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Abstract

We consider an elliptic system of Hamiltonian type with linear part depend-
ing on two parameters and a sublinear perturbation. We obtain the existence of
at least three solutions when the linear part is near resonance with the principal
eigenvalue, either from above or from below. For two of these solutions we also

obtain information on the sign of its components. The system is associated to
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a strongly indefinite functional and the solutions are obtained trough saddle

point theorem, after truncating the nonlinearity.
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1 Introduction

In this paper we consider an elliptic system of Hamiltonian type with linear part
depending on two parameters and a sublinear perturbation. Our purpose is to im-
prove the results obtained in [19], by proving the existence of at least three solutions

when the linear part is near resonance with the principal eigenvalue.

The system we are considering is the following:

—Au=au+bv+ (fi(x,v) + hi(x)) in Q,

—Av =bu+ av £ (fo(z,u) + hao(z)) in Q, (1.1)

u(x) =v(x) =0 on 09,

in particular, we will refer to problem (1.1) as (1.14+) or (1.1—), depending on the

sign preceding the two nonlinearities.

In (1.1), Q € RY is a smooth bounded domain, hy,hs € L"() for some r > N
and f1, fo are sublinear nonlinearities, which in particular satisfy

fi : 2 x R — R is a continuous function and there exist constants S > 0
(1.2)

and ¢ € (1,2), such that | f;(x, )| < S(1 + |t]91), for i = 1,2.
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We will also assume the following hypotheses on the functions fi 2 and hqo:

(i-a) limpy_o0 F1(7,t) = +o00, uniformly with respect to = € €,

(i-b)  Fy(x,t) > —Cp, fori = 1,2, (F)

(it)  Joh1¢+hotp =0, for every (¢,v) € Z,

where Fj(z,t) = fot fi(z, s)ds and Z is a space which will be defined in the statements
of the theorems. Of course, one could assume (F-i-a) on F5 instead of F} without

affecting the result.

In [19] we showed the existence of at least two solutions for problem (1.1) when
the linear part is near resonance: this situation is often called “almost-resonance” in
literature and for system (1.1) it means that a 4+ b or a — b is near to a eigenvalue of
the Laplacian. Our purpose here is to consider the particular case when the almost-
resonance occurs with respect to the first eigenvalue, and to show that in this case

it is possible to obtain a third solution.

Throughout the paper we denote by o(—A) the spectrum of the Laplacian in
H&(Q), that is the set of the eigenvalues A where 0 < Ay < Ao < A3 < ... < A <
.., and by ¢ (k = 1,2,..) the corresponding eigenfunctions, which will be taken
orthogonal and normalized with |]¢3k||H01 =1 and ¢; > 0.

Also, for I € N and § > 0 we define the interval

(—1/6, M —6)  ifl=1,
Iis =

(N1 + 6,0 —68) ifl>2,

where we will implicitly assume I; 5 # (.
We say that u = (u,v) is positive (resp. negative), when v > 0 and v > 0 (resp.

u < 0 and v < 0), and we say that its components have opposite signs when u > 0
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and v < 0or u < 0andv>0.
Our main results are stated in the following Theorems: the first one deals with

the case where a + b is near Aj, while a — b is far from o(—A).

Theorem 1.1. Let Q be a open and bounded set in RN of regularity C?, 1 € N and

7Z = span{ (¢1,¢1)} .

Suppose hi,hy € L™(2) for some r > N, and fi1, fo satisfy the hypotheses (1.2) and
(F). Then

(a) given é > 0, there exists €9 > 0 such that, if a—b € I 5 and a+b € (A1 —ep, A1),
then the problem (1.1+) has at least three distinct solutions, of which one is

positive and one is negative.

(b) given § > 0, there exists 1 > 0 such that, if a—b € I; 5 and a+b € (A1, \1+¢€1),
then the problem (1.1-) has at least three distinct solutions, of which one is

positive and one is negative.

As a consequence of Theorem 1.1, it is possible to prove a similar result also for

the case where a — b is near A1, while a + b is far from o(—A).

Theorem 1.2. Let © be a open and bounded set in RN of reqularity C2, | € N and

Z = span{ (¢1, —h1)} -

Suppose hi,he € L™(Q2) for some r > N, and f1, fo satisfy the hypotheses (1.2) and
(F). Then

(¢) given § > 0, there exists g > 0 such that, if a+b € I; 5 and a—b € (A —¢g, A1),
then the problem (1.1-) has at least three distinct solutions, two of which have

components of opposite sign.
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(d) given d > 0, there exists €1 > 0 such that, if a+b € I; 5 and a—b € (A, A\ +¢1),
then the problem (1.1+) has at least three distinct solutions, two of which have

components of opposite sign.

We observe that if we substitute hypotheses (F) with the following

(1) limpy o Fi(w,t) = +o00, uniformly with respect to z € 2,7 = 1,2,
(F*)

(1) [qhi¢+ hop =0, for every (¢,¢) € Z,

in the Theorems 1.1 and 1.2, then the results in [19] already guarantee the existence
of two solutions. What we do in this paper is to first show that hypothesis (F) is
sufficient also for obtaining the result in [19] (see Theorem 1.3 below), and then to
prove that, by exploiting the positivity of the eigenfunction ¢1, we can get a third
solution, along with the information on the sign of two of the solutions. We remark
that, with respect to [19], here we are considering slightly stronger hypotheses on
the regularity of the functions in (1.1): in particular, we assume the continuity of
f1,2, the L" regularity of hy2 and the C? regularity of €. This is needed in order
to obtain a better regularity for the weak solutions, which will allow us to compare

them with the first eigenfunction and then to prove that they do not change sign.

The main motivation for [19] and this paper are the results obtained in [22] and

[10] for the corresponding scalar problem

—Au= M= f(x,u) + h(x) in Q,
(1.3)

u=20 on ON).

It is worth noting that in the case of a single equation it was first obtained, in
[22], the result of three solution near the first eigenvalue, and later, in [10], it was

proved that two solutions can be obtained near any eigenvalue. In the case of the
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Hamiltonian system (1.1), it turned out to be more natural to first prove a result
similar to the one in [10], which we did in [19], and then to obtain a third solution
near the first eigenvalue. This is due to the fact that the arguments used in [22] relied
on minimization and the Mountain Pass Theorem, while near a general eigenvalue
the two solutions were obtained, in [10], by finding two saddle point geometries.
In the case of problem (1.1), one has to deal with a strongly indefinite functional,
which implies that the solutions are always found as saddle points, even near the
first eigenvalue, so that it is not possible to extend directly the techniques from [22].
The idea of this paper is to adapt the techniques from [22] to the more complex
variational setting of [19], in order to be able to prove that the component in the
almost resonant eigenspace of one of the two existing solutions becomes dominant.
This will imply that such solution is positive. Finally, by symmetry, it will be easy
to obtain a negative solution, which is then a third solution.
We observe that from the proof of the Theorems 1.1 and 1.2, it will be clear that

two solutions still exist even if we assume the following weaker version of hypothesis

(F):

(i-a) limyyoo Fi(x,t) = 400, uniformly with respect to x € €,
(i-b) Fy(z,t) > —Cp, i=1,2, (F)

(“) fQ hl¢ + thJ = Oa for every (¢7 TIZ)) € Za

or its analogous with the limit being taken at —oco: see Remark 2.15.
As remarked above, a byproduct of this paper is an improvement of the results
in [19], in the sense that it is possible to assume hypothesis (F) instead of (F*) in

most of the results proved there. In particular we will prove the following Theorem.

Theorem 1.3 (Improvement of [19]). In the Theorems 1.1 through 1.4 proved in

[19] one can assume hypothesis (F) in the form of this paper, provided that every
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function in Z \ {0} has both components not identically zero.
This condition is always true except in the case where Ay = A\; in the Theorems 1.3

and 1.4 (double resonance with respect to the same eigenvalue).

1.1 Techniques and related works

Multiplicity results for almost-resonant problems as (1.3) were studied by many
authors, since the work of Mawhin and Schmitt [20], where the problem (1.3) in
dimension one is considered, near the first eigenvalue, using bifurcation from infinity
and degree theory. We cite [3, 14], which also consider the one dimensional case, and
[6, 5], which deal with the higher dimension problem; these works are all based on
bifurcation theory. Results for higher eigenvalues were obtained in [14], again using
bifurcation from infinity and degree theory, but only for the one dimensional case
and making use of the fact that in this case all the eigenvalues are simple. The works
[22, 16] were the first to analyze this kind of problem from a variational point of view:
as already discussed, they obtained three solutions near the first eigenvalue, under
conditions which are analogous to those assumed here. The variational approach
was later exploited in [15] to obtain a similar result for the p-Laplacian operator
(see also [9]).

Regarding almost resonant problems in the case of systems, we cite [24, 21, 2, 13,
19]. In particular, the case of the first eigenvalue is considered in [21], where three
solutions are found for a system of gradient type, when approaching this eigenvalue
from below. We remark, however, that the case of systems of gradient type is quite
different from problem (1.1) (the Hamiltonian type), because the principal part of
the functional has a finite dimensional negative space, so that many techniques from

[22] can be applied directly.

The result in [19] was obtained by considering the functional associated to (1.1)

(see the definition in (2.1)) and finding two saddle point geometries, involving two
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different splits of its space of definition; then one proved that these solutions were

distinct since they lay at different levels.

As we observed above, in the case of a system as (1.1), the associated functional
is strongly indefinite, in the sense that there exist two infinite dimensional subspaces
of its space of definition such that the principal part of the functional is unbounded
from above in one and from below in the other. Several techniques have been used
in literature to deal with strongly indefinite problems, see [4, 8, 12, 7, 17, 18, 19]. In
particular, in [19], we used a Galerkin procedure in order to obtain critical points,
namely, we solved finite dimensional problems, where one could use the standard
linking theorems, then we took limit on the dimension of such problems and proved

that in the limit we actually found a critical point.

Here we will first truncate the nonlinearity and then, by adapting the arguments
from [19], we will produce two solutions for the truncated problem, along with some
improved estimates on their critical level. As a result, we will be able to prove that
one of these solutions has constant sign, but in view of the truncation this sign can
only be positive. In the end, by symmetry, we will also have a negative solution,
giving a total of three distinct solutions, in fact, the one with no information on the

sign can be distinguished by its critical level.

We remark that in [19] we also considered the following condition

lim f;(x,t) = £00, uniformly with respect to x € Q,i = 1,2, (f)
t—+oo

as an alternative to condition (F). Here we only work with hypothesis (F), since
in the case where condition (f) holds, one can always put the component in Z of
(h1, he) into the definition of fi, fo in order to have condition (F) satisfied, that is,
one defines fi(z,t) = fi(z,t) + ji(x) and hi(x) = hs(x) — ji(z), i = 1,2, in such a

way that they satisfy (1.2) and condition (F).
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For further remarks regarding our problem (1.1) and the related bibliography we

remand to [19].

The paper is structured as follows: in the Section 2.1 we set the notation and
we state some preliminary results from [19]; in the Section 2.2 we obtain the saddle
point geometries that will provide the critical points, which are obtained in the
Section 2.3. Finally, the Section 2.4 will be devoted to prove the positivity of one of
the solution and in the Section 2.5 we will conclude the proof of the main results.

The proof of of the Theorem 1.3 is given in Remark 2.7.

2 Proof of the main results

In this section we will give the proofs of the main theorems. In particular, we give
in full details the proof of the point (a) in Theorem 1.1: the point (b) and Theorem
1.2 can be proved in a similar way. Some of the arguments are analogous to those
in [19] and will not be repeated, others are similar but with crucial differences and

then will be exposed in details here.

2.1 Notation and preliminary Lemmas

Throughout the paper we will use the notation H = H}(Q), E = H x H and we

will use the following norms: if u € H and u = (u,v) € E, then

1 1
lull o = (Jeyu?) 7 1l ore = (el + l0l2,) 7

lull = 1/ fo IVul?, lullp =/l + o) -

The internal products in L?(2) x L?(2) and in E, associated to the above norms, will
be denoted by (-, )[z2)2 and (-, -) g, respectively. Observe that, by Poincaré inequality,
llul| ;2 < S||u|ly for some positive constant S, but we will assume throughout the

paper that S = 1 in order to simplify the estimates. Also, we will denote by
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C, C1, Cs, ... constants whose value is not important and which may be different

from line to line.

As in [19], we define the applications F : E— R and H : E — R, given by

f(u,v):/QFl(;v,v)+/QF2(x,u), H(u,v):/ghlv+/ﬂh2u,

and the bilinear form B, : F x E — R:
Baal(0:0),6.0)) = [ Fuvu+ [ Fovo—a [ (st v0)-b [ (wo+ o).
Q Q Q Q
Then, the C! functionals associated to the problems (1.1£) can be written as

TE() = %4 Buy(u,w) — (F(u) + H(w)) (2.1)

Also, denoting u = (u,v), ¢ = (¢,%) and ¢ = (¥, ¢), we have that

Bap(u, @) = (0, @) r — a{u, ¢)r212 — b(u, )22, (2.2)
(Jo)' (W)]@] = £Bap(u, ¢) — (F'()[@] + H'(w)[¢]) (2.3)
Finally the following Lemmas contain results, proved in [19], which will be used

in this paper.

Lemma 2.1. Given fi, fo satisfying (1.2) and hy,hy € L*(Q), there exist constant
So and H such that

H(w)] < H [[u] e H (W)l < HI| e (2.4)
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F) < o (1+ [l ) - [ @le]] < So (1+ Iallfz),) Il pae
(2.5)
for every u = (u,v) € E and ¢ = (¢,v) € E.

Lemma 2.2. The eigenvalues of the form Bg are given by

—b+ ()\z - CL)

» , 1 €N, (2.6)

Hti =

with corresponding eigenfunctions (normalized in E)

iaj:i .
v,bii:(d)\/;b), 1€ N.

In particular,

”¢’LHE =1, <¢i7¢j>E - 5i,j7 Ba,b(‘biﬂ/)j) = Midim <¢i7¢j>[L2]2 = A\_i\léi,jv

(2.7)
fori,j € Zy:=7Z\{0}.
Moreover, if we write u = Z cip;, then
USYA
2 2 _
||u||E = Z sza Ba,b(u’ u) = Z :U”iczz’ ||uH[L2}2 = Z )‘|Z|lcz2 (28)
i€z i€z 1€Z0

2.2 Finding two saddle point geometries

In order to be able to obtain a positive solution, we will first need to truncate the
nonlinearities. Actually, the purpose of this truncation is to forbid the existence of a
large negative solution, which then will allow us to prove the existence of a positive

one. This positive solution will be a solution also of the original problem.

Given the functions fi, fo satisfying (1.2), we define, for i = 1,2, two new func-
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tions
fi(z,s), if s>-1,
file,s) = (s +2)filw,—1) it s€[-2, 1], (2.9)
0, if s <-2.

Observe that, by the above definition, the functions fl, fg also satisfy (1.2). We also

observe that if hypothesis (F) holds, then the following holds too

(
(i-a)  limy_eo fl(a:, t) = +o0, uniformly with respect to x € €,

(i-b)  Fy(z,t) > —Cp, fori=1,2, (F)

(it)  Joh1¢+hotp =0, for every (¢,v) € Z.

Now, we define

Fvi(:n,t)_/otﬁ(x’s)ds, fori = 1,2 f(u,v)_/gﬁl(x,vH/ﬁ2<x,u),

Q
and we consider the C' functional j; p - B — R, given by
- 1 ~
Ty (W) = 5 Bas(u,w) - (f(u) + ?—L(u)) . (2.10)

In order to find two saddle point geometries we define, as in [19], the following

subspaces of F

V = span{v,; : i € Zo, p; < 0 and p; # p1 },

Z = span{p; : i € Lo, pi = p1 '}, (2.11)

W = span{y; : i € Zo, jt; > 0 and p; # i1 };

in particular, it is important to observe that if a +b € (A\; — &, A1) for some ¢ > 0,
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then

Al — b
0<u1:1)(\?+)<;. (2.12)

With the definitions above, we may now state a Lemma, which is a particular

case of Lemma 4.1 in [19].

Lemma 2.3. Suppose a—b € I; s for somel € N and 6 > 0, while a+b < X\1. Then
there exists a constant Kqip 1,5 > 0, depending on the sum a +b and on I 5, such

that

Ba,b(u7 U) < _Ka+b,ll,5 HuH2E ) Vue Vv (213)

Bap(u,u) > Koo 1,5 [l VueZaoW. (2.14)

If, moreover, a +b € (A\1/2, 1), then there exists Gy, ; > 0, depending on I s, such

that

Bap(u,u) < —Gy,, [lulf VYueV, (2.15)

Bap(u,u) > Gy, Jlullz Yue. (2.16)

Remark 2.4. If a + b is near enough to A1, then, for every a —b € I; 5, one has
w; = p1 only for i = 1, that is, the Z defined in (2.11) is exactly the same as the
one defined in the statement of Theorem 1.1 (compare (2.12) and (2.6)).

We also prove the following Lemma, which will help to estimate the contribution

of the nonlinearity.

Lemma 2.5. If hypotheses (1.2) and (F) hold, then there exists a nondecreasing
function

D :(0,400) = R such that

(i) lim D(R) =400, (71) lim

R—+o00 R—+4o00 R2 :O’ (2'17)
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and

/ Fi(z, Ru) > D(R) for everyu € &€, (2.18)
Q

where

&= {uGH&(Q) fu>ain Q' CQand QY] > o} (2.19)
and o > 0 is such that ¢1 > 4o in a set Qq with |Qq| > 2.

Proof. Equation (2.18) is satisfied by defining

D(R) = inf{/ﬂﬁl(x,pu) P> Rouc 5} |

Observe that the infimum is well defined since [, Fi(z, pu) > —|Q|Cp by condition
(F-i-b), and it is a nondecreasing function of R by definition.

Now, fixed a value H > 0, we will show that we can find a R large enough so
that [,, F1(z, Ru) > H for any R > R and u € & : this implies (2.17-).
In order to do this, we set M = (H + |QCr)a™!: by (F-i-a) we have that there
exists so such that F(z,s) > M for s > so.

If u € &, then for R > sg/a, one has Ru > s¢ in Q% and then one gets
/uﬁl(a:,Ru) > Mao.
Since, by (F-i-b), fQ\Qu Fi(z, Ru) > —|Q|CF, one finally obtains
/Qﬁl(x,Ru) > Mo —|Q|Cr = H.

Finally, observe that ¢; € £ by the definition of ¢, then we can estimate, using
hypothesis (1.2),
DR) < [ File,Ron) < C(1+ R),
Q
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Using the above Lemmas, we can prove the Proposition 2.6 below, where we show
that the functional J(:b satisfies a saddle point geometry between the subspaces V& Z
and W, while the functional j;f , satisfies another saddle point geometry between
the subspaces V and Z @ W, when near resonance. Also, the estimates (2.24) and
(2.25) below will be useful to prove that the critical levels are distinct.

These two saddle point geometries are similar to those obtained in [19], the differ-
ence is that here we will need to consider a decreasing sequence of left neighborhoods
of A1 and produce a corresponding sequence of saddle point geometries with a4 b in
those neighborhoods, with the property that one of the corresponding critical levels
decreases to minus infinity along this sequence. Another difference with [19] is that,
because of the truncation (2.9) that we have performed here, the estimate (2.25)

holds only on a “halfcircle” (k > 0).

Proposition 2.6. Under the hypotheses of Theorem 1.1, ifa—b € I 5 for some § >
0, then there exist sequences €; — 07 and R; — +00, both depending on I s, such

that if a +b € (A1 —€j, A1), then there ewist Ey, ;, Dot s €R, paton s > Rj >0,

satisfying
T, (W) > Doy, YueZoW, (2.20)
j;b(u) < Datb1 4 VuepSy, p2 patol s (2.21)
Jp(w) > Ep VueW, (2.22)
Jop(n) < Ep, —1, Vue R;Syyz, (2.23)
Jh,(w) < —D(R;)/2, VueV with |ully > Rj, (2.24)
Jh(w) < —D(R;)/2, Vu=v+kp,, withveV,k>0 and |ulp 2R5)

where the function D(R) is defined in Lemma 2.5.
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Proof. The proof of this Proposition is similar to the proofs of the Propositions 4.4
and 4.6 in [19)].

In fact, using the estimates (2.4-2.5), one can easily deduce (2.20) from (2.14)
and (2.21) from (2.13).
By considering a + b € (A1/2, A1) (that is, setting ¢; < A\1/2 for every j € N), we

can also deduce (2.22) from (2.16).

Suppose now u € V, with ||ul|; > R;. By (2.15) and (2.4-2.5), we have

JhH) + D(R;)/2 < JH(w) + D(J[ufl g)/2 <

< Gl + So (14 [[ullf) + H [[ullz + D(lfullz) /2. (2:26)

By (2.17-ii), there exists Ry > 0, which may be chosen depending only on I; 5, but
independent from a, b, such that if R; > Ry, then jjb(u) + D(R;)/2 < 0, implying
(2.24).

One can also prove that there exist g, Ry (depending on I;5), such that the
estimate (2.23) will be satisfied if we take €; < g9 < A1/2 and R; > Ry: this is a
consequence of estimate (4.19) in Proposition 4.6 from [19], and it can be proved by
an argument similar to the one we will give below for proving (2.25): the difference is
that (2.23) needs to hold for J:b, instead of j: »» then we can consider the hypothesis
(F) and so we can take u = v + k1, € R;Syz without the restriction £ > 0. More

details can be found in [19], see also Remark 2.7.

In order to prove the existence of the two sequences {¢;} and {R;}, satisfying
(2.25), let us suppose, for sake of contradiction, that every sequences ¢; — 0% and
R; — oo, satisfying €; < €9 and R; > Ry, admit subsequences (which we still
denote by ¢j, R;j) such that for every j, there exist a;,0; € R, v; € V, ¢; > 0,
such that u; := v; + ¢j9; € R;Syz, aj +b; € (M —¢j,\1), aj —b; € ;5 and

JI, (uj) > —D(R;)/2. Without loss of generality, we may suppose that R?sj — 0.

a;5,9;
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By (2.15) and (2.12), we get

€
By, p; (1), u;) < )leC? — G, Ivill%, (2.27)
and then
T+ €j 2 2 =
~D(R)[2 < Ty, (W) < 6= G vyl = Fluwy) = #(w). (229

By dividing inequality (2.28) by Rjz and reordering we get

Gns e _ & o D) F(uj) +H(uy)
. . So(14lus|? +H|lu; | RY
We note that ‘f(u])+2H(uJ)| < 0( ||uj||[L2£2) ||u]||[L2]2 < C(1+§;+R]) v 0 when
i j j
j — oo, since ¢ € (1,2). Moreover D}g;j) — 0 by (2.17-ii) and Af%c? < f\—i — 0.
Thus it follows that
Vi
Vil éHE -0, (2.30)
J
y 2 _p2 2
and since ||v;[|; = R5 — ¢;, we also get
%1,[;1 — )¢, uniformly, when j — oo. (2.31)
J

At this point we need to assume that hypotheses (F) holds (and then also (F)

holds).
We denote by Piu and Pu the components of a vector u € FE, that is, u =

(Plu, Pgu).

Let a > 0 and €, be as in Lemma 2.5; by applying Egorov’s Theorem to both

components of %, in view of (2.30), we get a subset F, of Q, with |F,| < a, such
J

that % — 0, uniformly in Q\ F,. As a consequence, using also (2.31), there exists



18 Three solutions for an elliptic system

Jo large enough, such that

< P

Rj 2

Vi
>2«q and |-L

< a in Q4 \ F,, for every j > jo.
j

Thus, in Q, \ F, we have

u; ci O \'g
P, ]> =2 = 4P (J> > 20— o> o,
(Rj Rj /2 R;

for i = 1,2. Since |Q, \ Fo| > 2a — a = «, we have that P (%) € & (see (2.19))

J

and then by Lemma 2.5
/Q R, RyP(@,) > D(R,). (2.32)
Since [, ﬁg(az, R;P;(u;)) is bounded from below by —Cr|Q|, it follows that
F(uj) = F(R;4;) > D(R;) — Cp|Q]. (2.33)
Moreover, by hypothesis (F-ii) we have H(u;) = H(v;), and then
Grs Vil + H(wy) = Gy Vil + Hvy) = G vl = Hllvillg s (2:34)

as a consequence, there exists C; > 0, such that

G11,5 ||V3H12E +H(uj) > —C].

Then, from (2.28) and (2.33), we get

A2

S+ Cu = Flwg) = D(R))/2 = D(Ry)/2 = Crl9) (2.35)

which gives rise to a contradiction, since the left hand side is bounded (in fact,
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5]-0? < 6jR]2- — 0), while the right hand side tends to +oo by (2.17-7).
We conclude that there exist sequences {¢;} and {R;}, with ¢, — 0" and R; —

00, satisfying (2.25).

The sequences and the constants in the statement of the Proposition can be
obtained as follows: we first get Ej ; € R satisfying (2.22), then we obtain the
sequences ¢; — 01 and R; — oo, satisfying (2.23), (2.24) and (2.25). Observe
that, for each fixed j € N, these estimates hold uniformly for any a,b with a +b €
(A1 —€j,M\1) and a — b € I 5. Then, for every j € N, by fixing a and b in the
above intervals, we can obtain the constants D,y Is € R and pg4, ns >0, such
that (2.20) and (2.21) hold. Observe that we may also choose, for every j, a radius
Pa+b,1, 5 > Rj, as desired.

O]

Remark 2.7 (Proof of Theorem 1.3). In [19] we assumed the hypothesis (F* ) instead
of (F). However, in most cases one can proceed as we did in the above proof so that
hypothesis (F) is sufficient.
Actually, in Proposition 4.6 of [19], we were dealing with a sequence u; like in the
previous proof, which we split as u; = v; + z; where z; was the component in the
almost resonant eigenspace Z. We were able to prove the analogous of equation
(2.30) here for vj, while instead of (2.31) we proved that z;/R; converged to a
nontrivial element of Z.
Provided Z does not contain nontrivial elements having a zero component, we can
assert that both components of z;/R; do not tend to zero, so that it is possible to
assume condition (F*-i) on only one of the two functions Fi o, provided the other
one is bounded from below.

Observe that in the case we are considering in this paper the space Z always
satisfies the condition above, so our application of the results of [19] can be done

under hypothesis (F ).
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2.3 Existence of solutions for the truncated problem

From now on we will consider a sequence of coefficients a;, b; such that a; +b; — A}

and we will prove the existence of critical points for the functionals j; b and J;r_ b
VRAS) VERN)

which correspond to solutions of almost resonant problems with coefficients a;, b;.

We consider the system

—Au=au+bv+ (fi(z,v) + hi(z)); in Q,
—Av =bu+ av + (fa(z,u) + ho(z)); in €, (2.36)

u(x) =v(x) =0; on 09Q.

We will reference by (1.14); and (2.36); the systems (1.14) and (2.36), respectively,
with a = a; and b = b;.

Our aim is to prove the following Proposition.

Proposition 2.8. In the hypotheses of Theorem 1.1, given 6 > 0, let, for every

JjeN,
e c; > 0 be those obtained in Proposition 2.6,
e a;j,bj, be such that a; +b; € (A1 —€j, 1) and aj —b; € I} 5.

Then, for j large enough, the problem (1.14+); has three distinct solutions, of

which one is positive and another one is negative.

We will first prove the existence of two solutions. In order to do this, we proceed
as in [19]: see the sections 4.2 and 4.4 there.
First of all we observe that the inequalities (2.20) and (2.21) define a Saddle Point
Geometry for the functionals j;; by between the subspaces Z @ W and V', while the
inequalities (2.22) and (2.23) define a Saddle Point Geometry for the functionals

J-‘r

N
a;,b;

between the subspaces W and V @ Z.
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Then, by using a Galerkin approximation and then taking the limit, in order to
overcome the lack of compactness due to the fact that the functionals are strongly
indefinite, one can prove that there exist v/, 1’ € E, critical points of the functionals
J;;’bj and j;; by respectively.
Finally, by using also (2.24) and (2.25), one verifies that the corresponding critical
levels are, respectively, d? € [Eq,5,T:,] and ¢l e [Daj+b;.1,5, —D(R;)/2], where Ey, ;,
Dy +b;,1, 5 and R are given in Proposition 2.6, while 7%, are numbers depending only
on €;. Observe that in order to take the limit, one needs to use the two kinds of
(PS) conditions contained in the lemmas 4.8 and 4.13 of [19], which also apply to
the functional j;’b]. since f1, fo satisfy (1.2).

As a consequence, v/ is a weak solution of (1.1+) j» and u’ is a weak solution of
(2.36);. In the next section we will prove that 1/ is positive for j large enough; this

will imply, in view of (2.9), that it is also a solution of (1.1+);.

2.4 Estimating the sign of u’

In this section we consider the weak solutions 1/ of (2.36);, with the aim of proving
that, for j large enough, they are also weak solutions of the problems (1.14);. In
view of the definition of the functions ]?1, f; in (2.9), it will be enough to prove that
u’ is positive in €.

In order to prove that U7 is positive, we will obtain suitable estimates which show
that the component of u/ orthogonal to the eigenspace Z = span {1}, becomes
small (in the C! norm) with respect to the component in the direction of .

This section is divided in two parts: in the first we prove the Lemmas containing
the necessary estimates, and then we prove, in the following one, the positivity of
u’.

A fundamental tool for proving the estimates will be the following result of LP

regularity of weak solutions, which is a particular case of Theorem 8.2 in [1].
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Theorem 2.9 (From Theorem 8.2 in [1]). Let Q be a open and bounded set in RN
of class C?>, L >0 and 1 < p < co.
Then there exists a constant A, depending only on N,Q,p and L, such that, if

u € L1Q), with 1 < q < 00, is a weak solution of

—Au+ cu = f(x), in Q,

(2.37)
u(z) =0, on 05,
with || < L and f € LP(Q), then u € W2P(Q) N W, P () and
[ullyyzr < Allullpe + 1F110) - (2.38)

2.4.1 Auxiliary Lemmas

In the following we will denote by P be the orthogonal projection of L?(£2) onto
span{¢1} and by @ = I — P the complementary projection. We first state a Lemma

from [22].

Lemma 2.10 (Lemma 2.1 from [22]). Let p > 2 be fized. Then there exist€ > 0 and
k1 > 0, both depending on p, such that if A € (A1 —&, M1, g € LP(Q) and u € HL ()

s a solution of problem

—Au= A u+g(x), in Q,
(2.39)

u=0, on 0,

where u = (¢1 +w with ( € R and w € Q(L*(N)), then the following estimate holds:

lwlly2r < k1 llgllLs- (2.40)

Idea of the proof (see also [23]). First observe that, by the Fredholm’s alternative,



E. Massa and R. Rossato 23

the linear problem

—Aw =M w+Gyg, in €,
(2.41)

w =0, on 0f,
has a unique solution w € H}(Q) N Q(L3(R)), for every g € Q(L*()).
By the regularity result in Theorem 2.9, it follows that w € W?2P?(Q) N H(Q) N
Q(L*(9)), provided that § € Q(L?(2)) N LP(Q). As a consequence, we may define
the map
T: QL () NLP(Q) — W2P(Q) N Hy(Q) N Q(L*(Q)),

which, to every g € Q(L*(2)) N LP(f2), associates T(g) = w € WP(Q) N HE(Q) N
Q(L*()).

Using the closed graph theorem one can prove that this map is continuous and then

there exists a constant C}, > 0, depending on p, such that

[wllyyzr < Cpllgllze - (2.42)

Now, if u = (¢ + w is a solution of (2.39), then w € Q(L*(Q)) N HL(Q) is a

solution of

—Aw =X w— (A —Nw+ Qg, in £,
(2.43)
w=0, on 0.

Applying Theorem 2.9 we get w € W2P(Q), and by (2.42),

[wllyzr < Cpll(Ar = AMw = Qgll

< Cp (M = Alllwllpr + [1Q9llr) < CEllwllan + CllgllLe s

thus

(1= Gp8) [[wllyyzo < Cliglis » (2.44)
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and the result follows by taking € > 0, such that Cyg < 1. O

Now we prove a technical Lemma which will be needed in the following. It is an

adaption of Lemma 9.17 in [11].

Lemma 2.11. Let p > 2, § > 0 and l € N be fized. Then there exists ko > 0

depending on p and on I 5, such that if p € I; 5, then the following estimate holds:
ullyew < Ko |Au+ pulp,,  for every u € W2P(2) N Hg (). (2.45)
Proof. Let us suppose, for sake of contradiction, that there exist sequences
{pn} C s and {un} C W?P() N Hy(€),

such that |[up|ly2, =1 and [[Aun + pintal| s o) — 0, Wwhen n — oco.

Then, since I; s is bounded, up to a subsequence we have

[ — p € I 5,

Up — u € WHP(Q), (2.46)

up, — u € LP().

As a consequence, for every ¢ € C§°(£2), which implies ¢ € e/ (p_l)(Q), we get

0= lim [ (Aup+ pnun)p = /(Au + pu)o.
Q Q

n—oo

Since u € H}(Q) and then vanishes at the boundary, u is a solution of

—Au = pu, in €,
(2.47)

u =0, on 0f),
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which implies that u = 0, since u & o(—A).

On the other hand, since u,, € W?P, we have f(x) := —Au,(z) — pnun(z) € LP.

Then, by applying Theorem 2.9, we get the a-priori estimate
lunllwze < Allunll e + AU + pntn||10), for every n € N, (2.48)

where the constant A > 0 is independent from the index n (it depends on p, Q2 and
I 5). Since the left hand side is equal to 1, while the right hand side goes to A ||ul|

when n — oo, it follows that ||ul|,, > & > 0, which contradicts u = 0. O

Exploiting Lemma 2.11, we can obtain a result, which is the analogous of Lemma

2.10 for the case of a linear system near resonance.

Lemma 2.12. Let p > 2, § > 0 and | € N be fivred. Then there exist € > 0 and
ko > 0, depending on p and on I 5, such that, ifa —b € I;5, a+b € (A —E, A1),

g = (g1,92) € LP X LP and u = (u,v) € E is a solution of the problem

—Au=au+bv+gi(z), in Q,
—Av =bu+ av + g2(x), in 9, (2.49)

u=v=0, on 0N,

where u = P +w with B € R and w € V@ W, then the following estimate holds

[wllwzpswee < ko llglloxrr - (2.50)
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Proof. Adding and subtracting the two equations in (2.49), we get

/

—As=(a+b)s+g1(z)+g2(z), in Q,
—Ad = (a—b)d+ g1(x) — g2(z), in €, (2.51)

s=d=0, on 01,

where s = u + v and d = u — v. For the first equation, it follows from Lemma 2.10
that there exist € > 0 and k1 > 0 (depending on p), such that if a +b € (A1 — &, Aq],

then

1Q() Iz < Fillgr + g2/l o - (2.52)

For the second equation, it follows from Theorem 2.9 and Lemma 2.11 that there

exists a constant ko > 0 (depending on p and I; 5), such that

lllw2r < ko llgr — gallzp - (2.53)

Now, writing w = (w1,w2), we have Q(s) = w; + w2 and d = w; — we. Then

w = (Q(STW, W) and so

Q(s)+d
e

—d
Q<>2H < (1Q(s) w2 + dlly2)
w2 wer

(k1 llgr + g2ll e + k2 llgr — g2llLp) < (k14 K2) (lg1ll e + llg2ll2v)

lollw2 s

IN

p—1
(k1 +k2)2 7 |lgllosrr -

IN

O]

Lemma 2.12 allows us to prove the following Lemma 2.13, where we obtain an
estimate, in the C! norm, of the component orthogonal to Z of a weak solution of

(2.36), in terms of its component in Z.
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Lemma 2.13. Let f1, fo satisfy (1.2) and hy,he € L"(Q2), for some r > N. More-
over, fit 6 > 0, ]l € N and let € be the one obtained in Lemma 2.12 with p = r.

Given n > 0, there exists 6,7 > 0, depending onn, I, 5 and r, such that, ifa—b € I 5,
a+be (A —&\) and u = B, + w is a critical point of j:b, where 8 € R and

w eV e W, then the following estimate holds:
lwllerxer < Bl + Cy. (2.54)

Proof. Let u = (w,v) be a critical point of the functional j;rb, so that it is a weak

solution of problem (2.36). We denote

£(@) = (fi(2,3(2)), folw,@(x)))  and  h = (h(),ha(2)).

Observe that, in view of the hypotheses on the functions fi, fa, hi, he, if u,v € LP(Q)
for some p € [1,7], then £(),h € LP(Q) x LP(2), and then by Theorem 2.9 we

conclude that @, € W2P(Q).

We claim that 1 € W27 (Q) x W27 ().
In order to prove this, one has to apply iteratively Sobolev embeddings and Theorem
2.9, until one obtains u,v € W2*P(Q) for some p > N/2. For such p one has

W?2P(Q) < L"(2), and then as above u, 7 € W27 ().

Since 1 is a weak solution of (2.36), we already have u,9 € L?(Q2) and then
u,v € W22(Q) by Theorem 2.9.
If N <4, then we are done.
If N > 4, since W22(Q) — LP1(Q), where p1 = =22 > 2, we get 4,0 € LPL(Q)
and then @,v € W2P1(Q). If N — 2p; > 0, then we use W2P1(Q) < LP2(Q), where

Py = N]\iglpl, and then u,o € W?2P2(Q). By repeating this argument we obtain

that u,v € W2Pi(€), where the sequence {p;} is defined recursively by pp = 2 and

Ditr1 = N]X I;ipi' In order to prove our claim we only have to show that there exists
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ip € N, such that p;, > N/2. Suppose for sake of contradiction that p; € (2, N/2)
for every i € N, which implies p;+1 > p;. Then the sequence {p;} would be bounded
and increasing, and then would converge to L € [2, N/2]. However by taking limit

in the recursion formula we get L = N]X é 7 which implies L = 0, a contradiction.

We have then proved that u € W27 (Q) x W27(Q). By Lemma 2.12, there exists
ko > 0 such that

”w”W277'><W2,7‘ < kg H?(ﬁ) + h’

. 2.
LTxL" ( 55)

Since 7 > N, we have the continuous embedding W27 (Q) — C!(Q2) and then

wllerwer < € l@lhwarsapar < Chol[E(@) + |

< Cko HR@‘

+ CkOHTa

L™xL" LT™xL"

(2.56)

where H, = ||h|| ;..

Now we observe that by hypothesis (1.2), given v > 0, there exists D, > 0 such

that | fi(z,t)] < ~[t| + D., for every t € R and ¢ = 1,2. Thus

“?(ﬁ)‘ < Cr (vl g + Dy) -

LT xL"

By combining this inequality with (2.56), it follows

A

||"‘)||(,'1><C1 = CClkO’VHGHLTXLT+Ck0(HT+ClD'Y)

A

< OBl 1¥1llprwrr + Cov llwll s pr + Dy

IN

Co 101l prsepr 1B] + Cay @]l i er + Doy,

where D, = Cko(H, + C1 D).
Then, given 7 > 0, we can find v > 0, such that Coy |[9y ||y < % and Cay < 3;

we can thus obtain the desired result with 57, = 257.

We observe that the choice of v (and then of 6,7) depends on kg and r, that is,
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onr, ;. ]

2.4.2 Positivity of u’

In this section we prove that there exists jo such that U7 is positive in €, for every
j > jo. Remember (see section 2.3) that u” is a critical point of the functional j;; b,

at the critical level ¢/ < —D(R;)/2, and since D(R;) — +00, we have

j;;,bj (@) =¢ = —oo, when 7 — oo. (2.57)

For every j € N, we denote
wl = B9+ wj, (2.58)
where 3; € R and w; € V @ W. We note that
|Bj| = +o0, when j — oo.

Actually, if (a subsequence of) {3;} were bounded, then, by Lemma 2.13, {ﬁj }
would be bounded. As a consequence, j:: bj(ﬁj ) would be bounded too, since the

coeflicients a;, b; take values in a fixed bounded set. This contradicts (2.57).

By Lemma 2.13, it follows that, for arbitrary n > 0,

w; C
lim sup HJH& <limsup [ n+ —% | =n, (2.59)
o0 185 j—o0 1351
which implies
Y550, in C'(Q) x C1(Q), when j — oo, (2.60)
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and then

S
E—¢1+

% — by, in CY(Q) x CL(Q), when j — . (2.61)
J

Since both components of 1), are positive and have positive inward derivative at the
boundary, there exists jo such that, for every j > jo, one has that U/ is positive if
B; > 0 and 0’ is negative if 3; < 0. In order to prove that u’ is positive, we need

to prove the following Lemma.
Lemma 2.14. Let ; be given by (2.58). Then B; — +00, when j — oo.

Proof. We already know that |3;| — co. Thus we suppose, for sake of contradiction,
that (for some subsequence) 8; — —oc. In this case, by (2.61), U’ is negative for j

large enough.

By the definition of fl, fg and for being continuous, there exists M > 0 such

that, for i =1, 2,
|fi(z, 1) < M, and |Fi(z, )] < 2M, for every z € Q,t < 0. (2.62)
As a consequence, we have
f(u’ < 2M|Q2 2
[f@n]] .. <2pi08, (2.63)
and then we can apply Lemma 2.12 to obtain

o5l < lsllaspas < o [F@T) +h < 2MRolQIE + o [ 12 < oo
(2.64)
Also, one has

F(u’) < 4M|Q|
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and, in view of (F-ii) and (2.4)

H@) = BiH () + H(w)) = H(w;) < H |lwjll; -

Since
Baj,bj (ﬁjvﬁ]) = Baj,bj (6j¢11 6]¢1) + Baj7bj (w]7wj) ’ (265)
we get
Jr, @) = ﬂsz L5 Lwi) — (F@?) + H(@?
a,j7bj<u ) - ? aj,b]'(d)lﬂd)1> + 5 aj,bj(wj7wj) - ( (u )+ (u >>

v

B2 1
5 By (Y1,91) + 5 Bay (@), w;) — H |wjl p — 4M|Q|(2.66)

Since By, p, (¥1,%1) = %ﬁbg) > 0 and the terms containing w; are bounded

in F by (2.64), we get a contradiction with (2.57). O

As observed, the consequence of this Lemma is that U/ is positive, for every
j > jo- By the definition of fl, fg, since u’ is a weak solution of (2.36);, it follows

that it is also a weak solution of (1.1+); and that
JE o @) = Tty (@) € [Dayin, 00— D(R,)/2). (2.67)

2.5 The three solutions

We are now in the position to prove Proposition 2.8 and then our main results.

Proof of Proposition 2.8. The functions v/ and u’ are solutions of (1.1+);, the

second one being positive. Since J;; b, (v7) > Ep,; while J;; bj(ﬁj) — —o0, they

are distinct, for j large enough.
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In order to obtain a third solution, we consider the system

"

—Au=au+bv+ (—fi(z,—v) + (—hi(z))), in Q,

—Av = bu+ av + (—fo(z, —u) + (—ha(z))), in Q, (2.68)

u(x) =v(x) =0, on 9.

We observe that if (u, v) is a solution of (2.68), then (—u, —v) is a solution of (1.1+).

We denote g;(x,t) = — fi(x, —t) and

—t

Gi(z,t) = /0 gi(x,s)ds = /0 —fi(x,—s)ds = fi(z,0)do = Fi(z,—t), (2.69)

0

for i = 1,2. Tt follows that g1, g2 and —hy, —hg satisfy (1.2) and (F).

Moreover, if fmb is the functional associated to the Problem (2.68), then it is simple
to verify that j%b(u) = Jup(—u), for every u € E: actually the quadratic part of
the functional is even, while Fj(x,t) = G;(x,—t), and h;t = (—h;)(—t), for every
teRandi=1,2.

Thus, we can repeat all the arguments used above (it may be necessary to redefine
€j, Rj, a;, and b; in such a way that they work for the problems (1.1) and (2.68) at
the same time), and in the end we obtain a sequence {ﬁj}jeN C E and j; € N, such
that for every j > ji, U7 is a weak positive solution of (2.68); and jaj,bj (W) = —oc.

We conclude that —U7 is a negative solution (then distinct from u7/) of (1.1+);,
for j > j1. Moreover, J;;bj(—ﬁj) — —oo0, implying that —1i7 is distinct also from

v, O

Proof of Theorem 1.1. Ttem (a): suppose, for sake of contradiction, that the claim
of the Theorem were false. As a consequence, for some § > 0, there would exist
sequences {a;},{b;} such that a; —b; € I; 5 and a; + b; — A, for which problem

(1.14); does not have three solutions. Without loss of generality we may suppose
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that a; + b; € (A1 — €, A1). However, this would contradict Proposition 2.8.
Item (b): as in [19], this case can be proved by the same technique used for the

case (a), if we work with the functional
Jop(0) = =1/2Bqp(u, 1) — (F(u) + H(u)),

and we define the spaces V, Z, W as in (2.11), but making use of the eigenvalues of
— By, instead of those of By .

In fact, observe that the Lemma 2.10 can be extended straightforwardly to the case
A € [A1, A1+ ) (actually the sign of A — A is never used in the proof) and then the
following Lemmas can be extended too.

Finally, when a + b € (A1, A1 + ¢), the eigenvalue corresponding to ), is

a-+b)—\ 15
0< latb)=h _ —Bap(Y1,) < —.
A A1

The positivity of this eigenvalue is all we need to prove the Lemma 2.14 in this case

(see equation (2.66)). O

Proof of Theorem 1.2. This Theorem follows directly from Theorem 1.1, by per-

forming the change of unknown (U, V) = (u, —v), as in [19]. O

Remark 2.15. As we claimed in section 1, if hypothesis (FT ) holds instead of (F),
then one can still truncate the nonlinearities as in (2.9), so that they satisfy (f‘) As
a consequence, in the case of Theorem 1.1, one still gets one positive solution 0/ as
a critical point of ja].,bj at a level below —D(R;)/2. On the other hand, the solution
vJ was obtained without the need of any hypothesis like (F), so this solution still
erists and again it is distinct from the previous one for lying at a different level.

Also, if the limit in (F*-i-a) is at —oo, then one can get two solutions, one being

negative, in the case of Theorem 1.1. In the case of Theorem 1.2 one gets two
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solution, one having components of opposite sign.

Acknowledgement

E. Massa was partially supported by: processo no. 2014/25398-0, Fundagao de
Amparo & Pesquisa do Estado de Sao Paulo (FAPESP)/Brazil and by CNPq/Brazil.

R. A. Rossato was supported by: processo no. 2010/06411-4, Fundagao de Amparo
a Pesquisa do Estado de Sao Paulo (FAPESP)/Brazil.

References

[1] S. Agmon, The L, approach to the Dirichlet problem. I. Regularity theorems,
Ann. Scuola Norm. Sup. Pisa (3) 13 (1959) 405-448.

[2] Y.-C. An, H.-M. Suo, Multiple solutions for degenerate elliptic systems near
resonance at higher eigenvalues, Abstr. Appl. Anal. (2012) Art. ID 532430, 19.

[3] M. Badiale, D. Lupo, Some remarks on a multiplicity result by Mawhin and
Schmitt, Acad. Roy. Belg. Bull. Cl. Sci. (5) 65 (6-9) (1989) 210-224.

[4] V. Benci, P. H. Rabinowitz, Critical point theorems for indefinite functionals,

Invent. Math. 52 (3) (1979) 241-273.

[5] R. Chiappinelli, D. G. de Figueiredo, Bifurcation from infinity and multiple
solutions for an elliptic system, Differential Integral Equations 6 (4) (1993)
T57-TT71.

[6] R. Chiappinelli, J. Mawhin, R. Nugari, Bifurcation from infinity and multiple
solutions for some Dirichlet problems with unbounded nonlinearities, Nonlinear

Anal. 18 (12) (1992) 1099-1112.



E. Massa and R. Rossato 35

[7]

[10]

[11]

D. G. de Figueiredo, J. do O, B. Ruf, Critical and subcritical elliptic systems

in dimension two, Indiana Univ. Math. J. 53 (4) (2004) 1037-1054.

D. G. de Figueiredo, P. L. Felmer, On superquadratic elliptic systems, Trans.
Amer. Math. Soc. 343 (1) (1994) 99-116.

P. De Napoli, M. Mariani, Three solutions for quasilinear equations in R™ near
resonance, in: Proceedings of the USA-Chile Workshop on Nonlinear Analy-
sis (Vina del Mar-Valparaiso, 2000), vol. 6 of Electron. J. Differ. Equ. Conf.,

Southwest Texas State Univ., San Marcos, TX, 2001, pp. 131-140 (electronic).

F. O. de Paiva, E. Massa, Semilinear elliptic problems near resonance with a

non-principal eigenvalue, J. Math. Anal. Appl. 342 (1) (2008) 638-650.

D. Gilbarg, N. S. Trudinger, Elliptic partial differential equations of second
order, Classics in Mathematics, Springer-Verlag, Berlin, 2001, reprint of the
1998 edition.

J. Hulshof, R. van der Vorst, Differential systems with strongly indefinite vari-

ational structure, J. Funct. Anal. 114 (1) (1993) 32-58.

X.-F. Ke, C.-L. Tang, Existence and multiplicity of solutions for asymptotically
linear noncooperative elliptic systems, J. Math. Anal. Appl. 375 (2) (2011) 631—
647.

D. Lupo, M. Ramos, Some multiplicity results for two-point boundary value
problems near resonance, Rend. Sem. Mat. Univ. Politec. Torino 48 (2) (1990)
125-135 (1992).

T. F. Ma, M. L. Pelicer, Perturbations near resonance for the p-Laplacian in

RN, Abstr. Appl. Anal. 7 (6) (2002) 323-334.



36

[16]

[17]

[18]

[21]

[22]

Three solutions for an elliptic system

T. F. Ma, M. Ramos, L. Sanchez, Multiple solutions for a class of nonlinear
boundary value problems near resonance: a variational approach, in: Proceed-
ings of the Second World Congress of Nonlinear Analysts, Part 6 (Athens, 1996),

vol. 30, 1997, pp. 3301-3311.

E. Massa, An existence result for a linear-superlinar elliptic system with Neu-

mann boundary conditions, J. Math. Anal. Appl. 322 (1) (2006) 403-419.

E. Massa, Multiplicity results for a superlinear elliptic system with partial in-

terference with the spectrum, Nonlinear Anal. 67 (1) (2007) 295-306.

E. Massa, R. A. Rossato, Multiple solutions for an elliptic system near reso-

nance, J. Math. Anal. Appl. 420 (2) (2014) 1228-1250.

J. Mawhin, K. Schmitt, Nonlinear eigenvalue problems with the parameter near

resonance, Ann. Polon. Math. 51 (1990) 241-248.

7.-Q. Ou, C.-L. Tang, Existence and multiplicity results for some elliptic sys-
tems at resonance, Nonlinear Anal. 71 (7-8) (2009) 2660-2666.

M. Ramos, L. Sanchez, A variational approach to multiplicity in elliptic prob-

lems near resonance, Proc. Roy. Soc. Edinburgh Sect. A 127 (2) (1997) 385-394.

R. A. Rossato, Sistemas elipticos de tipo hamiltoniano perto da ressonancia,
Ph.D. thesis, ICMC - USP, Brazil (2014, http://www.teses.usp.br/teses/

disponiveis/55/55135/tde-13042015-164728/).

H.-M. Suo, C.-L. Tang, Multiplicity results for some elliptic systems near reso-

nance with a nonprincipal eigenvalue, Nonlinear Anal. 73 (7) (2010) 1909-1920.



E. Massa and R. Rossato 37

Full title:

Three solutions for an elliptic system near resonance with the principal eigenvalue

Running title:

Three solutions for an elliptic system

Corresponding Author:
Eugenio Massa: tel ++55 16 33736635, fax ++55 16 33739650.
Departamento de Matematica,
Instituto de Ciéncias Matematicas e de Computacao, Universidade de Sao Paulo,
Campus de Sao Carlos, Caixa Postal 668, 13560-970, Sao Carlos SP, Brazil.

e-mail: eug.massa@gmail.com



