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Problem and results'

In this work we consider the problem

2

—Au=au+bv+ (vT)P+ f1 +tp1 in Q
§ —Av=cu+dv+ (u)?+ fo+rp; in (S)
u=uv=>0 on Of)

\

where:

e x 7 = max{0, z},

e ¢1 > 0 is the first eigenfunction of —A in HJ (),
e O C RY is a smooth bounded domain with N > 2.
ol <pg<2*—-1

a b
c d
has real eigenvalues v1 o & o(—A) and fio € L5(Q) with
s > N > 2, then there exists (tg,m9) € R? such that if
(t, )t = (to,r0)" + (NI — A)(7, p)t with 7,p < 0, then a
negative solution (Uneg,Vneq) of problem (S) exists.

Theorem 1. In the above hypotheses, if A =

Theorem 2. In the same hypotheses of theorem 1, if
moreover a = d, then for the same vectors (t,r) € R?, a

second solution exists.
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Motivations: scalar problem'

The scalar counterpart of problem (S):

—Au=Xu+ (ut)P+ f+tp; in Q
u =20 on 0Of)

A < A1 | Ambrosetti-Prodi, On the inversion of some differen-

tiable mappings with singularities between Banach spaces,

Ann. Mat. Pura Appl. (4) 93 (1972), 231-246. and

many others.

Two solutions for t << 0.

(first is negative and a minimum, then moun-

tain pass theorem).

A > A1 | B. Ruf, P. N. Srikanth, Multiplicity results for superlin-

ear elliptic problems with partial interference with the

spectrum, J. Math. Anal. Appl. 118 (1) (1986) 15-23.

Two solutions for A € o(—A) and ¢t >> 0.

(first is negative but not a minimum, then link-

ing theorem).



e <A< g1




Motivations: gradient system'

For the system

(

—Au=au+bv+ (uT)P + f1 +tp1 in Q
¢ “Av=cut+dv+ v+ fo+rd; in
u=1v=0>0 on Of)

\

F.R. Pereira, Problemas do tipo Ambrosetti-Prodi para sistemas
envolvendo expoentes subcritico e critico, Ph.D. thesis, UNICAMP,
Brasil (2005).

two solutions for suitable values of the parameters t, r.

If 1 o < A1, then one negative solution which is a minimum

and second through MP theorem.

If 19 € (Mg, Ag+1), then one negative solution and sec-
ond through linking theorem.

Observe that for this system one uses a functional with
principal part | [, |Vul? 4+ |Vo|?

With system (S) the principal partis| |, VuVuv |: strongly

indefinite.

Then we will never have minimum: we will need a link-

ing theorem with infinite dimensional negative space.
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The negative solution'

u u J1 t .
—A = A -+ -+ o1 in )

{ v v J2 r

Consider

u=v=20 on 0Of)

If A has real eigenvalues 11 o € o(—A) then there exists

a | unique solution (ug,vg) | for the case t = r = 0.

Since f1 2 € L*(2) with s > N, we have | ug, vg € C1*(Q)
for « <1 — N/s.

U

Vo

is a solution of (S), provided it is non positive.

Then by superposition

(>\1I—A)_1 |: ' :| o1 +

This results in the condition in theorem 1:
t t

] _ l R O [ "
r 0

with 7,p <0
P




An equivalent problem'

Now let a = d and bc > 0.
Lemma. If (U, V) is a solution of

(AU =aU+bV/5+ (VPS5 + (f1 +td1)/5 in Q

§ —AV =cU +dV +69(UT) + (fa +ro1) in Q
on 0f

\ u=v=20

with 6 > 0, then (u,v) = (6U, V) is a solution of (S).

Thus, we consider from now on the system

( —~Au=au+bv+Ci(vT)P + f1 +td1 in Q

§ —Av=butav+Cy(um)i+ fo+rp1 in
on Of)

(5)

u=v=20
\

Then the eigenvalues of A are |v1 3 =a=£b

Remark 3. a = d by hypothesis in theorem 2.

bc > 0 since A has real eigenvalues.
The case c =0 or b =0 1s just slightly different.



The functional '

We will work in the Hilbert space | E = H}(Q) x Hj(Q)
equipped with the norm ||(u,v)||% = [ |Vu|? 4 |Vv|?

~.

Let (Uneg, Uneg) be the negative solution, and consider
F:FE—-R:u=(u,v)— F(u) =
/ Vu Vv — = / (b(v* +u®) 4 2auv)

+1 +1
_ Cl / v+ Un69)+]p . CQ/ [(U + uneg)+]q
Q p+1 Q qg+1

o I is C}(E;R)

o (u,v) critical for F' implies| (4 + Uneg, U 4 Uneg) solution

of (S%).
e (0,0) is critical at level 0, and corresponds to the neg-

ative solution.



The minimax theorem of Felmer'

We will use the following minimax theorem:

Theorem 4. (From P. L. Felmer, Periodic solutions of “su-
perquadratic” Hamiltonian systems, J. Differential Equations 102 (1)
(1993) 188-207.)

Let E =X @®Y be a Hilbert space;

F: E — R such that

1) F is a C functional,

2) F satisfies the Palais-Smale (PS) condition,

3) F' have the structure F(u) = (Lu,u)p + b(u) where:
3a) L : E — FE is linear, bounded and self-adjoint,

3b) b : E— E is compact,

3c) Px exp(pul) : X — X is invertible for any p > 0.

Moreover, exist R,0,p > 0 with RO > p and g € Y with
gl =1 such that:

i) F(u) >€>0 forue S={u: uvey, ||ul|p=p};
it) F'(u) <0 for u € 0Q where

Q={u=w+sg: welX, |w|g <R, 0<s< RO}.

Then|3du € E: F'(u) =0 and F(u) > &
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The variational setting'

Let

B((u,v),(w,z)):/QVqu+Vva—a(uz+vw)—b(uw+vz)

We look for a E-orthogonal base which diagonalizes B,
so we consider

(w,v) € £ B((u,v), (¢, 9)) = p{(u,v), (¢, 9))p V(o,9) € E
and we obtain two sequences:

_ =b+(Xi—a) (+i, +¢5)

Hti = Y (— +1) Vi = VoW (i € N);
_—b=(Ai—a) _  (+9i—9i) . ,
H—i = >\z (_> 1) \Ij—l - \/2—>\Z (?’ € N) )

(normalization ||W4;||, = 1)

[see Hulshof, van der Vorst; de Figueiredo, Felmer]

10



—b+ (\i —a) (+i, +i
i = — 41 v, =
Pt N, (= +1) + oM
B — — —1 v_, =
T Y ( ) ¥
(normalization ||W4;||, = 1)
We observe:
e for ¢ large, | py; > 01, [pu_; <O

e for any 7 € N,

U ; equal components |, | ¥_; opposite components

~ o

eforat+bdo(—A),||utri|>28*>0|
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We define two different splits of E:
Let m be such that if ¢ > n then \; — a > |b| and

E, = span{¥;: |i|>n, i € Z},
E;, = span {\Ijz : ’7’| <n, i€ ZO} ’
ET = span {\Ifz Dopg >0, 1€ ZO}?
- = span {\IJZ oy < O, 1 E ZO})

we have the following

Lemma. There exists £ > 0 such that

B(u,u) > 2" ||Jul|%, forue E*T,
B(u,u) < —2¢* ||lul|7, forue E~.

o (u,v) € ET N Ey), implies[u=v
e (u,v) € E~ N Ey implies|u = —v

o [ 1s| finite dimensional
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Lemma. There ezists|g = (g,9) € E*( En | with

lglly =1 and|[lg™ | e = +o0|

Lemma. There exist p,& > 0 such that
1)|F(u) > ¢ | foru= (u,v) € ET and ||ullz =p.

Useu € ET and Hy < LPYY LI where p,q > 1.

Lemma. Let g = (g,9g) as in the lemma above.

Then there exist R, 0 > 0 with RO > p such that| F'(u) < 0

for:

a) (u,v) € £,
Just use (u,v) € E~.

b) (u,v) =u=w+sg:weE , |w|lg=R 0<s<
OR,
Use B(w,g) =0 and
F(u,v) < L(B(w,w) + *B(g, g)) <
< RA(—&+ HQ%B(g,g)): then | fix © small |.

c) (u,v) =u=w+sg:weE, ||w|; <R, s=0R,

more difficult...
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u=(u,v) = (w,2) + RO(g,9),  |lw,zllp <R

E~>w=(w,z)=(01,02) + (01,—071) :
(01,02) € E-NE;, (01,—01) € E- NE}

SO
— — _|_1
— 9 + +1P
< g T Uneg 1: Z - g )
[( +0R g+ )—}—]p—l— Rp+1 2 1 neg ny
Q Q| R |
_ 1 q+1
51 4 Une +1°
/ [(w+9Rg+un€g)+]q+1:RQ+1/ <01+ 1R+u Z +09> ;
Y Y

[Unegl, [Unegl < C/2 and o], |o2] < Cllwl[z /2 < CR/2;
so, for R > 1,

‘0-1 + uneg| |02 + Uneg|

c.
R ' R =

V" ={reQ:0g>C+1} has positive measure;

0g > C+1 = max{lg+d6,/R} >C+1 Vé € Hj, RcR
then Q* C Q7 U Q" | where

P ={reQ:0gt6/R>C+1}
Then either |Q* | > |Q*]/2 or |24 | > |Q*|/2
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Then one of the following two inequalities hold:

5 X + p+1
/ [(0-2 1 ’Uneg —|—(99> ] Z ‘Q*’/Q
O R
+1
51 + e s
O R

We conclude that

_ Cl / [('U + Uneg)+]p+1 . 02/ [(U + un69)+]q+1
Q p+1 Q q+1

< _C pmin{p,q}+1 ’

where now C' > 0 does not depend on R, w.

Finally,
F(u) < %B(W + 0Rg, w + 0Rg) — O R™in{p,q}+1
< g lwlk + 0B B(g.g) - O R
< R? (9239 _ 5Rmin{p,q}—1>

Then | fix R large |
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Interesting questions I

e Can we do it for more general nonlinearities?
e Can we do it with p, ¢ below the critical hyperbola?

e Can we do it in the critical case?
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