — 1, lemma 3.3 and the PS condition, we are in the
conditions to apply a linking theorem that proves the criticality of the level f defined in equation (3.3),
and then theorem 1.2 is proved.

3.2 Proof of theorem 1.3

For the values A = % one has a kind of resonance which creates difficulties for some of the estimates;

actually the proof of lemma 3.2 can be done in the same way, choosing ¢ > 0 such that = < A — 4, but
for lemma 3.3 we cannot conclude with the same estimates since no choice of § > 0 would allow to infer
that the expression in (3.16) is not negative.

Thus in this case we need to impose also the hypothesis (HR) and we proceed using the following

estimates: )
/ G(m,u)+hu§M0/ 1,
u<—po 0

1 1
[ Gewshus sw G [ [ = Cilhg).
w€E[—po,0] ue| ] 0 0

—p0,0],2€[0,1

e [ 1 1 /1 1
/ G(Jc,u)—&—hugi/ (u+)2+/ 1—1—7/ (u+)2+f/ h;
u>0 2 Jo 0 2.Jo 2.Jo

then we get, in place of (3.12), that

1 1 i « 41 1 1 !
/ G(x,u)—&—/ hu < 77/ (u+)2+M0+C’4(h,g)+1—|—f/ h?
0 0 2 0 2Jo

and then we can estimate the sup like in (3.13) as

1 1 1 1
sup F(u) > = sup </ (u')? —)\/ u? — (py +1)/ (u+)2> +
u€vy* (B*) 2 u€y*(BF) 0 0 0
1 1
—My—1-— 5/ h?* — Cy(h,g) . (3.17)
0
After this we make the same calculations we did before, now with
T = m, to conclude that there is a point ()\j*,/\;*) €Y, with h > k+1 and if :Z+ =T
such that the sup is not negative if the following expression is not negative too: k
As—a ) —(A—a” As — A
()\;Z—a*)—()\—k,u,y*—kl—a*):(v )~ ) _ M ; (3.18)

Ty Ty

but this is actually positive since all points in ¥ with h > k + 1 have A~ > A.
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4 Proof of the PS condition

Proposition 4.1. Under hypotheses (H1), (H2) and (H3), the functional (3.1) satisfies the PS condition
for any A > 0.

First note that from hypothesis (H1) one can always make the estimates:
for any € > 0, $ € R and M € R, there exist Cps, C. € R (of course depending also on 3) such that

g(x,8) > Ms—Cuy  for s>35, (4.1)
lg(z,8)| <e(—s)+C. for s<35. 4.2
Let now {u,} C H'(0,1) be a PS sequence, i.e. there exist T > 0 and &,, — 0T such that
1 /1 \ [l 1 1
|F(un)| = ‘/ |u;\2—7/ ui—/ G(m,un)—/ hu,| <T (4.3)
2 Jo 2 Jo 0 0
1 1 1 1
[(F'(u,),v)] = / un v’ — )\/ UV —/g(x,un)v —/ ho | < enllv|l g, Yo € H. (4.4)
0 0 0 0

1. Suppose u,, is not bounded, then we can assume ||un||g: > 1, ||un|lgr — +oo and define z, =

W, so that z, is a bounded sequence in H' and we can select a subsequence such that z, — 2o
nilH

weakly in H' and strongly in L?(0,1) and C°[0, 1].

2. Claim: zg < 0.

’ +
Proof of the claim. Consider %‘
nll g
1 1 1 + 1 + +
0 0 o lunllm o |lunlla [l 1
from which
1 + 1 1 1 + +
/ glr,m)zg / 2 (=) +)\/ ontd +/ hey |y enlizg e (4.6)
o lunllm 0 0 o lunllm ([wnll

Now for any Z such that z& (z) > 0, we have that u,(z) > 0 for n large enough and then we can
use the estimate (4.1) to obtain

9(, tn) > Mz, (z) — CiM; (4.7)
[[tn| a1 [t || e
taking lim inf we get
lim inf m > Mzo(7) (4.8)
for any choice of M and then
lim 9 tn) (4.9)

n=too ||uy || g
Joining equations (4.1) and (4.2) with § =0 and divided by ||uy| g2 we get

g(w,un)

ZMzn—% where z, >0
[t [0 ot [ 0
> —e(—z,) — Hufiﬁm where z, <0
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and so
g(m,un)
l[wn ||z

CM,E

(4.10)

> —¢lzy| — )
[ | 122
Since z, is uniformly bounded (by its C° convergence) and |lu,||z: > 1, this implies that the
g(m,un)
llunll g1

(4.6) and supposing 2§ # 0

functions are bounded below uniformly so that we can use Fatou’s Lemma and get from

1 + 1 +
o n=too gl g n—+oo Jq ltn || 2
1 1 1+ n
h
< liminf< [t a| [zt 4| [ el ||H1>.
nree Ao 0 o llunllm [t | 1

The right hand side can be estimated since the first two terms are bounded by (1+\)|| 2, || 1 |25 || 210 <
1+ X and the last two clearly go to zero; then equation (4.11) gives rise to a contradiction unless
20 S 0. O

3. Claim: Using hypotheses (H2) and (H3) we obtain a constant A such that
/ 9(x, up )ty < Alltg || g (4.12)
Un >80

at least for n big enough.

Proof of the claim. Consider first |2F (uy,) — (F'(uy), un)|:

1 1
/ —2G(x,uy) + g, un)un + (1 — 2)/ hup| < 2T + ep||un| g1 (4.13)
0 0

from which

/ g(x, up)u, — 2G(z,uy) < / 2G(z,up) — gz, up)uy +

n >80 n<So

1
+ / huy| 4 2T + ep||un | g - (4.14)
0
The right hand side may be estimated as follows:
[ ]
/ 2G(z,up) — g(z, un)u, < sup  (2G(z,s) — g(z,s)s) , (4.15)
—s1<u, <sg z€[0,1], s€[—s1,s0]
e using hypothesis (H3)
/ 2G(z,up) — g(x, up)u, < 2Cy , (4.16)
up<—s1

I 01 huy,

<1l zzllunllz2 < WRll2 a2

For the left hand side we use hypothesis (H2) to obtain

(1- 29)/ § g(x, up )y < / g(x, up)un — 2G(x, up,) (4.17)

Un >80



16

EUGENIO MASSA

and then, since (1 — 26) > 0, joining all estimates from (4.14) to (4.17), we get

A A
[ gtoumn < Flunll + 5 < Al
Un >80

for some constant A.

. Claim:

1
o Munllm

Proof of the claim. Fix € > 0 and k such that % <ceand k > sp.

Estimate (4.2) shows that

1
/ lg(z, un)l S/ elun| + C: < eC l|tnll L2 n C. ’
wun<k 0

[t || e unllee = lunllar funlla

from which there exists n such that

/ Mg(@%—l)a for n>n.

l[wn| e

Since k > s¢ and using estimate (4.12), one has

/ g(w,un)g/ g(x,un)@g/ g(%un)uingégg.
wnsk Nunllmr ™ Juy sk unllme k7 Sy, sy lunlla & 7k
Then we conclude that for n > n
1
[l o,
o Mlunllm
by the arbitrariness of ¢ the claim is proved.
. Claim: X\ > 0 implies zg = 0.
Proof of the claim. For any v € H' we consider ‘7<ﬂ;(“‘r)’lv> :
nll g
1 1 1 1
h
/ Sl - )\/ - 7/ g(x, up)v 7/ v < enl|v|| g1
0 0 o lunllar  Jo lunllm [t | 1
from which
1 1 1 1
h €
/ Z;LU/—)\/ 200 S/ |g(xaun)||,u|_~_ / v n”’UHH1 :
0 0 o lunllm o lunllar ] lunllm

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

but now the right hand side goes to zero by equation (4.19), and then we get, taking limit and using

weak convergence of z,, that

1 1
/zf)v’—)\/ 200 =0 for any ve H' .
0 0

(4.26)

Since all eigenfunctions with A > 0 of the Neumann problem change sign (while zg < 0), this implies

20:0.

O
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6. Claim: wu,, is bounded.

Proof of the claim. Consider ‘M :

from which

llwnll g1
/ 22 7/ g(x,upn)zn /1 hzy, Enllznll mr (4.27)
l[wnll o lunllm l[wnll
1 1 h
/ </\/ 22 +/ lg(z, un Hzn| _|_/ Zn +6n||zn||H1 ) (4.28)
l[wn | 1 o lunllmr — Nunllm

Now using (4.19) and the fact that z, — 0 in L?, (4.28) becomes

/1(2?;)2 =0, (4.29)
0

which gives contradiction since one would get 1 = fol(zg)2 + fol 22— 0.

7. The PS condition follows now with standard calculations from the boundedness of u,,.
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