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Abstract

In the first part of this paper a variational characterization of parts of the Fucik spectrum
for the p-Laplacian in an interval is given. The proof uses a linking theorem on suitably
constructed sets in W'?(0, 1).

In the second part, a superlinear equation with Neumann boundary conditions on an
interval is considered, where the nonlinearity intersects all but the first eigenvalues. It is
proved that under certain conditions this equation is solvable for arbitrary forcing terms. The
proof uses a comparison of the minimax levels of the functional associated to this equation
with suitable minimax values related to the Fuéik spectrum.

1 Introduction

The main theme of this paper is the following superlinear equation with the p-Laplacian operator:

—[(W)) = Mp(u) + g(z,u) + h(z) in (0,1)
W' (0) =4 (1) =0

(1.1)

*AMS Subject Classification: 34L30 (49J35)
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|s[P=2s s#0
where (s) = ,p>1,
0 s=0
€ C°([0,1] x R),
g€ C°([0,1] xB) -
limg_y o gf;‘;) =0, lims,ieo g(?;s)) = 400

uniformly with respect to « € [0,1] and h € L9([0,1]), with 1/p+1/g = 1.
In order to study problem (1.1) we will consider also the following Fuéik problem with Neumann
boundary conditions in dimension 1:

—[@")] = A p(ut) = A"p(u) in (0,1)
@(0) = /(1) = 0

, (1.2)

where v (z) = max{0,u(x)} and v~ (z) = max{0, —u(z)}.

The notion of Fuéik spectrum was introduced in [10] and [5] for the linear operator (that is
the case p = 2), and it was extended to the p-Laplacian by many authors; it is defined as the set
¥ C R? of the points (A\*, A7) for which there exists a non trivial solution of problem (1.2).

To know the Fucik spectrum is important in many applications, for example in the study of
problems with nonlinearities which have the same order of growth as v (s) at both +0o0 and —oo,
but with different multiplicative coefficients: if the coefficients correspond to a point (AT, A7)
which is not in the Fucik spectrum, then it is possible to guarantee a priori estimates for the
solutions and the PS condition for the associated functional.

If one has also a variational characterization of this spectrum, then other interesting results can
be obtained, cf. [3] for the p-Laplacian and [6, 8, 4, 13] for analogous results with the Laplacian
operator. However [3] deals only with the first nontrivial curve of the Fuéik spectrum.

In the one dimensional case the Fucik spectrum for the p-Laplacian may be exactly calculated
(see section 2.1.1) and it is composed of a sequence of disjoint curves (we will call them X,
k =1,2,..). Taking advantage of this fact, we will derive a variational characterization of points
lying on one of the curves ¥j with £ > 3, in particular we will prove:

Theorem 1.1. Let a™ > a~ and (at,a™) € Xa, then we can find and characterize variationally
an intersection of the halfline {(a* +t,a™ +rt), t > 0} with the Fuéik spectrum, for each value of
r € (0,1].

The cases ™ < a~ and r € [1,400) can be done in a similar way.

Then, exploiting the variational characterization of these points on the Fuéik spectrum, we will
prove existence results for problem (1.1) when A lies between the asymptotes of the second and
the third curve of the Fuéik spectrum. The proof uses the variational characterization to make
a comparison of these minimax levels with those of the functional associated to problem (1.1), in
order to prove the existence of a linking structure for this last functional.
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Some hypotheses on the growth at infinity of the nonlinearity g will be needed in order to obtain
the PS condition for the functional associated to problem (1.1): defining G(z,s) = [; g(x,£)d¢,
we ask

1
30 e (O, p) ,80 >0 s.it. 0 < G(x,8) <Osg(x,s) Vs> sp; (H2)

1
ds1 >0, Cp >0 s.t. G(z,s) < ];sg(x,s) +Cy Vs< —s1. (H3)

Moreover for certain “resonant” values of the parameter A, we will need the nonresonance
condition

dpg >0, MpeR s.t. G(z,s)+ h(z)s < My ae. z€l0,1], Vs < —pg. (HR)

The exact statement of the results is this: let {\™ = A} } be the asymptote of the curve ¥, of
the Fuéik spectrum for problem (1.2), then:

Theorem 1.2. Under hypotheses (H1), (H2) and (HS3), if p > 2 and X € (A5, \}), then there exists
a solution of problem (1.1) for all h € L9(0,1), where 1% + % =1.

Theorem 1.3. Under hypotheses (H1), (H2), (H3) and (HR), with p > 2, h € L9(0,1) where
% + % =1, if A= X} fori=2 ori=23, then there exists a solution of problem (1.1).

Remark 1.4. The hypotheses (H1) to (H3) are satisfied for example by the function g(x,s) = e*;
in this case, in order to satisfy also (HR) we will also need the condition h(z) > 0 a.e.
Another example of a nonlinearity satisfying also (HR) and where there is some more freedom

on h, is when g behaves at —oc as |s|® with § € (0,p — 1), so that h may be chosen arbitrarily in
L*>(0,1).

Theorem 1.2 extends the result obtained in [21], where the existence is proved for A € (0, A}).
The result in [21] was derived for the Laplacian operator (a similar result was obtained in [7]) and
then extended in a straightforward way to the p-Laplacian case.

In [13] we extended the result for the Laplacian to higher values of the parameter A by making
use of a variational characterization of the Fué¢ik spectrum of the Laplacian, however this variational
characterization fails for p # 2 since it relies on the Hilbert space structure of W2

Theorem 1.3 deals with some kind of resonance (as will be clear from the proofs below); the
analogue for p = 2 was obtained in [13] for any A; while, under different hypotheses, in [7] and
[17] the case A} and A} respectively were considered.

For what concerns the variational characterization of the Fucik spectrum for the p-Laplacian
we cite [3], where the second curve in any spatial dimension is characterized.

Another interesting variational characterization of the Fucik spectrum for the p-Laplacian is
given in [15], where some pieces of the spectrum near the diagonal are characterized.

Other characterizations, for the linear case p = 2, may be found in [8, 6, 20, 13].
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1.1 Description of the paper

If we consider the linear case p = 2, let  be a bounded domain in RY and denote by0< A <X <
A3 < ... < Mg < ... the eigenvalues of —A in W2(Q) and with (¢, k =1,2,..) the corresponding
eigenfunctions; then given a point a € (Mg, Ag+1) and the functional J, : WH2(Q) — R

Ja(u):/Q\Vu\z—a/QuQ ) (1.3)

we have a natural splitting W'2(Q) = V @ Z, where V = span{¢1, .., ox. }.
Taking OBy to be the boundary of the unit ball in the L? norm in V, one knows that there
exists p > 0 such that

Jo(u) < —p <0 for all u € OBy (1.4)
u) >

Ja( u||u||i1 >0 foralue Z,

and that the two sets link (for a definition of the concept of linking see for example [18]).
The existence of this structure allows to characterize the eigenvalue A,y as

Met1 =a+ inf  sup J,(u) , (1.6)
7€ uey(BY)

where the family I' is defined as

I'={yeC%B"* dB2) s.t. y|ppr is a homeomorphism onto OBy}, (1.7)

By2 denoting the unit ball in L?>-norm in W2 and B¥ = {(xl,:rk) eRF st Zf:l z? < 1}.
In [13] we derived a deformation of the above structure to obtain a characterization of the Fuéik
spectrum.
In the case p # 2 we have no more the Hilbert structure for the space WP, But, for k = 1, 2,
we will build suitable sets to play the same role as By for the functional

Jo(u) :/Q|Vu|pfa+/g(u+)pfa*/g(u*)p , (1.8)

for a suitable (a*,a™) € R?, in order to characterize a point in the Fuéik spectrum on the second
curve and then another one above it.

In particular (see section 3), we will first reformulate in a somewhat different way the variational
characterization of the second curve of the Fuéik spectrum of the p-Laplacian obtained in [3] (in
this part we can still work in any spatial dimension with both Neumann or Dirichlet boundary
conditions); then, using this last characterization and restricting to the one dimensional Neumann
problem, we will obtain (in section 3.3) the variational characterization claimed in theorem 1.1.

Finally, having recovered a variational characterization as in [13], we may apply it to the “i-
superlinear” problem (1.1) when A is between the asymptotes of ¥y and X5 or coincides with one
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of them (resonant case): in section 4, a comparison of the obtained minimax levels with those of
the functional associated to problem (1.1) will allow to prove the existence of a linking structure
for this last functional, and then to prove theorem 1.2 and 1.3.

In section 5 the complete proof of the PS condition for the functional associated to problem
(1.1) is reported. We remark that this proof is the only point in which we use the hypothesis p > 2
which appears in theorems 1.2 and 1.3.

2 The p-Laplacian operator
2.1 The eigenvalue and Fucik problems
The “natural” eigenvalue problem for the p-Laplacian operator is

=V [p(Vu)] = Mp(u)  in Q
Bu=0 in OS2

(2.1)

where Bu = 0 represents Neumann or Dirichlet boundary conditions. Actually the two sides of
the equation have the same degree of homogeneity and so if @ is a nontrivial solution then so is tu
for each ¢t € R. In this sense we will call in the following “i-linear” the rate of growth of ¢ and
“ip-superlinear” (resp. “i-sublinear”) the higher (resp. lower) rates of growth.

Much less is known about this eigenvalue problem than in the case p = 2.

For the Dirichlet problem (but the same proofs may be adapted to the Neumann case) it is
known (see [1] and [11]) that there exists a first eigenvalue A1, that it is simple and isolated and
that the related eigenfunction ¢; does not change sign; moreover this first eigenvalue may be
characterized as’

A1 = inf {/ [VulP : uweW; |lull, = 1} . (2.2)
Q
Then there exists a diverging sequence of eigenvalues which may be characterized variationally

(see [15]), but it is not clear in general whether there exist other eigenvalues or not.

In an analogous way the natural formulation of the Fuéik problem is

=V [(Vu)] = AP (ub) = A"P(u™)  in Q
Bu=0 in 0f)

(2.3)

2.1.1 The one dimensional Neumann case

The one dimensional Neumann case is studied in [9] and [19], where it is shown that both the usual
and the Fucik spectrum have the same qualitative shape as in the linear case: this is due to the
possibility to use as in the linear case the uniqueness of the solution of the initial value problem.

IHere and in the following we denote by W the space W1P(Q) or VVOl’p(Q)7 depending on the boundary conditions
under consideration.
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In particular, the eigenvalues are all simple and form a discrete and diverging sequence 0 = Ay <
A2 < A3 < ..., where the corresponding eigenfunctions (which will be denoted by ¢y, k = 1,2,3...
and chosen such that ||¢x||;, = 1 and ¢1 = const > 0) change sign k—1 times; the Fu¢ik spectrum is
composed by monotone decreasing curves arising from the diagonal points (Ag, Ax) with £ = 2,3, ...
(we will call ) each of these curves), and by the two lines {A\™ = A1} and {A\~ = A1} (which we
will call 31): here too the corresponding nontrivial solutions change sign k — 1 times and may be
divided into the two positive homogeneous families of solutions which are positive or negative in
0. In particular the nontrivial solutions corresponding to a point in the curve X5 are composed by
a positive half-bump followed by a negative one and viceversa.

Another property which we will use is that each curve X, with & > 2 lies completely in the
quadrant A* > A# and admits the asymptotes {A\* = A;}, the values A} being distinct (and
increasing in k).

Remark 2.1. The values A\, and A}, may be explicitly written, following [19] and [12]:

M= ((k=1D)m)" and X = ((k— 1)%)13 : (2.4)

where m, =

2.2 Some useful lemmas

We give the following lemmas, which will be used repeatedly throughout the proofs; their proof
is just an application of Holder’s inequality. From now on we will denote by ¢ = pf 7 the dual
exponent of p.

Lemma 2.2. u € LP(2) implies Y(u) € LI(Q) and || (u)] o = ||u||’£;1.

Corollary 2.3. For u,v € LP(Q), we have ¢(u)v € L' and we may estimate
[ vt
Q

Lemma 2.4. u, — u in LP(Q) implies [, (un)v = [, ¥ (u)v for allv e LP.

-1
<l vl - (2.5)

Moreover

Proof. Since u,, — u in LP up to a subsequence we have convergence almost everywhere and we
may find a function k € LP such that |u,| < k a.e, so that |¢(u,)v| < k[P~ v| which is a L?
function by the previous lemma, and so the dominated convergence theorem gives fQ Y(up)v —
fQ 1(u)v. This procedure may be applied to any subsequence and then the result is true also
without passing to a subsequence. O

In the course of the following sections we will use several times the fact that the operator
T:W — W* defined as (T'u,v) = [, ¥(Vu)Vv satisfies the following property S7:

Definition 2.5. The operator T': E — E* has the property ST if
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up, = u and limsup, ,, (Tu, — Tu,up, —u) <0 implies U, — u.

Remark that condition limsup,,_, .o (Tuy, — T'u,u, —u) < 0 may be replaced by
limsup,, , 4 oo (T'Un, uy, — u) < 0, since by weak convergence lim,,_, y o (T, uy, — u) = 0.
For the proof of this property see for example [16].

3 Variational characterization of parts of the Fucik spec-
trum of the p-Laplacian

In this section we will obtain the claimed variational characterization of the Fué¢ik spectrum.

3.1 Some preliminary lemmas

Let us consider, for a given point (a™,a~) € R? and r € (0,1], the functional

Jofw) = [ 1vul —a* [ @y —a” [ @y (3.1)

and the manifold
Qr = {u eW sit. Vi(u)= /(u+)p +ru )P = } . (3.2)
Q
Remark 3.1. Note that the functional (resp. the manifold) are of class C* for p > 2, C' but not
CHY for p € (1,2), while for p = 2 they are C*', but not C? unless a™ = a~ (resp. r =1).

Definition 3.2. For the derivative of the functional J, restricted to Q, we will consider the norm
76w« = infrer |6 (u) — tV(w)]lyy. -

Lemma 3.3. For u € Q, we have that 1 < [ [ul? < 1/r.
Proof. 1= [o(ut)? +r(u™)? < [o(wh)P 4+ (u™)? = [, |ulP < ([ou)P +r(w™)?) /r=1/r. O

In the following we will also need some sort of PS condition: for p < 2 we need a stronger
property, actually (see [2]) if @, is just of class C!, in order to use a deformation lemma we need
to prove the existence of a converging subsequence for any PS-sequence {u, } where u,, € Q%~, 6,
being any sequence such that &, — 0 and Q%" = {u € W s.t. V;.(u) = 1+ 6, }.

Lemma 3.4. The functional J, constrained to @, satisfies the PS condition.

Proof. We take two sequences &, — 0 and €, — 07, a sequence {u,} C Q% and a sequence

{Bn} C R, such that
V| — oﬁ/ P — or/ e (3.3)
Q Q Q
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Aww%WW%ﬁA¢mmwﬂﬁLw%w+m(Lw%w—wmuﬁ\s
<en|vlly, YveW. (3.4)

Since {u,} € Q°%, it is bounded in LP, and then by equation (3.3) it is also bounded in W.

r o9

Then, up to a subsequence, u,, converges weakly in W and strongly in L to some u.
The LP convergence implies that u € Q..
Taking v = u,, we get that

p_ o7t +ip _ 5 —|p
</Q|Vun| « /Q|un| « /Q|un| >—|—(1+(5n)ﬁn—>0. (3.5)

Finally with v = u,, — u we have

U, Up — U —at ul Up — U a U, Uy — U .
Aww )V (i — u) Awnx )+ Awmm )+ (39)

_ </Q|Vunlp_a+/g|u:;|17 _a—/ﬂ|u;|p> </Q(1/)(U:§) e _u)> o

where (estimating with equation (2.5)) all terms except the first goes to zero and then we conclude
that u, — u strongly in W by the property S™ of the p-Laplacian. O

Finally it will be crucial in the following that:

Proposition 3.5. The critical points, at some level ¢, of J, constrained to Q, are non trivial
solutions of the Fuéik problem (2.3) with coefficients (A\T,\7) = (a® + ¢,a™ + rc), that is the
criticality of ¢ implies that (o + c¢,a™ +rc) € 2.

Proof. The criticality of u implies that there exists the Lagrange multiplier 5 € R such that

/ P(Vu)Vo — oz+/ Y +a” / Y ) v+ B (/ P(uT)v — r¢(u)v) =0 YweW . (3.7)
Q Q Q Q
Testing against u we get § = —c and so u solves
—Apu=atPput) —a Pu”) +cp(ut) —erp(u”) = (o +)P(ut) — (= +re)p(uT)  (3.8)
in 2, with the considered boundary conditions.
Finally u is not trivial since it is in @, O
3.2 First nontrivial curve

First we will reformulate in a slightly different way the variational characterization of the second
curve of the Fuéik spectrum of the p-Laplacian, made in [3].
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In this part we can still work in any spatial dimension with both Neumann or Dirichlet boundary
conditions.

Consider, for a given r € (0, 1],

dy,r = _inf sup  Jy, (u) 3.9
o =l s L (u) (3.9)

where

JAl(u):/Q\Vu|p—)\1/Q|u\p7 (3.10)

Ty, »=10€C0,1];Q,) s.t. 5(0) = ¢1, 5(1):—ﬂ . (3.11)
’ o
In the next two lemmas we prove the existence of a linking structure for the functional (3.10).

Lemma 3.6. sup,cs(fo,13) In (1) <0, V6 € Ty, .
Proof. One needs only to note that Jy, (¢1) = Jy, (—%) =0. O

Lemma 3.7. 400 > dy, » = infser, | » SUPyes(j0,1]) S (w) > 0.

Proof. Tt is less than 400 since each 6([0,1]) is a compact set.

Proposition 3.5 implies that the only critical points at level 0 on @, are z; = ¢ and z3 = —%/1;:
let d be the distance between them.

Since Jy, (u) > 0 in @, by the variational characterization of A1, we have dy, , > 0.

Now suppose by contradiction that dy, , = 0: then for any sequence of positive reals ¢,, — 0
there would exist a sequence {4, } C Ty, , such that

sup  Jy, (u) <en, (3.12)
u€6,([0,1])

and then also a sequence {u,} C Q, such that
(1a) up € 6,(]0,1]), and then Jy, (un) < &y, .
(2a) |lun — zil|ly, > d/4 fori=1,2.

Since inf,eq, Jx, (v) = 0 we are in the conditions to apply the Ekeland variational principle to
each u,, obtaining a sequence {w,} C @, such that

(Ib) 0 < Jx, (wy) < Jx, (un) < €n,
(2b) [lun = wnlly < VEn,
(3b) (175, (wn)ll« < /2n -
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But then w,, would be a PS sequence for J, constrained to @, and so it would have a subsequence
converging to one of the critical points at level 0 (27 or 29), which is impossible considering
properties (2a) and (2b).

We conclude then that dy, , > 0.

Combining the previous two lemmas, the PS condition in lemma 3.4 and proposition 3.5, we
can assert by a classical linking theorem (see for example [18]), that

Theorem 3.8. The level dy, . is critical for Jx,(u) constrained to Q.. That is the point (A +
d>\1,7“a)\1 + ’I“d)\h,«) €.

Moreover we will see in remark 3.10 that, in the one dimensional Neumann case, this is actually
the first intersection with the Fuéik spectrum of the halfline {(A; + ¢, Ay + rt), t > 0}.

As announced before, this is nothing but a different formulation of the variational characteri-
zation in [3], however it is in a useful form to be used in the following.

3.3 Third (or higher) curve for the Neumann problem in one dimension

Now we consider the one dimensional Neumann case: we want to make one more step in the
characterization of the Fuc¢ik spectrum.

The idea we are going to apply is to “build” a suitable set homeomorphic to B2 to be used
as OBy in equation (1.7) in order to recover (partially) a variational characterization as in [13].

3.3.1 Construction of the set L, .,

We fix a point (a*, ™) on the curve ¥p with a™ > a™.

We define r = g;:ii = %+, we call u, one of the two solutions in @, of the Fucik problem
(1.2) with coefficients (a*,a™), and %, the other one (namely Uy (z) = un(1l — z)).

Then we consider the functional

Jo(u) = /01 |u'|P — ot /Ol(zﬁ)p —a” /Ol(u)p : (3.13)

Observe that for u € Q,, we have:

Jo(u) = Jy, (u) — (@™ = Ay) (3.14)

and so
inf sup  Jo(u) =dy, r — (@7 = A1) >0; (3.15)
0€lxy,m1 wes(]0,1])
actually it is not lower than zero since we chose (o™, a™) € ¥3 and so the point (A; + dx,ry M1+
rdy,,) found in theorem 3.8 has to be (a,a™) itself or a point on a higher curve, implying
dAlﬂ“l Z OéJr — )\1.
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Reasoning in the same way we have also, by lemma 3.6,

sup  Ju(u)=—(aT —X;) <0. (3.16)
u€s({0;1})

Now we look for a special § € I'y, ,, such that J,(u)|so0,1) < 0: we will build the image of this
~—~ = = —— — 1

§ as follows: take the path l on Q,,: ¢4} U Gt ug U ug(—1,) U (—i, ) ——
AVAR!

and the four arcs are taken projecting onto @, the segment that joins the two

.
it = U
where g =

U

- U,
o wfluall,’
edges (note that these segments never pass through zero).

In the following lemma we verify that this is indeed what we were looking for:

Lemma 3.9. sup,¢;(Ja(u)) = 0.

P’I“OOf Let us start by observing that the Fuéik equation in variational form
fo W =at fo Pub)v —a~ fol Y (ug, )v, with test functions ul and u, gives

/| VPP = a* /01<u§>p, (3.17)

that is J,(uZ) = 0; moreover the homogeneity of .J,, allows us to ignore the projection on Q,, in
the proof.
Now we look at the four arcs:

/-/\
o g1l let v =td + (1 —t)ul so that v/ = (1 —t)(ul)":

(03
v is everywhere non negative and then (since [t¢; + (1 — t)u}t] > (1 — t)ul everywhere):

(1t / )P - ot / [t61 + (1 — )t

1 1
(1 tyat / (WP — (1 — tyra / (W) =0.

Ja(v)

IN

Ug )(—¢1/+#/r1): in the same way: let v =t(—¢1) + (1 — t)(—u, ) so that
=0 n(-uy)

(—

v =

v is everywhere non positive and then (since [t¢1 + (1 — t)u;] > (1 — t)u;
Ja(v)

( - everywhere)
(V) < 0.

—~ =

o it uy: here v = tul + (1 —t)uq = uf + (1 —t)(—uy) : obviously u} and u_ are non zero on

disjoint sets, then
Jo(v) = Jo(ul) + (1 — )P Ju(u,) =0.
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——
o —U_uy: here v =1t(—u;)+ (1 —t)us = (—uy )+ (1 —t)(ul) and as before J,(v) = Jo(uy ) +
(1 —=t)PJy(ul) =0.

O

Now we consider the linear isometry YV : W — W : u(z) — u(l — z), and we observe that
the functionals J, and V,. are invariant under this transformation, that is J,(u) = J,(Yu) and
Vi(u) = V,.(Yu) for any u € W.

Moreover, let Fiz(Y) C W be the set of the fixed points of Y: we observe that [ N Fiz(Y) =

{¢1;—01/¢/r1}

These observations allow to define
Loy, =1UYL, (3.18)
such that L, ., € @,, and is homeomorphic to 0B2.

Remark 3.10. At this point it is clear that (in the one dimensional Neumann case) the level
dx, » defined in (8.9) corresponds to the first intersection with the Fucik spectrum of the halfline
{(M1 +t, M\ +7t), t > 0}: it cannot be lower (if it were it would give a new solution of the Fuéik
problem that we know does not exist) and we were able to give an example of a 6 € 'y, , where
sup Jo(u) = 0, that is sup Jy, (u) = a™ — A1, and then dy, , = o™ — A1, where (o™, ™) was taken
on the second curve.

3.3.2 Linking structure
Now we define the class
Lo ={7€ C°(B?*:Q,,) s.t. Y|op> is a homeomorphism onto Loy} - (3.19)
We have that
Lemma 3.11. sup,c.op2) Ja(u) =0 Vy€Tlq,,.

Proof. By the definition of L, ,, in (3.18), the invariance of J, with respect to the map Y and
lemma 3.9. O

Moreover
Lemma 3.12. 400 > da,, = infyer, . SUp,eq(p2) Ja(u) > 0.

Proof. Tt is less than +oo since each v(B?) is a compact set.
Proposition 3.5 implies that the only critical points at level 0 on Q,, are z; = u, and z3 = Uy
let d be such that Bj(uq) and Bj(t,) are disjoint and do not contain ¢; nor — 4’71,1.
Lemma 3.11 implies that d, ., > 0, so suppose by contradiction that d, ,, = 0: then for any
sequence of positive reals e, — 0 there would exist a sequence {7,} C 'y, such that

sup  Jo(u) <ep, (3.20)
uE'yn(Bz)

and then also a sequence of paths {§,} C I'y, ,, such that
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(1a) 8,([0,1]) € ¥ (B?), and then 0 < sup,e, (jo,17) Ja (1) < €n (see equation (3.15)),
(2a) d(5,([0,1]),z) > d for i =1,2.
Now we may apply to each §,, the minimax principle derived from Ekeland’s variational principle

(see for example in [14]).
Actually (see equations (3.15) and (3.16) and remark 3.10),

inf sup  Jo(u) =dy, . — (@7 = A1) =0, (3.21)
0€l'x; r1 ues([0,1])
sup  Jo(u)=—(aT =) <0 (3.22)
u€d({0;1})

and the sequence §, above is minimizing for the value sup,co,1)) Jo(u) with 6 € I'y, ..
So we obtain a sequence {w,} C Q,, such that

(1b) —e&n < Ja(wn) < supyes, (0,1]) Jol(u) < en,
(2b) d(6n([0,1]), wn) < /En,
(3b) (|4 (wn)l+ < /En .

But then w,, would be a PS sequence for J, constrained to @), and so it would have a subsequence
converging to one of the critical points at level 0 (21 or 29), which is impossible considering
properties (2a) and (2b).

We conclude then that dg , > 0.

O
3.3.3 Characterization of a point above X,
Now, given a ry € (0,1] and being P;? the radial projection from @, to Q,, we define
Topr, = {fy =P?o7 st. y€ Fa,rl} (3.23)

and we get from the previous two lemmas, these corollaries:
Corollary 3.13. sup,c,9p2) Ja(u) <0 Yy €Tlq,,.

Proof. The result of the projection is just multiplying by a positive scalar the point v and then the
effect on J, (1) is multiplying by the py, power of this scalar, which does not change the sign. O

Corollary 3.14. +o00 > infyer, ., SUPyeq(p2) Ja(u) > 0.

Proof. As before: the effect of the projection is just multiplying by a number that (on @,,) is
positive, bounded and bounded away from zero, and then the result follows. O
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From now on we can proceed as in [13], that is we define

doyr, = Inf  sup Ju(u) >0, (3.24)
Y€l a,ry e~y (B2)

we deduce from corollaries 3.13 and 3.14 and the PS condition in lemma 3.4 that

Proposition 3.15. The level dor, > 0 is a critical value for J, constrained to Q.,, the critical
points associated to it are non trivial solutions of the Fucik problem (1.2) and then (ot +dg vy, ™ +
nga)w) €.

This proves theorem 1.1.

Remark 3.16. Observe that we did not prove whether (o™ + Aoerys @~ +12dq ry) belongs to g or
to a higher curve, however we know that it belongs to a curve Xy, with h > 3, since dor, > 0 and
(aT,a™) € .

4 The “iy-superlinear” problem

Since we reproduced the variational characterization as in [13], we may apply it to the “i-
superlinear” problem (1.1) when A is between the asymptotes of 35 and X3 or (resonant case)
coincides with one of them.

We sketch here the basic ideas of the proofs of theorems 1.2 and 1.3, which indeed follow closely
those in [13].

The aim is to prove the existence of a non constrained critical point of the functional

F(u)zll)/ol|u’|p—;/01|u|p—/01G(:c,u)—/Olhu, (4.1)

in particular to show that the minimax level

f= inf sup  F(u), (4.2)
y*elf . uEy*(B2)
where

Ff);:{v* € CY(B* W) s.t. v*|ap2 is a homeomorphism onto RL,:}, (4.3)

is critical for a suitable R > 0 and arbitrary 7 € (0, 1], and then corresponds to a solution of
problem (1.1).

To do this one estimates the functional F' in terms of the functional J,, of the previous section,
deriving from corollary 3.13 and proposition 3.15 the following two lemmas, which provide a linking
structure for the functional F':

Lemma 4.1. VC' € R we can find R > 0 such that

sup F(u)<C Yy el (4.4)
u€y* (9B2) ’
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Lemma 4.2. There exists C'()\, h,g) such that

sup  F(u) > —C(\h,g) Vy* eTE_. (4.5)
uey*(B2) ’

In section 5 we will prove (see lemma 5.1) that under hypotheses (H2) and (H3) the functional
F satisfies the PS condition for p > 2 and any A > 0, and then by using lemma 4.1 with C <
—C(\ h,g) and lemma 4.2, we are in the conditions to apply a linking theorem that proves the
criticality of the level f defined in (4.2), and then proves also theorems 1.2 and 1.3.

4.1 Sketch of the proofs

Recall that in the one dimensional Neumann case the asymptote of each ¥, with k£ = 2,3 is at
A7 = A} and that X lies entirely in the halfplane {A\™ > A;}. This structure of ¥ implies that,
having fixed A € (A5, 3], it is always possible to find:

e a point (a™,a”) € ¥y and such that o™ < A,
e a0 > 0such that = < A — 0 and (if A < A¥) also A+ 0 < AL,

Since h € L? and using hypothesis (H1) we may estimate, with any M € R and suitable
constants C1(d, h), C2(d,g), and C3(M, g):

1
5
| G —uy vl < %l + G601 + Calbg). (4.6)
0
' + My
/G(x,u) > ?Hu HLP—Cg(M,g). (4.7
0

Proof of lemma 4.1. Using the above estimates one obtains (see [13] for the details) that for u €
Lq,7 and p > 0,

F(pu) 1 _A-=d-a” /1 |u|p+Cl(é,h)+02((5,g)+03(a+—a‘,g)
p 0

> . (4.8)

from which, recalling that J,(u) < 0 by corollary (3.13) and fol |ulP > 1 on L, 7, one gets the
claim since A —§ — a~ > 0 by construction. O

Proof of lemma 4.2. (See again [13] for the details). One first fixes a v* € TF .: since v*(B?) is a
compact set in a space of continuous functions, this allows to estimate the superlinear side of G as

G(z,s) <1+ %sp for all s € [0, max{|u(x)| : z € [0,1],u € v*(B*)}] (4.9)

for a suitable ji~ > 0 depending on v*.
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Then (in the hypotheses of theorem 1.2) defining r,- = % and estimating in terms
vy
of Jo and V. . (u) = fol (ut)P +1ys fol (u™)P one gets
sip F(u) > —Ci(8,h)— Ca(dg)— 1+ (4.10)

uey+(B?)

o (el -0 —a0) ()]

(the case in which 0 € v*(B?) so that V,. . (u) becomes null may be treated easily).
But sup,,c.«(p2) - Vhf% is equivalent to 7+ SUp,c.(p2) Ja(u) for some v € I's ;. (compare

equation (3.19) and (4.3)); then using proposition 3.15 and remark 3.16 we obtain

Jo(u)
sup  7y-
u€y*(B?) Ty*

> Typedar > A3 —a” >A+d—a . (4.11)

This implies that the sup in the right hand side of (4.10) is nonnegative, independently from the
~v* chosen and hence the lemma is proved.

In the hypotheses of theorem 1.3, one has a kind of resonance which creates difficulties for the
last estimate above: actually we have no more A\§ > A + ¢ and then for lemma 4.2 we need to
impose also the hypothesis (HR) in order to estimate without need of the 4:

/G(x,u’) +hu < Cy(h,g)+ ]% /Ol(iﬁ)p; (4.12)

then equation (4.10) reads

o(u _ Vi (1)
sup F(u) >—-Cyu(h,g9)—1+ %Supuev*(Bz) [(T'Y*vi*((i) - (A —« )) ( P )} (4.13)

u€y*(B2?)
. o A—a— ) I .
with 7« = P and as before we may conclude since now we just need ry«dq, . >
AMy—a” =A—a".

O

In the case A = A} we may repeat the same argument choosing (a™,a™) = (A, A1), [0,1] in
place of B? and comparing with the variational characterization of the first non trivial curve in
section 3.2.

In particular the critical level will be defined (for R large enough) by

f= inf sup  F(u), (4.14)
§*€rf L ues=([0,1])

where

$1

7 (4.15)

Ly, r={6"€C0,1]; W) s.t. 6*(0) = R, 6*(1) = —R
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5 Proof of the PS condition

In this section we will prove the PS condition for functional (4.1) with p > 2.

This proof is adapted from that in [8] for the periodic problem on an interval, with the Laplacian
operator.

The exact statement of the result is

Lemma 5.1. For p > 2, under hypotheses (H1), (H2) and (H3) with h € L1(0,1), the functional
(4.1) satisfies the PS condition for any A > 0.

We observe that, as in the case p = 2, when A > A} one needs also hypothesis (H3), which was
not needed in [21].

First note that from hypothesis (H1) one can always make the following estimates:
for any € > 0, § € R and M € R, there exist Cs, C. € R (of course depending also on §) such that

9(z,8) = My(s) —Cy for s>5, (5.1)
lg(z,s)| < ep(=s) +C. for s<35. (5.2)

Let now {u,} C W1P(0,1) be a PS sequence, i.e. there exist T > 0 and &,, — 0" such that

1 [t A 1 1 1
= ’/ |u;¢|p77/ |un‘1’7/ G(:c,un)—/ hu,| <T , (5.3)
P Jo P Jo 0 0
1 1 1 1
o)l =| [ o = x [ vt [t [
0 0 0 0
< enllolyrs . Vo E WP (54)

1. Suppose u,, is not bounded, then we can assume ||uy/y1,, > 1, ||tnllyy1., = +00 and define

Zn = g 50 that z, is a bounded sequence in WP and we can select a subsequence
nllwl,p

such that z, — zg weakly in W'? and strongly in L”(0,1) and C°[0, 1].

2. Claim: zg < 0.

Proof of the claim. Considering UIT(UHM
Un wlp

1 1
||Un||W1 » 0

Now for any Z such that z; (Z) > 0, we have that u,(Z) > 0 for n big enough and then we
can use the estimate (5.1) to obtain

we get

Y ohed

€n HZJHW1 P ( 5)

Hunllwl P Hun”vvl P

Cum

[ et

9@ ) o ppp(an(3)) -

; (5.6)
[y e
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by first taking liminf and then exploiting the arbitrariness of M we get

9(Z, un)
oo |[u, |70,

= 400 . (5.7)

Joining equations (5.1) and (5.2) with § =0 and divided by Hun||W1 » We get

g(x,uy) > ep(z]) — max {Chs; Ce}

- (5.8)
||Un||wlp Hunuwl P ’

since z, is uniformly bounded by its CY convergence and ||uy|y1,, > 1, this implies that the

functions W are bounded below uniformly so that we can use Fatou’s Lemma and get
wa P,
from (5.5) and supposing z;5 # 0
1 + 1 +
foo = / lim M < limint / M (5.9)
o nFeo Hun”vvl P n=+co Jo ”un”vvl p
1 1 +
h en 2
S hmlnf / + A ’/ '(/)(Zn)za_ ZO + n H 0 HWl P )
e 0 0 llunlfyis [ [t

The right hand side can be estimated since the first two terms are bounded by
1+ ||zn||W1 ME le , < 1+ X and the last two clearly go to zero; then equation (5.9)
gives rise to a contradiction unless zg < 0.

O
. Claim: Using hypotheses (H2) and (H3) we obtain a constant A such that
/ ng (2, 14n) < AJttn Ly (5.10)
Un >80
at least for n big enough.
For p > 2 this implies
/ Ung(z,u,) < A ||un||W1 b - (5.11)
Un >80
Proof of the claim. Considering first [pF'(u,) — (F' (un), un)| we get
[ s s < [ pGu) - gl )i+ (512)
Un >80 Un <So

+(§_— 1) ‘/01 htn

+pT + e, ||un||W1p .
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Then we estimate (using hypothesis (H3) in (5.14) and hypothesis (H2) in (5.16)):

s1<un <so

/_ pG(x,upn) — gz, up)u, < sup{ cel, } (pG(x, s) —g(z, 8)8> , (5.13)

s € [—s1, s0]

/ pG(Ivun) - g(z7un)un < pCo, , (514)
up<—s1
1
’/O hun | < Al o llunll e < IRl Lo lunllyn s (5.15)
(1 —pﬁ)/ g(x, up )y, < / g(x, up)un — pG(x, uy) . (5.16)
Up >80 Up >80

Since (1 — pf) > 0, joining all estimates from (5.12) to (5.16), we get

A A
/ 9(x, up)un < 9 HunHWlm + 9 <A HunHWLIJ (5.17)
Un >80

for some constant A.

Since we are supposing ||ty |1, > 1, this implies (5.11) for p > 2.

O
4. Claim: under hypothesis (H3),
1
lim / M —0. (5.18)
n—+o00 /o ||un||lep
Proof of the claim. Fix ¢ > 0 and k such that % <eand k > sp.
Estimate (5.2) shows that
1 [Pl p—l
un <k Hun”WLP 0 ||Un||W1p ||Un||wlp ||UnHW1p
from which there exists 7 such that
/ M < (C+1)e for n>mn. (5.20)
wnsh ([l

Since k > s¢ and using estimate (5.11), one has

/u gz, un) S/u g(%ufl) Un </u g(@,tn) un A _ (5.21)

n>k ||un||W1,, n>k HunH];Vlm ko~ n>S0 Hunllwllp k k
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Then we conclude that for n > n
1
/ M <(2+0)e; (5.22)
”un”Wl p

for the arbitrariness of ¢ the claim is proved.

U
. Claim: z, — zg strongly in WP,
Proof of the claim. Considering W‘ we get
Unllyy1,p
1
[ vt - )] < (529
0

en ||2n — 2oy .

)

1 1
SA/O |w<zn>|\znfz()|+/ o)l o)+

”un”Wl p

/ U h(zn — 20) n
0 ”un ||W1 p
but now all the terms on the right goes to zero (use equation (5.18) and the strong convergence

of z, in L? and C°), and then we conclude that z, — zo strongly in WP by the property
ST of the p-Laplacian. O

Hun”Wlp

. Claim: under hypothesis (H3), A > 0 implies zp = 0.

Proof of the claim. Consider AF (un),0)
lanlPr,

AV ! 2 Yo 1|g(x Uy)|
() A/O (zn) s/ el

but now the right hand side goes to zero by equation (5.18) and so, taking limit and using
lemma 2.4, we get

for any v € WP we get :

hv En ||U||W1p . (524)

)

|| n”wlp ”UnHWlp

1 1
/ P(zo)v" — /\/ V(zo)v=0 for any ve Wh? . (5.25)
0 0

Finally v = 1 gives, with A > 0, that fo (20) = 0, but for a nonpositive function this implies
20 = 0.

O

7. Claim: u,, is bounded.
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Proof of the claim. Since we get the contradiction 1 = ||z |y 1., = [[20/lyy1.r = 0. O

8. The PS condition follows now with standard calculations from the boundedness of u,,.

Remark 5.2. The above proof may easily be adapted to the multidimensional Neumann problem
under the hypothesis p > N which guarantees the compact inclusion WHP(Q) C C°(Q).
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