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1 The spectrum of the Laplacian

Given the eigenvalue problem
(Here €2 is a bounded domain in R™, and Bu = 0 represents Dirichlet or Neumann boundary

conditions).

—Au=Xu in
Bu=0 n 0f2

(Peig)

e The spectrum of the Laplacian is the set { A}, .y of reals (eigenvalues)
for which there exists a nontrivial solution.

e the corresponding nontrivial solutions (eigenfunctions) are denoted as
o, k€ N.

Fasy cases:

e (dimension 1 - Dirichlet)

—u" = lu in (0,1)
u(0) =u(l) =0

then A\, = k?7%, k=1,2,3,..., ¢r(z) = sin(kr ). %@

e (dimension 1 - Neumann)

(Peigl)

—u" = du in (0,1)
w(0)=d'(1) =0

then \, = k?m2, k=0,1,2,3, ..., ¢p(x) = cos(km x).

(Peigl)
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o {¢r}en forms a very useful orthogonal basis in L*(2)
(and in H := {u: u,|Vu| € L*(Q)}).

In particular it holds:
[ 1w =x [ jonf
Q 0

/ |Vu\2 < )\k/ \u|2, u € span {¢1, .0}
Q Q

/ IVl > Ao / W, u e span o, .}
) 9]
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Also,
= inf / |Vul?
UEHQSLQ
Ao = inf / ‘Vu|2 - {“f/, P
u€HNS 2, [ up1=0
= inf sup / |V ul?
Vel uerm(y -, y
where :

I'={yeC([-1.1],52) : v(£1)==x¢1},
in fact, there is a constrained critical point, satisfying —Au = Au and A > Aq.

Let’s show that the problem

—Au = Au+ arctan(u) +1  in Q
u=20 in Of)

(1.1)

has a solution if \; < A < Ag:

:%/Qwuﬁ—g/Qut/(Pam(u)m);

since A > )\ it satisfies

Consider

lim J(t¢1) = —00;

t—+oo
AL
since A < A 4,
Then there exists a critical point at the level:
c=1inf sup J(u) ' s
€l uelm(y)

where
D= {y e C(—L.1, H) : 7(&1) = +¢1} .
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Now
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2 The Fucik spectrum

Given the problem

—Au=X\"u"—Xxu" in
: (PF)
Bu=0 n 052

the Fuc¢ik spectrum (First introduced by Fuéik and Dancer in 1976-77):

S={(\",A)e R? such that (PF) has nontrivial solutions} .

(Here u®(x) = max{0, fu(z)}).
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2.1

Fucik spectrum: PDE case
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Known parts:

1. e trivial part: | AT = Ay (since ¢y > 0)|, | (M, M) (eigenvalues)

e nontrivial part in AT > \;;

2. near the diagonal: two curves through (A, A;) (in Gallouét-Kavian (81),

Ruf (81), Magalhaes (90) )

3. first nontrivial curve (obtained variationally in de Figueiredo-Gossez (94)).

Given 9, let
= inf sup /\Vu|2

yer uelm(y

where

I = {7 € C([-1.1],Q) : v(=1) = —¢1/V6, v(1) = ¢1}

Q:{ueH: -/Q\u+|2+6/ﬂ|u_|2:1}.

Then (A, \J) € &
In fact, there is a constrained critical point, satisfying
—Au = Au" —du) and A > \;.
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As before, with this we may prove existence for

—Au =X "u"—\u +arctan(u) +1 in Q

(2.1)
u=0 in 0N}
if (A", A7) is below this first nontrivial curve,

Xz Xy
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2.2  Fucik spectrum: ODE Dirichlet case
—u" = Xtut = A"u in (0,1)

u(0) =u(1) =0
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2.3 Fucik spectrum: ODE Neumann/Periodic case

10

o

(k—l)\/k_er(k—l)\/A_z:
2V A 2v/ A\~ “\ - - e

The shape of ¥ means we can prove existence for

—u" = ATut — Au” +arctan(u) + 1 in (0,1)

(2.3)
w'(0) =4 (1) =0
if (AT, A7) is below the first curve Xs.
in fact we can prove existence if | A\; < A~ < Ag/4 and ANY AT > ).
Finally, we can use this to prove that
—u" =X u+¢e* in (0,1
(0,1) (Pexp)

W(0) = /(1) = 0

has a solution if A\ < A\ < Ay /4.
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3 More in general

—u" = M+ g(z,u) + h(z) in (0,1)
W'(0)=u'(1) =0

(3.1)

e 9 €C([0,1] x R), h € L(0,1),

g(z,s) _ 0 g(,s)

o hms—)—oo s Y hms—)—i—oo

0, 1]

= +oo uniformly with respect to z €

e Some more Technical hypotheses to achieve PS condition

Results:

e For A < A\;: Ambrosetti-Prodi (72): 0-1-2 solutions depending on h.
o For A € (A, %): de Figueiredo-Ruf (91), Villegas (98): existence ¥V h

e ([with Periodic conditions, A € (%, A’Z“) existence Vh: de Figueiredo-Ruf
(93)])

e For \ € (%, A’“jl) existence Vh: M. (04)

The result comes from three ingredients
e the knowledge of X
e the variational characterization of X

e the existence of a critical point, which is proved using the two items above!
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3.1 A variational characterization of X

M. (04)

Teorema 3.1. Let (a™,a7) ¢ 3 with o > a~ be such that
Ja € (M, Mer1) and a C* function a : [0,1] — R? such that:

(I) Oé(O) = (ava’)r O‘(D = ( +7O‘_);
b) a(0,1]) NS = 0.

Then we can find and characterize one intersection of the Fucik spectrum
with the halfline {(a®™ +t,a” +rt), t > 0}, for each value of r € (0, 1].
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3.2 More on the Fucik Spectrum
e (Massa, 2004a): for the p-Laplacian
e (Massa and Ruf, 2006; Massa and Ruf, 2007): for systems
e (Massa and Ruf, 2009): a special case on a torus

e (Molle and Passaseo, 2014; Molle and Passaseo, 2015a; Molle and Pas-
saseo, 2015b): more recent results
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