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Purpose

We consider the problem

(=AY u=Af(x,u) + pug(x,u) in Q,
u>0 in Q, (P )
(-A)u=0 on 092, i=0,..,k—1,

where
o Q c RN bounded smooth domain,
@ A, 1t > 0 are two parameters,
e f, g are nonnegative functions,
e ke N.
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Purpose

We consider the problem

(=AY u=Af(x,u) + pug(x,u) in Q,
u>0 in Q, (P )
(-A)u=0 on 092, i=0,..,k—1,

where
o Q c RN bounded smooth domain,
@ A, 1t > 0 are two parameters,
e f, g are nonnegative functions,

e ke N.

Purpose: to obtain multiplicity of positive solutions, in particular when
the nonlinearity has zeros.
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Introduction: nonlinearities with zeros

Consider the Laplacian case:

—Au=Mh(x,u) in Q
u>0 in Q,
u=20 in 09,
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Introduction: nonlinearities with zeros

Consider the Laplacian case:

—Au=Mh(x,u) in Q
u>0 in Q,
u=20 in 09,

A known necessary condition for existence is obtained by multiplying by
¢1 and integrating by parts:

/ 61 \u — h(x, u)] = 0
Q
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suppose h(x,t) = h(t) >0fort >0 (1.1)

@ >0, liminf @ >0 (1.2)

liminf li
t—0+ t—o0
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suppose h(x,t) = h(t) >0fort >0 (1.1)
h(x, t h(x, t

iminf 2090 S o piming 208 g (1.2)

t—0* t t— o0 t

no positive solution for \ large!
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suppose h(x,t) = h(t) >0fort >0 (1.1)
h(x, t h(x, t

iminf 2090 S o iming 208 g (1.2)

t—0* t t— o0 t

(probably) 2 solutions for A small (for instance (Ambrosetti, Brezis, and
Cerami, 1994))
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A positive zero in the nonlinearity implies there always exists an
intersection:

(Lions, 1982) finds two solutions in this kind of situation.
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a simple case:

—Au=XMh(u) in Q,
u>0 in Q,
u=20 in 09,
model: h(u) = u9a — u|",
l1<r+g<2% qe(0,1]

How to find two solutions?
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u>0 in Q,
u=20 in 09,
model: h(u) = u9a — u|",
l1<r+g<2% qe(0,1]

How to find two solutions?
subsolution u = e¢y.
supersolution T = a.

First solution u < u<u
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a simple case:

—Au=XMh(u) in Q,
u>0 in Q,
u=20 in 09,
model: h(u) = u9a — u|",
l<r+q<2 qe(0,1]

How to find two solutions?

subsolution u = e¢y.

supersolution T = a.

First solution u < u<u

If u <, then it is a local minimum.

Then there exists a Mountain Pass solution

Existence, nonexistence and multiplicity of positive solutions for the poly-Lz
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If we consider the nonautonomous case h(x, u), then the zero may be a
function a(x):

model: h(u) = v9la(x) — ul", l1<r+qg<2 qge(0,1]

We considered this case in (lturriaga, Massa, Sénchez, and Ubilla, 2010),
assuming a(x) is superharmonic and 0 < ag < a(x) < Ay .

(Then a(x) is still a supersolution)
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If we consider the nonautonomous case h(x, u), then the zero may be a
function a(x):

model: h(u) = v9la(x) — ul", l1<r+qg<2 qge(0,1]

We considered this case in (lturriaga, Massa, Sénchez, and Ubilla, 2010),
assuming a(x) is superharmonic and 0 < ag < a(x) < Ay .

(Then a(x) is still a supersolution)

Also, some related works:

e in (lturriaga, Lorca, and Massa, 2010) we considered supercritical
problems,

ein (lturriaga, Massa, Sanchez, and Ubilla, 2014) a similar problem on an
annulus,

e in (Iturriaga, Lorca, and Massa, 2017) we considered multiple zeros and
more possible behaviors near the origin.
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The problem

We start by considering the following problem:

(—=A)<u=Ah(x,u) in Q,
u>0 in Q, (2.1)
(-A)u=0 on 092, i=0,..,k—1,

e Here we have no sub and supersolution method.
e We try a purely variational approach: consider

1
HhH=-R:u—J,u(u)= §||u||[2HI—)\/QH(X, ut).

H = {u € H*(Q) such that (~A)'u=0o0n 9Q, i =0,.,[(k—1)/2],},
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o there exists ug € H such that, for every A > 0 there exists to(A) > 0
such that one has J)(tup) < 0 for 0 < t < to(N)

o there exists e € H such that, for any A >0

Ir(te) = —o0 when t — +o00.
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The problem
O@0000

o there exists ug € H such that, for every A > 0 there exists to(A) > 0
such that one has J)(tup) < 0 for 0 < t < to(N)

o there exists e € H such that, for any A >0

Ir(te) = —o0 when t — +o00.

o We need something like:

— given A > 0 and H € R, there exist py(\) > 0 such that

I(u) > H for ||ully = pr(N). (2.2)
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The problem
O@0000

o there exists ug € H such that, for every A > 0 there exists to(A) > 0
such that one has J)(tup) < 0 for 0 < t < to(N)

o there exists e € H such that, for any A >0

Ir(te) = —o0 when t — +o00.

o We need something like:

— given A > 0 and H € R, there exist py(\) > 0 such that

I(u) > H for ||ully = pr(N). (2.2)

The presence of the zero is not enough to guarantee this!
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[e]e] le]e]e}
Split the nonlinearity:
M (x, u) + pg(x,u),
where f,g > 0 and

{f(x7 =0 ift>a(x),

glx, ) =0 if0<t<a(x). (2)

Model: {f(x’ u) = (uh)9[(a(x) — u)*]P, q€(0,1),p>0,
g(x,u) = [(u—a(x))"T", re(l, 2y, —1):
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The problem
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o there exists ug € H such that, for every A > 0 there exists to(A) > 0
such that one has Jy ,(tug) < 0 for 0 < t < to(\), for every 1 >0
o there exists e € H such that, for any A >0

I u(te) = —o0 when t — 400, for every > 0

o We also obtain:

— given A > 0 and H € R, there exist py(\) > 0 and My()) such that,
for 0 < pu < My(A),

hlw)>H  for lully = pu()). (2.3)
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The problem
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o there exists ug € H such that, for every A > 0 there exists to(A) > 0
such that one has Jy ,(tug) < 0 for 0 < t < to(\), for every 1 >0
o there exists e € H such that, for any A >0

I u(te) = —o0 when t — 400, for every > 0

o We also obtain:

— given A > 0 and H € R, there exist py(\) > 0 and My()) such that,
for 0 < pu < My(A),

hlw)>H  for lully = pu()). (2.3)

Then we obtain a local minimum at a negative level and a
Mountain pass solution!
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The existence of two solutions result

o f g:Qx[0,4+00) — [0,+00) are Carathéodory functions and satisfy
f(XaO) :g(XaO) =0,

@ conditions at oo for PS condition,

local (sublinearity) condition at the origin:

- f(x, 1)

lim ———
t—0t t
local (superlinearity) condition at infinity :

lim glxt)
t—+o0 t
Then: there exists a function M : (0,00) — (0, co] such that the
problem (P ), k € N, has at least two positive solutions for \ > 0
and 0 < < M(M).

= 400 uniformly in x € w CC Q,

= 400 uniformly in x € wy, CC Q.
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The problem
000080

The existence of two solutions result

o f g:Qx[0,4+00) — [0,+00) are Carathéodory functions and satisfy
e f(x,0)=g(x,0)=0,
@ conditions at oo for PS condition,

@ local (sublinearity) condition at the origin:
f(x,t
lim M = +oo uniformly in x € w CC Q,
t—0t t
@ local (superlinearity) condition at infinity :
t
lim g(x:t)
t—+o0 t
Then: there exists a function M : (0,00) — (0, co] such that the
problem (P ), k € N, has at least two positive solutions for \ > 0
and 0 < < M(M).
A similar result for k =1 is obtained in (de Figueiredo, Gossez, and
Ubilla, 2003) “Local superlinearity and sublinearity for indefinite semilinear
elliptic problems”

= 400 uniformly in x € wy, CC Q.
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The problem
O0000e

“There exists a function M : (0, 00) — (0, 0c] such that the problem
(Pf,u)’ k € N, has at least two positive solutions for A > 0 and

0<pu< M)

Is this bound on p really necessary?

Existence, nonexistence and multiplicity of positive solutions for the poly-Lz
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“There exists a function M : (0, 00) — (0, 0c] such that the problem
(Pf,u)’ k € N, has at least two positive solutions for A > 0 and
0<pu< M)

Is this bound on p really necessary?

Actually

e in (lturriaga, Massa, Sanchez, and Ubilla, 2010) there is no bound:
M(X) = oo,

e because of the zero, the necessary condition for existence is always
satisfied (two intersections!)
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The problem
O0000e

“There exists a function M : (0, 00) — (0, 0c] such that the problem
(Pf,u)’ k € N, has at least two positive solutions for A > 0 and
0<pu< M)

Is this bound on p really necessary?

Actually

e in (lturriaga, Massa, Sanchez, and Ubilla, 2010) there is no bound:
M(X) = oo,

e because of the zero, the necessary condition for existence is always
satisfied (two intersections!)

Then we investigate when M(X) = oo or M(X) < oo.
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Existence for every u
[ ]

Existence for every p

We can prove that M(\) = oo if “the first solution has a suitable
neighborhood below a(x)".
This is true for example:

1. in the (lturriaga, Massa, Sanchez, and Ubilla, 2010) situation:
k =1, a(x) supersolution.

2. for k=1, small A, a(x) > ap > 0.

3. for k > 1, small A\, a(x) > ap > 0and N < 2k.
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Existence for every u
[ ]

Existence for every p

We can prove that M(\) = oo if “the first solution has a suitable
neighborhood below a(x)".
This is true for example:

1. in the (lturriaga, Massa, Sanchez, and Ubilla, 2010) situation:
k =1, a(x) supersolution.

2. for k =1, small X, a(x) > ap > 0.
3. for k > 1, small A\, a(x) > ap > 0and N < 2k.

1. the solution is below the supersolution,
2. by regularity theory, the solution is below ap,

3. by the regularity of functions in H, the solution is below ag.
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Nonexistence

On the other hand, in some cases M(\) < oo, in particular, no positive
solution exists for large .

We assume N = 1, with Q = (-1,1), and
e The functions f, g : Q x [0,4+00) — [0, +00) are continuous functions
and satisfy

f(x,0) = g(x,0) =0,

e condition (Z), with a(x) € C(Q).
e g(x,t) >0 for t > a(x).
o f(x,7t) > 7f(x,t) > 0 forevery x € Q, 7 € (0,1), t € (0, a(x)).
@ There exists by, ¢g > 0 such that, uniformly in x € Q,
iminf T S p hminf 88 S o
t—0+ t t——+oo
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Nonexistence
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We obtain

Theorem

-
|

e k > 2 and a(x) satisfies lim,_ 11 a(x) = a* > 0 and a’ exists and is
bounded near £+1,

or
e k € N and a(x) is not a concave function,

then there exists Ay > 0 and N : (A1, 00) — (0, 00) such that problem
(Px ) has no positive solution for X > Ay and ju > N().
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Nonexistence
[e]e] lo]e}

Idea of the proof: one first proves (using Green function and the
concavity of the solutions uy )

(1) for every p € Q, liminfy_oo ux u(p) > a(p), uniformly in > 0.

(2) forevery p € Q, limsup,_, . ux.(p) < a(p), uniformly in X > 0.
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Nonexistence
[e]e] lo]e}

Idea of the proof: one first proves (using Green function and the
concavity of the solutions uy )

(1) for every p € Q, liminfy_oo ux u(p) > a(p), uniformly in > 0.

(2) forevery p € Q, limsup,_, . ux.(p) < a(p), uniformly in X > 0.

Then one obtains a contradiction:

@ since uy,, is concave, in can not approximate a non-concave function

o if k> 2, uy, cannot satisfy the boundary condition and
approximate a since lim,_, 11 a(x) = at > 0.
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Nonexistence
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Fix,u) = (u)(a(x) —u)*]P, g€ (0,1),p>1,
g(x,u) = [(u—=a(x))*]", r>1:

case k =1, a(x) constant:

Consider the model {

—

u stays below a, then it is not affected by p.
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Nonexistence
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f(x,u) = (u*)(a(x) —u)"]P, g€ (0,1),p>1,

Consider th del
onsider the mode {g(x, u) = [(u— a(x)H, r>1:

case k > 2, a(x) constant:

2

eventually u exceeds a(x) for A large
then for p large there is no solution
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Nonexistence
[e]e]e] lo}

f(x,u) = (u*)(a(x) —u)"]P, g€ (0,1),p>1,

Consider th del
onsider the mode {g(x, u) = [(u— a(x)H, r>1:

case any k, a(x) not concave:

==

eventually u exceeds a(x) for A large
then for p large there is no solution
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Nonexistence
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Comparison in the model case

In particular, for the model autonomous problem in dimension N =1
f(x,u) = (u")(a—u)*]P, qe(0,1),p>1,
glx,u) =[(u—a)™], r>1:
e if k =1 then M()\) = oo (?): two solutions for every \, 1 > 0
o if k > 2 then

e M(\) = oo for small A
o M(X) < oo for large A

for the model problem in dimension N = 1 with non-concave
a(x) > ap > 0,

flx,u) = (uF)[(a(x) — u)*]P, q€(0,1),p>1,

g(x,u) = [(u—a(x))*T", r>1:

e for any k € N,

e M()\) = oo for small A
o M(X) < oo for large A

2lturriaga, Massa, Sanchez, and Ubilla (2010).
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Still working..
@ Obtain the same behavior (loss of existence) in dimension N > 1
@ Obtain M(X) = oo for small ), in more cases: k > 1, N > 2k.
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