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Abstract

In this work, we consider an elliptic system of two equations in di-
mension greater than one, with nonlinearities which are linear at —co and
superlinear at +o0.

We prove, by variational techniques which involve a strongly indefi-
nite functional, the existence of two solutions for suitable forcing terms,
under a condition on the linear part which prevents resonance with the
eigenvalues of the operator.
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1 Introduction
In this work we consider the problem

—Au=au+bv+ WP+ f1+tp1 in Q
—Av=cu+dv+ Wwh)?+ fo+rp; in Q| (1.1)
u=v=0 on 00

where u (z) = max{0,u(z)}, ¢1 > 0 is the first eigenfunction of the Laplacian
with Dirichlet boundary conditions and © C RY is a smooth bounded domain
with N > 2.

The nonlinearities will be assumed both superlinear and subcritical, that is,

1 <p,q<2*—1, where 2* = 28 if N >3 and 2* = 0o if N = 2.
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Our concern with problem (1.1) is mainly motivated by the results in the
paper [1], where the scalar equation —Au = Au+ (uT)P + f + t¢; is considered,
and by the work in [2], where this result is extended to systems, but with
the terms (vT)P, (u™)? appearing in the second and first equation respectively,
instead of as they appear in (1.1). This difference, as will be shown in the
following, completely changes the variational setting of the problem, forcing us
to work with a strongly indefinite functional.

We may write (1.1) in vectorial form as

w | u (vh)P f1 t .
na 0 R R S R B R B
u=v=0 on 0f)
where A = [ (CI Z } ; we will assume that A has real eigenvalues v o = “;d +

V(5597 + be.

Throughout the paper, we will denote by 0 < A\; < Aa < A3 < .. <\ <.
the eigenvalues of —A in Hg(2) and by {;};oy the corresponding eigenfunc-
tions, taken orthogonal and normalized with [|¢;||,. =1 and ¢ > 0; by o(—A)
we will denote the spectrum of the Laplacian, that is, the set {\; : i € N}.

Our results are

Theorem 1.1. If A has real eigenvalues 112 ¢ o(—A) and f12 € L*(Q) with
s> N > 2, then there exists (to,r0) € R? such that if (t,r)! = (to,70)! + (M1 —
A) (T, p)t with 7,p < 0, then a negative solution (Upeg,Vneg) of problem (1.1)
exists.

For negative solution we intend that both Upeg, Vneg < 0 in €.

Theorem 1.2. In the same hypotheses of theorem 1.1, if moreover a = d, then
for the same vectors (t,7) € R?, a second solution exists.

Remark 1.3. The assumption a = d in the last theorem is required in order
to work with variational techniques; observe that in this case the remaining
hypotheses on A may be written as

be>0 and a=+Vbedo(=A).

1.1 Literature and techniques

The scalar counterpart of problem (1.1) is

(1.2)

—Au=Adu+ (ut)P + f+tdpr in Q
u=0 on 00

and it has been considered in many works.



For A < A it is the so called Ambrosetti-Prodi problem (first considered
in [3]) and it has zero, at least one or at least two solutions, depending on the
forcing term; in particular, it has two solutions for large negative values of ¢t and
no solution for large positive values.

For A > A1, we already cited the work [1], where it is proven that for a
continuous f there exist at least two solutions for large positive values of ¢,
provided X is not an eigenvalue. In [4], an analogous result is proven for a larger
class of nonlinearities.

It is also interesting to cite the result in [5], where the case in dimension
one is considered, and it turns out that if A € (Mg, Agt1), then at least 2k 4 2
solutions exist for ¢ > 0.

Our theorems 1.1 and 1.2 look to be the equivalent of the results in [1], in the
sense that, provided no resonance occurs with the eigenvalues of the operator,
we find a region for the parameters (¢, r) for which two solutions exist, one being
negative.

For the case of a system with the nonlinearities (v™)P, (u™)? appearing in
the second and first equation respectively, a result of existence of two solutions
for suitable values of the parameters ¢, r was obtained in [2]; the main condition
on the eigenvalues of the matrix A was 112 < Ap or v1.2 € (Mg, Akt1)-

The proof of the theorem 1.1 will be relatively simple, since for negative
solutions system (1.1) turns out to be a linear problem.

The theorem 1.2 will be proved by finding a critical point of a suitable
functional defined in section 3.2.

The techniques we will use are inspired by those in [1]. However, we will
need to adapt them to the characteristics of the functional (3.3) and of its
variational setting. For this purpose we refer to [6, 7] and we make use of
the minimax theorem for strongly indefinite functionals in [8]. Actually, one
important characteristic of systems like (1.1) is that, in order to treat them
variationally, one is led to work with a strongly indefinite functional, in the sense
that there exist two infinite dimensional subspaces of its space of definition such
that it is unbounded from above in one and from below in the other (see in the
lemma 3.4).

2 The negative solution

In this section, we will look for negative solutions, in the sense that both com-
ponents are negative: this is relatively simple since in this case the nonlinear
term disappears in (1.1).

We will need the following

Lemma 2.1. If A has real eigenvalues v19 ¢ o(—A) and f12 € L°(Q) with



s > N, then there exists a unique solution (ug,vo) of the problem
u | u f .
L B A 0 B P ¥t
u=v=0 on 0}

Moreover, we have ug,vo € CH*(Q) for a« <1— N/s.

Proof. Since A has real eigenvalues it may be reduced to its Jordan form, this
means that the equations uncouple sequentially and reduce to scalar equations,
which are uniquely solvable provided each eigenvalue of A is not in o(—A).
The hypothesis f12 € L°(Q2) implies, by regularity theory, that ug,vy €
W2s(Q) C Ch(Q) for a < 1 — N/s. O O

With this result we may obtain the negative solution:

Proof of theorem 1.1. Given fi 2, let (ug,vo) be the corresponding solution for
(2.1) and consider the problem

Sl e

by looking for a solution of the form [ g } ¢1 one obtains (Al — A) [ g } =

t . .
{ , } , and then, by superposition principle,

(MI — A)~! { Z } b1 + { Ho } (2.3)

Vg
is a solution of (1.1), provided it is non positive.
Since ug, vy € CH®, there exist finite
ag =sup{a: agr +uy <0}, Bo =sup{B: Be1+wvo <0} ;
so (2.3) is negative provided a < g and 8 < By, that is,

o (5 ] [5R )

by setting (to,70)" = (M1 — A)(ao,Bo)t, T=a—ap < 0and p= 3 — By <0,
we get the conditions in the claim. O O

3 The second solution

From now on we want to apply variational techniques, for this we will be forced
to assume a = d in the matrix A. In this case the condition for having real
eigenvalues reads bc > 0.

In order to simplify the computations of the proofs, we will exploit the
following lemma (whose proof is simply a change of unknowns).



Lemma 3.1. If (U,V) is a solution of

—AU =aU +bV/6+ (VI)P/S + (f1 + tp1)/d in
—AV =cdU +dV + 81U+ (fo +rd1) in Q (3.1)
u=v=0 on 0N

with 6 > 0, then (u,v) = (6U,V) is a solution of (1.1).

In view of this lemma, whenever b, ¢ # 0, we will consider system (3.1) with
the choice § = \/bTC, so that the two out of diagonal coefficients become equal
to v/be, a rescaling occurs for the forcing term of the first equation, and two
new positive constants appear as coefficients of the nonlinear terms; also the
case b = ¢ = 0 will fit in the following proofs without any need of the lemma
3.1, while in section 3.5 we will consider the remaining case in which one (and
only one) of the two coefficients b, ¢ is zero.

Thus, we consider from now on the system

—Au=au+bv+Ci(v")P + fi +tdp1 in Q
—Av=bu+av+ Co(um)+ fo+71d1 in Q , (3.2)
u=v=0 on 0N

where C1, Cy are two positive constants.
We will prove the following proposition:

Proposition 3.2. Let a £b & o(—A), fi2 € L*(Q) with s > N > 2 and (t,1)
as in the theorem 1.1; then there exists a second solution for system (3.2).

3.1 The minimax theorem

As anticipated in the introduction, we will find the second solution by using a
minimax theorem due to Felmer [8]. For sake of completeness, we report here
this theorem, in a form adapted to our setting.

Theorem 3.3. Let E = X ®Y be a Hilbert space and F : E — R be a C!
functional satisfying the Palais-Smale (PS) condition and having the structure
F(u) = (Lu,u)r + b(u) where
1) L: E — E is a linear, bounded and self-adjoint operator;
2)V : E — E is a compact operator;
3) the linear operator Px exp(uL) : X — X is invertible for any p > 0.
Suppose also that we have M > p >0, R >0 and z € Y with |||z =1 such
that
i) Flu) >&£>0 forue S={u: vey, |ullp=p};
it) F(u) <0 for u € 0Q where
Q={uv=w+sz: weX, ||lw|g <R, 0<s< M}
Then F possesses a critical point with critical value e > &.

The purpose of the following sections will be to provide the structure required
for the application of this theorem.



3.2 The variational structure

We consider the (Hilbert) space E = H} x H} equipped with the scalar product

<WWLWJHE=/VUVw+/VUV%

the related norm ||(u,v)||; and the bounded symmetric quadratic form
B((u,v), (w,2)) = / VuVz+ VoVw — a(uz + vw) — b(uw + vz).
Q

Let (¢,7) be as in theorem 1.1 and (Upeg, Uneg) be the corresponding negative
solution for (3.2); then it is simple to see that the functional

F:E—-R:u=(uv)— F(u) = ;B(u,u)—H(u)Z
/Vqu—f/((UQ—i—uQ)—i—Zauv)—i—

(V4 Vneg) ™ P / [(u+ tneg) ] e
-C -2 (9 3.3
! /Q p+1 g+ 1 (3.3)

is C'(E;R) and its critical points (u,v) are such that (u + Upeg, v + Vpey) are
solutions of (3.2), in particular, the origin is a critical point at level zero and
corresponds to the already found negative solution.

In order to find a orthogonal base for E which diagonalizes B, we consider,
in a way similar to what was done in [7], the eigenvalue problem

(’U,,U) el : B((U,U), (¢a 11[})) = ,LL< (uvv)’ (¢a1/}) >E V((b, 7/}) SO

this gives (use (0, ¢;) and (¢;,0) as test functions and let u;,v; be the Fourier’s
coefficients for u and v)

a—N, puN+b u; | .
e ][W]_o (i N, (3.4)

so we get nontrivial solutions when g is such that the determinant of the above
matrix is zero for some i € N. This gives (A; — a)? — (b+ A\;ju)? = 0 and so

-b+ ()\z - a)

Y (i € N);

Hti =

from (3.4) we also get the related eigenvectors ¥, which we choose such that
Waill g = 1:

(i, £6:) ,
Uy, = “TAZZ (i € N);
observe that in the case a = A;, if it occurs, we get the double eigenvalue —b/a
3 3 L (¢j)i¢j)
and we may still choose as eigenvectors ¥4 ; = Vo



With this structure we have
(Ui, U)p =6i5, B, V)) =pibij, (W, W) =X "0, (i,5€Z°
so if we write (u,v) = 3,50 ciVs, we get

||(U,U)||2E = Z C?’ B((u,v), (u,v)) = Z uiC?, ”(uvv)H[QL?}? = Z )‘;1012 :

€70 = =
(3.6)
In view of this structure we may define
Et = span{¥,;: p; >0, i € Z0},
E- = span{¥;: p; <0, i € Z%%},
E° = span{\lli u; =0, 1€ ZO},
and we have
Lemma 3.4. There exists £ > 0 such that
B(u,u) > 2¢* ||u|3, forue ET, (3.7
B(u,u) < —2§*Hu||2E forue E™ .
Moreover, if a b ¢ o(—A), then E° = {0}.
Proof. The claim is satisfied by setting
26" :=inf {|p;| + || >0, i € Z°} :
actually this is strictly positive since lim; o p; = £1.
The condition a + b ¢ o(—A) implies p; # 0 for any i € Z°. O O

For later use, we also define n such that for ¢ > 71 we have A\; — a > |b| and

En = span{¥; : |i| >n, i € Z°}, Ey=span {¥;: |i| <n, i€Z°} :
(3.9)
we have the following

Lemma 3.5. (u,v) € ET N Ey, implies w = v and (u,v) € E~ N Ey, implies
u=—uv.

Proof. Tt follows readily from the fact that for ¢ > 7 we have +pu4; > 0 and

that W, = (o0, O O

3.3 Estimates for the linking structure

In this section we will prove the estimates we need in order to apply the minimax
theorem 3.3.



Lemma 3.6. There exist p,& > 0 such that
Fu)>¢  foru=(u,v) € ET and |ju, =p.

Proof. Let u be as above: by (3.7) and the continuous embedding of H} in LI*!
and LP*! we get

1 [(v4wv p+1 (u+u ]q+1
F — —B _ neq neq
W = 3B - [l g [t
p+1 g+1
> & (lullzn + lollh) - (||v\|p+1 + [lu ||q+1)
> fully (€ - Cov) + ol (€ — Com ) (3.10)

where C' is a positive constant. Since p,q > 1, for p,£ > 0 small enough we
obtain the claim. O O

Lemma 3.7. There exists g = (g9,9) € ET(\Ep with ||g|lz =1 and ||g7 || =
+00.

Proof. Since H} is not embedded in L (here is where we need the condition
N > 2), there exists u € Hj such that ||uT||,.. = +00; by removing the
components of u in the directions of the eigenvectors ¢; with ¢ < n we maintain
this property since we simply subtract a finite linear combination of regular
functions, so we may assume that such components are zero.

Now we have that (u,u) € E* () E}, since, for i > n, ¥; = (¢;, ¢;)/+/2\; and
i > 0.

Finally, we obtain ||(g,9)||p = 1 by a suitable rescaling of (u,u). O O

Lemma 3.8. Let g = (g,9) as in the lemma above.
Then there exist R,0 > 0 with RO > p such that F(u) <0 for:

a) (u,v) € E-,

b) (u,v) =u=w+sg:weE,|w|p=R,0<s<HR,

c) (u,v)=u=w+sg: weE™, |w|g <R, s=0R,
Proof.

a) Let u € E~: by equation (3.8)

_ 1 [(0+ veg) T [(+ tneg) 117
F(u) = §B(u,u)—01/QT—CQ/Qq+—1

—¢" |lullf < 0. (3.11)

IN



b)

Let w = (w,2) € E~ with ||w||z; = R and 0 < s < §R: observe that g is
orthogonal to w, that is, (w,g)g = 0 = B(w, g); then we estimate, by
using again (3.8),

1 [(0+ Vpeg) T /[<u+une )
F = -B(wu)-C; | ——— - _ (0, | ~—— 19 1
W = GBww -y [ K p [ Lt
1 1
< 3Bwisgwtsg) = S(B(ww)+sBlg.g))
1
< =& HWH?;+5SZB(g,g). (3.12)

From this we may conclude (let By := 1B(g,g) and observe that it is
positive by equation (3.7))

F(u) < R*-¢ +6°B,). (3.13)

By fixing 6 < /&*/By, such that the last term is negative, the claim b)
is proved.

Consider now ||w||; < R, s = R, and let
BW:(Ul,UQ), PhW:(51752)7

where P}, P, are the orthogonal projections onto the spaces E; and Ej
respectively (see the definition in (3.9)). In this way, P,w € E~ [ E}, and
then it is of the form P,w = (d1,—01), by lemma 3.5.

Write now

+1
_6 ne + g
/Q[(z+9Rg+vmg)+]”“ = Rf'“/Q [(JQ;;UQJHQQ) (]3.,14)

+01+ el
(0’1 1]% Uneg+eg) (:}3715)

Since Uneg, Uneg are fixed and bounded, and o1, o2 are a linear combination
of a finite number of eigenvectors of the Laplacian, there exists a constant
C such that

/ [(w +0Rg+ Uneg)+]q+1 = R /
Q Q

[unegl; [vnegl < C/2 and oy, |02 < Clwlly /2 < CR/2;

so, for R > 1,
|Ul + uneg| |02 + vneg|
R ’ R
Moreover, since g and ¢ have already been fixed and [|g*||; = oo, we
know that

<C.

V'={xe:0g>C+1}



has positive measure; we observe that g > C + 1 implies
max {fg+d,/R} >C+1
for any function ; and any R € R: then Q" C Q% UQ*, where
QL ={zeN:0g+5/R>C+1}

(observe that both Q% depend on w and R, but * does not).

Then either |Q*| > [Q*|/2 or || > |Q2*|/2 and, as a consequence, for
any w as assumed and R > 1, one of the following two inequalities hold:

_s + + p+1
/ l<w+ﬂg> ] > |07]/2 (3.16)
Q R
+ g+1
/ (OM‘] + gg) ‘| > |Q*|/2 (3.17)
Q R

We conclude from (3.14-3.15) and (3.16-3.17) that

p+1 q+1
701 / [(,U + Uneg)Jr] . 02 / [(u + un@g)Jr] < 75 Rmin{p,q}+1 ,
Q p+1 Q q+1

where now C' > 0 does not depend on R, w.

Finally, by estimating the first terms as in point b), we get

1 ~ .
F(u) < ;B(w+0Rg w+0Rg) - ¢ prin{p.a}+1
1 .
< =& lwlh+ 50°RBlg.g) ~ C Rin{p.a}+1
< R (0B, - CRmnral-1) (3.18)

since p,q > 1, we may choose R > 1 (and also R > p/6) large enough to
make the last expression negative; this concludes the proof of the claim

c).
O O

3.4 The second solution through the minimax theorem

Now, we may prove

Proposition 3.9. There exists a critical point u € E for the functional F, with
F(u) > & >0 (and then u # (0,0), so that it is a second solution).

10



Proof. Tt is a consequence of the minimax theorem 3.3, by using the estimates
in the lemmas 3.6 and 3.8 and the PS condition in the lemma 4.1.
Actually, we set
§={uiue B |ully = p},

Q={u=w+sg: we E, |w[p <R, 0<s<0R},

and then we just need to check that also the hypotheses on the form of the
functional that are required in [8] are satisfied. This is the case if we set L(u,v) =
(v, u): this is linear, bounded, self-adjoint and P~ exp(uL) : E~ — E~ is an
invertible linear operator for any p > 0: actually, it is simple to check that L is

diagonal with respect to the base we are considering, in fact,
1 .
L‘I’iz‘:ﬂ:§‘lfﬂ (1 €N);
then exp(uL) is diagonal too and takes the form
exp(uL)Vy; = exp(tu/2)¥; (i eN),

which shows that it maps £~ onto itself and is invertible on it. O O

Now, proposition 3.9 implies proposition 3.2.

3.5 The case b =0 (or ¢ =0)

In order to complete the proof of theorem 1.2, we still need to consider the case
in which exactly one of the diagonal terms of the matrix A in system (1.1) is
zero (that is, when its eigenvalues coincide and are equal to a, but A is not
diagonal).

In this case lemma 3.1 allows us to choose the nonzero parameter (say b) as
small as desired. We will first forget about the term fQ bv?, that is we consider

B((u,v), (w,2)) = / VuVz + VoVw — a(uz + vw) (3.19)
Q

and we make the same construction as in section 3.2 in order to diagonalize B;

then we obtain the corresponding value £* of lemma 3.4 and, by virtue of lemma

3.1, we may consider the equivalent system

—Au=au+bv+Ci(vT)P + fi +td1 in Q
—Av=0+av+ Co(um)+ fo+rd1 in Q , (3.20)
u=v=20 on 0N

where we choose the rescaling parameter ¢ such that b = £*\;.
We will prove

Proposition 3.10. Let a & o(—A), b as fized above, f12 € L*(2) with s >
N > 2, and (t,r) as in the theorem 1.1, then there exists a second solution for
system (3.20).

11



Proof. Actually, a solution of (3.20) will be a critical point for the functional
1 1 )
F:E—HR:u:(u,v)»—)F(u):§B(u,u)—§ bv® — H(u) =
Q

Z/Vqu—l/(bv2+2auv)+

p+1 +1q+1
o / v +vnigl oy / u-i—uﬁgl 7] o)
p q

where the term 1 [, bv? will be considered as a (small) perturbation which we

estimate as
’ / bv?
Q

then we obtain the new version of the estimates (3.7-3.8)

2 2 2
<&M ollze < € ol < & 1(w,0)ll

B(u,u) —/ bw? > ¢ Hu||2E for u= (u,v) € BT, (3.22)
)
B(u,u) — / b? < —¢* Hu||2E for u = (u,v) € B, (3.23)
Q

which allow us to use the same arguments as in section 3.3 for this case, and
then to obtain a solution for system (3.20) through the minimax theorem 3.3.
O O

Finally, we may conclude the proof of the theorem 1.2:

Proof of theorem 1.2. The propositions 3.2 and 3.10 imply the theorem 1.2 by
virtue of the lemma 3.1. O O

4 The PS conditions

In this section we will prove the PS conditions, which was required for the
application of theorem 3.3.

Lemma 4.1 (PS condition). Under the considered hypotheses, the functional F
satisfies the PS condition, that is, let €, be a sequence of positive reals converging
to zero and {u,}, .y € E be such that

[F(u,)| < T, (4.1)

[F'(un)[¢,¢]| < en (@ 9)lp V(d9) €E - (4.2)

then {u,} admits a convergent subsequence.

12



Proof. Equations (4.1-4.2) read

[F(un)| =

1 1
lﬁ(u u,) — 1 / (V5 + Vneg) 1T — C’z/ [(tn + tineg) 1"

(un)[¢ Y] = (um (¢,9)) + —C4 / [(Un + U7Leg)+]p Y+

Q

e / [(tn + tuneg) )76 < en (6, 0) | V(b 9) €E, (44)
Q

where we are denoting by B the form B plus, in the case of functional (3.21),
the term fﬂ bv; also, since this does not affect the proof at all, we will assume
C =

First, we want to prove that |u,| 5 is bounded; so we consider for sake of
contradiction a subsequence such that |[u,||z — oo and we define (U,,V,) =

(""’”’;), so that (up to a further subsequence) (U,,V,) — (U,V) weakly in E

llunl

and strongly in [L"]? for r < 2*.
Now observe that

/ [(vn + vneg)+]pvn = / [(vn + Uneg)+]p+1 + [(vn + vneg)+]p (—Vneg)
Q Q

(and an analogous relation holds for the term in w,); then, by considering
F(u,) — %F’(un)[un], we get

() ot
+ (; — qj_1> /Q [(un + uneg)+]q+1 + %/Q (V5 + Vneg) T]” (—neg)+

1
=+ 5/ [(un + uneg)ﬂq (_uneg) <T+e, ”un”E ;o (4.5)
Q

by observing that each term in the expression above is nonnegative, we conclude
that the estimate from above holds for each of them, and then

1 +1 1 41
||u7l||E’ /Q [(v’ﬂ + UTLEg)J’_]p - O ’ HunHE /Q [(un + uneg)+]q — 0 . (46)
For any (¢,%) € E we get, by considering W

B(Un, Vi), (6, 1)) — /Q [on + vneg) " / Woam +uneg) 1" oy

[l [l g

13



which, by using the weak convergence of (U,,V,,) and (4.6), implies that

B((U, V), (¢,4)) = 0; (4.8)

this means that (U, V) is a solution of —A(U, V)! = A(U, V)!, but then it is zero
by our assumptions on the eigenvalues of the matrix A (see the lemma 2.1).

Now consider L
H un H E

N +1P +14
Bmmwmwam»—/Kﬁi@@i%h—/ﬁﬁi@ﬂu4@%m
Q [unl g Q lunl g

which implies B((Un, Vi), (Vi Uy)) — 0 and then [, |[VU,|?> +|VV,|*> — 0; but
this gives rise to a contradiction since by definition we have [, |[VU,[*+|VV,|* =
I, 0) [ = 1.

We conclude that ||u,|| 5 is bounded.

It is now simple to see that u, admits a convergent subsequence. In fact,
up to a subsequence, (u,,v,) — (u,v) weakly in E and strongly in [L"]? for
r < 2%, then we may consider F'(uy, vp)[vn — v, Uy, — u] to obtain

/ Vu,V(un, —u) + Vo, V(v, —v) =0, (4.9)
Q

which implies that the convergence is in fact strong. O O
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