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Abstract

Schoenberg’s theorem for the complex Hilbert sphere proved by Chris-
tensen and Ressel in 1982 by Choquet theory is extended to the following
result: Let L denote a locally compact group and let D denote the closed
unit disc in the complex plane. Continuous functions f : D x L — C such
that f(¢-n,u"1v) is a positive definite kernel on the product of the unit
sphere in ¢2(C) and L are characterized as the functions with a uniformly
convergent expansion

f(z,u) = Z Omon(u)2™m2Z",

m,n=0

where ¢, ,, is a double sequence of continuous positive definite functions on
L such that > ppn(er) < oo (er, is the neutral element of L). It is shown
how the coefficient functions ¢,,, are obtained as limits from expansions
for positive definite functions on finite dimensional complex spheres via a
Rodrigues formula for disc polynomials.

Similar results are obtained for the real Hilbert sphere.
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1 Introduction and main results

Characterizations of positive definite functions on spheres or on products of
spheres with locally compact groups can be found in the literature, see [4], [5], [6],
[7], [10], [15], [19]. The spheres can be real or complex and of finite or countably
infinite dimension. In this paper we obtain a characterization of positive definite
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functions on the product of the unit sphere in the complex Hilbert space ¢5(C)
with a locally compact group via a power series expansion. This is the only miss-
ing case in the above picture. We show how the coefficients of this expansion are
related with those of the expansions on the product of finite dimensional complex
spheres with locally compact groups.

In the case of real spheres there has been several statistical applications of such
results, see [1], [9], [17], but we do not know of statistical applications in the case
of complex spheres. The interested reader is referred to [13], where parametric
families of positive definite functions on complex spheres are provided.

In order to arrive quickly at the main results of the paper, we postpone precise
definitions to Section 2.

Schoenberg’s theorems in [19] for real spheres S%,d = 1,2,...,00, give uni-
formly convergent expansions

f(z) = Z Spn7dcn(d7 z), x€[-11] (1)
n=0
for certain classes P(S?) of continuous functions f : [~1,1] — R. Here, c¢,(d, )

are normalized ultraspherical polynomials when d € N, see (13), while ¢, (00, x) =

x™.  Furthermore, (¢n.4)n>0 is a sequence of non-negative numbers satisfying

Zn Pn,d < 0.

Schoenberg’s theorems were extended in [5] to classes P(S%, L) of continuous
functions f : [—1,1] x L — C, where L is an arbitrary locally compact group. In
this case the uniformly convergent expansions are

flz,u) = Zcpnﬁd(u)cn(d, x), xz€l|-1,1,uel, (2)

and the expansion coefficients ¢, 4 from (2) belong to the class P(L) of continu-
ous positive definite functions on the group L. They are called the d-Schoenberg
functions associated with f. The extension was motivated by problems in geo-
statistics in the particular case, where L is the additive group R of real numbers
representing time.

In the special case where L is reduced to the neutral element ey, the results
of [5] yield Schoenberg’s theorems.

The sets P(S?, L) are decreasing:

P(S™,L) C P(S%,L), P(S™,L)= ()P’ L),
d=1

so a function f € P(S*°, L) has expansion coefficient functions ¢, 4 for d =
1,2,...,00. In Schoenberg’s paper [19] the scalar coefficients ¢, - have been



obtained as accumulation points of ¢, 4 as d — oo, and this has been sharpened
in [5] to pointwise limits

dlggo Spn,d(u) = Qpn,w<u> (3)

for each uw € L,n > 0.

In this paper we have a different approach which in (3) yields the local uni-
form convergence with respect to u € L. It is based on a sharpening of the
differentiability properties of f € P(S*, L) with respect to x € |—1,1[ given
in Proposition 3.2, and the Rodrigues formula for the Gegenbauer polynomials.
This is our first main result.

Theorem 1.1. Let f € P(S™,L) and let ppqa,n > 0,d < o0, denote the d-
Schoenberg functions associated with f.
For eachn=0,1,...

) 1 0"f(0,u)
A enau) = 15
uniformly for u in compact subsets of L. The sequence of functions

10"
u |_> _M7 n Z 0’
n!  Ox"

belongs to P(L) and gives the coefficient sequence (pn ) in Eq. (2) when d = oco.

The proof of Theorem 1.1 will be given in Section 3.

The main purpose of this paper is to achieve a similar result for the complex
Hilbert sphere, but since this is considerably more technical, the real case will
serve as an introduction to the complex case, which we shall introduce now.

Schoenberg’s theorems have been extended to complex spheres (25, where
q=1,2,... or ¢ = co. The case ¢ = oo was settled by Christensen and Ressel
[7] in 1982 and the case ¢ < co was done by Menegatto and Peron [15] in 2001.
The authors obtain uniformly convergent expansions

ngqg)qu z), z€D (4)

m,n=0
for certain classes P({)y,) of continuous functions f : D — C, where
D={z€C:|z|]<1}, D={zeD:|z|] <1} (5)

Here, (cpg,ql;f))m,nzo is a double sequence of non-negative numbers satisfying

Z¢q2)<oo

m,n=0



and R 2 are special cases of the disc polynomials R% = o > —1, see (22), while

m,n?
RY . (2) = 22",

See [13] for examples of functions from the class P(y,).

Note that while Schoenberg’s Theorem for P(S>) was obtained by a limit
procedure from his theorem for P(S%) by letting d tend to infinity, this has not
been the case for complex spheres. The result for P({),) was obtained long before
the case P(€ly,) with finite ¢ was settled. See Remark 4.7 for an open question
related to this.

The expansions (4) have been extended in [4] for ¢ < oo to classes P(§yy, L)
of continuous functions f : D x L — C, where L as before is an arbitrary locally
compact group. Functions f € P(Qq,, L) have a uniformly convergent expansion

fu) =Y oW P(W)RE2(2), zeDuel. (6)

Like the case of real spheres the coefficient functions 90573;2) in (6) belong to
P(L). In [4] it is pointed out that similar expansions hold for all compact Gelfand
pairs, thus giving a unified treatment of the expansion questions related to real
and complex finite-dimensional spheres.

The sets P(y,, L) are decreasing:

P(Qa(g41), L) © P(Q2g, L), P(Qeo, L) = ﬂP Qy,, L)

In this paper we shall settle the case ¢ = co and prove an analogue of Theorem 1.1.
It is based on a sharpening of the differentiability properties of f € P(Qy, L)
given in Proposition 4.5, and a Rodrigues formula for the disc polynomials given
in [21]. It is our second main result.

Theorem 1.2. Let f € P(Qu, L) and for g > 2 let (9053 n2))m7n20 denote the
double sequence from P(L) such that (6) holds. For m,n > 0 we have

1 am-{-n
mln!l 0z"0zm

lim {122 (u) = £0,u)
q—00 ’

uniformly for u in compact subsets of L. The functions

1 gmtn
mln! 0z"0zm

Omn(u) = f(0,u)

belong to P(L), and we have the representation

Z Omn(W)2"Z", z€D,u€ L, (7)



where

i @m,n@L) < Q. (8)

m,n=0

The series in (7) is uniformly convergent on D x L.

Theorem 1.2 settles the difficult “only if”-part of the following representation
theorem for P(Q, L).

Theorem 1.3. Let f : Dx L — C be a continuous function. Then f € P(Qoo, L)
if and only if f has a representation

f(z,u) = Z Omn(W)2"Z", 2z € D,u€ L, (9)

m,n=0

where @, € P(L) satisfy Zmn Omnler) < 00.

The proofs of Theorem 1.2 and 1.3 will be given in Section 4.

2 Background material

In his seminal paper [19] Schoenberg introduced and characterized positive defi-
nite functions on spheres. The d-dimensional unit sphere of R+ is given as

d+1
Sd: {I:(l‘l,...,l'd+1) ERd—HIZQT%:l}, dZ 1.

k=1

For vectors &, n belonging to S?, the scalar product & -7 belongs to [—1,1]. By
P(S?) we denote the set of continuous functions f : [~1,1] — R such that the
kernel (&,7n) — f(£-n) is positive definite on S? in the sense that for any n € N,
arbitrary &,...,&, € STand ¢, ..., ¢, € R one has

> F& - &)ejern >0, (10)

jk=1

i.e., the symmetric matrix [f(§; - )]} 4=, is positive semidefinite.

In a general setting we recall that for an arbitrary non-empty set X, a kernel
on X is a function K : X2 — C. It is called a positive definite kernel, if for any
n € N, arbitrary points zy,...,x, € X and numbers cy,...,c, € C one has

Z K(z;,zp)cic, > 0,

7,k=1



i.e., the matrix [K(z;,21)]},—, is Hermitian and positive semidefinite. For a
treatment of these concepts see e.g. [3]. A positive definite kernel on S? of the
form f(£ - n) is automatically real-valued by symmetry of the scalar product.

Let L denote an arbitrary locally compact group written multiplicatively and
with neutral element e;. By P(L) we denote the set of continuous positive
definite functions f : L — C, i.e., the continuous functions f for which the
kernel (u,v) — f(u'v) is positive definite on L. This class of functions is very
important in the theory of unitary representations of L on Hilbert spaces, see [8],
[18].

Schoenberg’s characterization of the class P(S?) is a special case of the Bochner-
Godement Theorem for Gelfand pairs, see [4] and the references therein. In an-
other direction it has been extended in [5] to the class P(S% L) of continuous
functions f : [~1,1] x L — C such that the kernel ((&,u), (n,v)) = f(&-n,u"'v)
is positive definite on S x L.

Their result is reported here for a self-contained exposition.

Theorem 2.1. (Theorem 3.3 in [5]) Let d € N and let f : [-1,1] x L — C be
a continuous function. Then f belongs to P(S? L) if and only if there exists a
sequence of functions (na)n>0 from P(L) with Y o, a(er) < oo such that

flau) =Y enaw)en(d z), z€[-1,1], ue L (11)
n=0
The above expansion is uniformly convergent for (x,u) € [—1,1] X L, and we have

On.a(u) = %{;H /_1 f(z,uw)en(d, z)(1 — 22)¥* 1 dz. (12)

Here we have used the notation
cnl(d,z) = CN(z)/CN (1), X=(d—1)/2, d>2, (13)

for the ultraspherical polynomials ¢, (d, ) as normalized Gegenbauer polynomials
e (x) for the parameter A = (d—1)/2, while ¢, (1, z) = T, (z) are the Chebyshev
polynomials, cf. [2, p. 302], [5]. For later use we recall that

(2A)n

n!

CM(1) =

n

. A>0. (14)
The symbol (a), refers to the Pochhammer symbol:
(a)p,=ala+1)...(a+n—-1),n>1, (a)=1.
The constant o, denotes the total mass of the surface measure w, on S¢

27T(d+1)/2

7a=wuS) = ri Ty

(15)



Note that

1
Od—1 / (1 . x2)d/2—1 dr = 1.
-1

o)

Finally, N, (d) is the dimension of a space of spherical harmonics, cf. [5, Eq. (11)]
or 16, p. 4], and is given by

N, (d) = (dil”,‘l(dJr on—1), n>1, Ny(d)=1. (16)

Schoenberg’s Theorem for P(S?) is the special case of the previous theorem,
where the group L = {er} is trivial. The functions in P(L) are then just non-
negative constants.

If we restrict the vectors &1, ..., &, € S? to lie on the subsphere S¥~!, identified
with the equator of S¢, we see that P(S¢, L) C P(S* 1, L).

We also consider

P(S®,L) = P(S% L), (17)
d=1
which is the set of continuous functions f : [-1,1] x L — C such that the kernel

((57 U’)> (na U)) = f(g -1, u_lv) (18)

is positive definite on S? x L for all d € N. We note in passing that the notation
P(S*>, L) suggests an intrinsic definition using the real Hilbert sphere

S* = {(mk)keN cRY: in = 1},

k=1

which is the unit sphere in the Hilbert sequence space ¢5(R) of square summable
real sequences. The intrinsic definition of P(S*, L) is as the set of continuous
functions f : [-1,1] x L — C such that the kernel (18) is positive definite on
S* x L. This identification is made explicit in [5].

The following holds:

Theorem 2.2. (Theorem 3.10 in [5]) Let L denote a locally compact group and
let f:[—1,1] x L — C be a continuous function. Then f belongs to P(S*°, L) if
and only if there exists a sequence (Ynoo)n>0 from P(L) with Y, ¢noler) < 00
such that

fleu) = eno(uw)a”, (z,u) € [-1,1] x L. (19)

The above expansion is uniformly convergent for (x,u) € [—1,1] x L.

Ziegel [23] discovered that f € P(S?) is continuously differentiable of order
[((d—1)/2] on ] — 1,1[ and this was extended to P(S?, L) in [5].

7



For f € P(S*, L) we know that f(-,u) € C*(] — 1,1[) for each u € L and
from (19) we get

1 0"f(0,u)
On.oo(U) = 1o 0 U € L,n>0.
We are now going to explain similar results for complex spheres.
The complex unit sphere of (real) dimension 2¢ — 1 is given by

q
Qy, = {z:(zl,...,zq) cCe: HzH?:Z!zk\Q:l}, ¢>1,
k=1

and CY is equipped with the Hermitian scalar product

q
z-w:E g, z,w € CY.
k=1

Similarly €., denotes the unit sphere in the complex Hilbert space ¢5(C) with
the usual Hermitian scalar product z - w for z,w € ¢5(C).

For vectors {,n € (yy,q = 1,2,...,00, the Hermitian scalar product £ - 7
belongs to the closed unit disc D defined in (5). For 2 < ¢ < oo we have

{&-n: &ne =D,

while for ¢ = 1

E-n=£En=¢&", &neC, ¢ =n=1,

hence
{&n:&net={zcC:|z|=1}=T.

By P(€s,),q > 2, we denote the set of continuous functions f : D — C such
that the kernel (§,7) — f(£-n) is positive definite on y,. For a locally compact
group L we denote by P(§y,, L) the set of continuous functions f : D x L — C
such that the kernel ((§,u), (n,v)) — f(£-n,u"'v) is positive definite on Qy, X L.
When L = {e} is trivial, then P(€y,, L) can be identified with P(Qy,).

For ¢ = 1 we define P(2y) = P(T) as the set of continuous positive definite
functions f : T — C on the circle group T. They are characterized as the
functions

f(ew) _ Zanein07 0 €T,
nez
where (a,)nez is a sequence of non-negative numbers satisfying »  a,, < co. This
is Bochner’s Theorem for the compact abelian group T. Similarly P(€Qs, L) =



P(T x L) is the set of continuous positive definite functions f : T x L — C. They
are characterized as the functions

f(e? u) = Zan(u)eme, e eTucl,

neL

where (a,(u))nez is a sequence of functions from P(L) satisfying > a,(er) < oo.
This is a special case of Theorem 3.4 in [4]. See also Corollary 3.5 in [4].

Note that 2y, as a set is equal to S?¢~1, if C? is identified with R??. However,
P(S?*171 L) and P(Qy,, L) are different since the first consists of functions f :
[—1,1] x L — C and the second of consists of functions f : D x L — C. See [15,
Section 5] for relations between these classes when L = {er}.

In the following we shall always assume that ¢ > 2.

In [4] the authors proved the following result, which extends a result by
Menegatto and Peron [15, Theorem 4.2] for the case P(€2y,).

Theorem 2.3. (Theorem 6.1 in [4]) Let 2 < q < oo and let f : D x L — C be
a continuous function. Then f belongs to P (S, L) if and only if there exists a

double sequence of functions ((p%}bz))m,nzo from P (L) with

z:(p(q2

m,n=0
such that
ng uw)R%L (), zeD,uel. (20)

m,n=0

The above expansion is uniformly convergent on D x L, and for u € L we have

-1
gpgg;f)( )= N(q;m,n) / / f(r R?nr%( e®)r(1 —1r*)1"2dodr. (21)

Here

m+n+q—1/m+q—2\(n+qg—2
N(g; m,n) = 1
q— m n

is the dimension of a certain finite-dimensional space, see [12, Eq. (3.12)],[20, p.
205].

The functions RY,2(z) belong to the class of disc polynomials given in [12,
Eq. (3.15)] for @ > —1 as

RS, (rel?) = plm—nleitm=mopiamlop2 1), 0<r<1,0<60<2r, (22)

min(m,n)

where

B @) = PP (@)/ BV ), - auf > 1k € Ng (22)



are normalized Jacobi polynomials Pk(a’ﬁ), cf. [2, p. 99]. The case a = 0 was
considered by Zernike and Brinkman in [22].

See [21] for other expressions and properties of the disc polynomials.

Like for the case of real spheres we have

P(Qa(g+1), L) © P(Q2g, L),

and we consider the set

P(Qoo, L) : ﬂP Oy, L), (24)

which can be identified with the set of continuous functions f : D x L — C such
that the kernel ((&,u), (n,v)) — f(£-n,u"tv) is positive definite on Qg X L.

3 Proofs in the case of the real Hilbert sphere

We need the following sharpening of Proposition 3.8 in [5], which is inspired by
results of Ziegel [23].
For functions F': [—1,1] x L — C we denote

||F]] = sup{|F'(z,u)| : @ € [-1,1],u € L} < o0
Note that if f € P(S¢, L) then ||f|| = f(1,er) < .

Proposition 3.1. Let d € N and suppose that f € P(S¥2, L). Then f(-,u) is
continuously differentiable with respect to x in]—1,1[ and (1—x2)0f /0 extends
to a continuous function on [—1,1] X L such that

(1 —x2)8f(5’;“) = filz,u) — folz,u), (zu)€[-L1xL (25

for functions f; € P(S?, L) satisfying
LAl < dllfll, i=1,2 (26)

Proof. Let us first assume d > 2. By the proof of Proposition 3.8 in [5] we have
(25) for (x,u) € |—1,1] x L, where
= (2n+d-1)(n+1)
=d
(z,u) Z 2n+d+1)(n+d—1

)Qpn-l-l,d(u)cn(d) ZE)
and
n—1
dz n+d Qpn—l,d+2(u)cn(d7 [E)

10



These formulas show that fi, fo € P(S¢, L) and that
Al = A er)

o0

_ dz( 2n+d—-1)(n+1)

—~ (2n+d+1)(n+d-1

)Qpn-l-l,d(eL)

< dY pniraler) =d Y pnaler) < d|If]],
n=0 n=1

and

n—l

1f2ll = f2(1,e) —dz 1 df 1a+2(er) <dz<,0nd+2 (er) < d||f]]-

n=1

This also shows that the left-hand side of Eq. (25) extends to a continuous
function on [—1,1] x L.
For d = 1, Eq. (25) holds again, now with

filww) = sl + 3 @, 2)

n=1
and -
P, w) = 3 " a(w)en(1, )
This shows that (26) holds also in this case. O
Let &; denote the subspace of continuous functions F' : [-1,1] x L — C

spanned by functions of the form p(z)f(z,u), where p is a polynomial with com-
plex coefficients and f € P(S% L). Clearly €41 C &;. By Proposition 3.1 we see
that (1 — 2%)0/0z maps &4y into &.

Proposition 3.2. Let d,n € N and assume that f € P(S™2" L). Then f(-,u) €
C™(] = 1,1[) foru € L and for k < n we have

O f(z,u
(1— :c?)k% € Earain—t)- (27)

In particular the function in (27) has a continuous extension to [—1,1] x L.

Proof. Tt follows by Proposition 3.1 that f(-,u) € C"(] — 1,1]) for u € L.

We prove (27) by induction in k, and it certainly holds for £ = 1 by Proposi-
tion 3.1.

Suppose (27) holds for & < n. Then the function in (27) is differentiable for
—1 < x < 1 and differentiation and multiplication with 1 — 2? shows that

0" f(x,u) 0 f(x,u)
2\k ) 2\ k )
—2]{1’(1 — X ) W + (1 — X ) +1W S gd+2(n7k71)-

11



Using

oxk

0k+lf x,u
(1— ﬁf“ﬁ € Eqra(n—k—1)-

2kx(1 — 2?) € Earatn—k) € Earatn—k—1)

we see that

]

In the next proposition we prove the weak convergence of a certain net
(72 )a>—_1 of measures introduced below. This convergence is decisive for the proof
of our main Theorem 1.1.

For A > —1 define the probability measure 7, on [—1, 1] by

7= BA+1,1/2)71(1 — 2*)* du, (28)

where B is the Beta-function given by B(a,b) = I'(a)T'(b)/T'(a + b).
The set C'([—1,1]) of continuous functions f : [—1,1] — C is a Banach space
under the uniform norm || f||oc = sup,ei_1 5 [f(2)]-

Proposition 3.3. Let F C C([—1,1]) be a set of continuous functions on [—1,1]
such that

(i) F is bounded, i.e., sup;cr || f]loo < 00,

(ii) F is equicontinuous at v = 0, i.e., for every € > 0 there exists 0 < 6 < 1

such that |f(xz) — f(0)| < e for all f € F and all real x with |z| < 9.
Then limy_,o [ fdry = f(0), uniformly for f € F.

In particular, limy_,o Tx = 0¢ weakly, where oy denotes the Dirac measure
concentrated at 0.

Proof. For any 0 < 6 < 1 and f € F we have

[rim-s0= | (f(x) - f<o>) o)+ | e (f(x) - f(0>> drs(z).
Using [£(z) — F(0)] < 2/| e, we get for A > 0

A1l -
f<sc>—f<o>\+—B(HL1 = /mg”_“ e

‘/deA—f(O)’ < sup

=<

< sup
|lz|<6

B(A+1,1/2)

For given € > 0 we first choose 0 < § < 1 so that by (ii)

|f(x) = f(0)] <¢e/2, forall|z| <4, feF.

12



By Stirling’s formula
BOA+1,1/2) o n 2AV2 N o0,
and limy_,. AY/2(1 — 6%)* = 0. Therefore, and using (i),

41— 6)

o T (1= 2P < /2
§Eg||f|| B()\+1,1/2)( )t <e/

for A > Ay, where A is sufficiently large. This shows that

sup
fer

/fdn—f(O)‘Se, > Ao,

]

Proof of Theorem 1.1:
It is known that the Gegenbauer polynomials oW (z) satisfy the Rodrigues
formula, cf. [2, Eq. (6.6.14)]

(V) :—(_Q)n()\)" 2 1/2—/\d_n o 2\ntA—1/2
Cn(a) n!(n+2/\)n(1 ) dxn(l %) :

For the normalized ultraspherical polynomials ¢,(d,z) given by (13), the Ro-
drigues formula reads

cn(d,x) = %(1 — x2)1d/2%(1 S L (29)

Inserting this in Eq. (12) we get

Ny (d)og—1 —1)2n)n /_11 f(x,u)j—n(l g2yl g

_ (
Praltt) = 04 2n(d/ "

We now make use of n integrations by parts to get

Ny(d)og—s 1 ! " f(x,u) 2\n+d/2—1
oq  2°(d)2), /_1 o L) 4,

Son,d(u) =

because the boundary terms

8kf({L’, u) dn—k—l

ork  dxn—k-1 (1—a?)" 2k =0,1,...,n—1

vanish for x = £1 by Proposition 3.2. In fact,
dn—k—l

e (L= R (1 MRy ()

13



for some polynomial Ry (x) and
oxk 7

has finite values while (1 — 22)%2Ry(z) vanishes for x = +1.
Using the measure (28) with A = d/2 — 1, we find

pna) = oo [T o),

(1—a?)

and we note that
i Neld) 1 (Daa(dt2n—1) 1
d—oo 27(d/2),  d—oconl! 27(d/2), n!

By Proposition 3.3 we then get that

2 nanf(xvu):| — lanf«)?u)
0

) 1
dlggo #nalu) = n! {(1 -7) Ox™ n!  OJxn (30)

Given a compact set K in L the family

F = {xH(l—x%"%:ueK}

satisfies the conditions of Proposition 3.3, so the convergence in (30) is uniform
for v in compact subsets of L.
This also implies that the function

1 0"f(0,u)
~ nl Ozn

belongs to P(L) and is the coeflicient ¢, «(u) of the power series in (19). O

4 Proofs in the case of the complex Hilbert sphere

Let us first consider a function f € P(€y,, L), where 2 < g < co. Then we know
that -
Few = fEu), )l < f(le), zeDucl.

To f and to elements uq,...,u, € L and numbers c¢y,...,c, € C we define a
new function F : D — C by

Z f(z,u; Lug)c;e. (31)

7,k=1

It is easy to see that F'(Z) = F(z), but in fact, this follows from the more general
result inspired by [10] and which can be stated as:
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Lemma 4.1. For any f in P(Sy, L), the function F in (31) belongs to P(Sa,).

Proof. Let &,...,&, € Qg and dy, ..., d,, € C be arbitrary. We shall prove that
S > 0, where

m

S = Z F(&#'fv)dud

Hv=1
However,
m n
S = Z Z f(glt ’ gllvuj_luk)chdudu > 07
wv=1j,k=1

because it is “a sum” belonging to the list of mn elements from €y, x L

(517 U’l)? sy (617“71)7 (627”1)7 ey (527 un)a ceey (gma ul)a sy (gma un)
together with the list of scalars

dlcl, e ,dlcn,dgcl, e ,ngm . ,dmcl, . 7dan.
O

As preparation for the proof of Theorem 1.2 we shall discuss smoothness of
functions from P(Qy,, L).

The smoothness results of Ziegel [23] for functions in P(S?) have been ex-
tended to functions in P(£y,) in a paper by Menegatto, see [14]. This extension
required new ideas, while a further extension to functions in P({y,, L) follows
the same lines as in [14], so we shall just give the results with a few indications.

For f € P(Qg41), L) € P (g, L) we have the expansions, cf. Theorem 2.3,

ng qu ngqg) ng(), 2eD,uel,

m,n=0 m,n=0
and the coefficient functions are related in the following way:

Proposition 4.2. Let 2 < ¢ < co. If f € P(Qaq+1), L), then for m,n > 0 and
uelL

(m+qg—1Dn+q=1) (m+1)(n+1) (¢-2)

Al ) = D+t g- D7 Y= Dk g om0
(32)
In particular,
SO(Q 2(e,) > (m+1Dn+1)(m+n+q—1) (4-2) (c1). (33)

(mtq—D(nt+q—1)(mtntqdtl) mintl

Proof. For the first part we can use the same technique as in the proof of [14,

Proposition 4.1]. The second part follows from the fact that 9052,}1)(6 L) > 0 and
from the first part. [
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Proposition 4.3. Let 2 < g < oo. If f € P(Qyg+1), L), then for each v € L

fized
N+1
. n +q— 2) (g—2)
| =
MoN S0 ; M+n+q-— 2¢M7"*1<u) 0
and
M-1

. m(N + q— 1) (q—2) o
M}}v”ioon; AN 1Py @ =0

Both limits are uniform with respect to u € L.

Proof. Define

Mn+q—2) (-2
Ay oy = y .
M,N ; M+n+q_290M,n—1(u)

Then

= M(n+q—2) Mn+q—2) (-2
A < <) (er).
| M’N|_Zn:1M—i—n+q—2 M )‘_ZM—FH-FC] 3P M (e)

Define

n+q—2 (q—2)
:——g M=12....
CM 2 M+n+tq— 2(PMn 1(6L) ) &y

We have 0 < ¢j; < oo and

ZCM: ZZMZ‘—;(:'C] 2905\(5[712)1(6L)<007

M=1 M=1n=1

because

n+q-—2 > (g—2
<1 q-2) <
M+ntq—2-" D et (en) < oo,

m,n=0

and then we can use Lemma 3.2 in [14].
Since 0 < |Ap n| < Mcyy for all M, N, we have

lim Ayn=0
M,N—oco

provided limys o Mcy = 0. To see this we get from (33) with m = M and n
replaced by n — 1
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o0

(M +1)n
cy 2 Z(M—l—q—l)(M—l—n—{-q)(pM—i_ln(eL)

M+1 & n+q-2 q—1 L
= 1— q
M—i—q—lgM—l—l—l—n—Fq—Z( n+q—2)90M+1’”1(€L)

o0

= ﬂc M+ Z qg—1 -2 (1)

= M+q—1 M+1 M+q—1 M+n+q_190M+1,n_1 L
M+1 (M+1q—1

> _

o ]\J—i-q—chJrl (M +q—1)? Z M+1n1€L

Now, limps_o Mcpr = 0 follows as in [14]. O
In analogy with Theorem 1.1 in [14] we have:

Proposition 4.4. Let 2 < ¢ < oo and assume that f € P(Qagt1), L). Then
f(-,u) is differentiable with respect to z and Z in D and there exist functions
fi € P(Qay, L),i =1,2,3,4 such that for (z,u) € D x L

- ERPE ) - e (34)
(
0]

u) = fa(z,u) = fa(z, u). (35)

(1 - op 2w

In particular, the two functions to the left in (34) and in (35) have continuous
extensions to D x L.

Let Gyq denote the subspace of continuous functions F : D x L — C spanned
by functions of the form p(z,%)f(z,u), where p is a polynomial in z and Z with
complex coefficients and f € P(§yq, L). Clearly Gogi1) € Gag-

By Proposition 4.4 we see that (1—|z[*)0/0z and (1 — |z]*)9/0Z maps Ga(g+1)
into Ga,.

Proposition 4.5. Let 2 < g < oo and assume that f € P(Qyq4n), L) forn > 1.
Then f(-,u) is n times differentiable with respect to z and zZ in D and forr+s <n

|Z|2)r+s arJrSf(Zv u)

(1 — 9205 S gQ(Q+n—r—s)- (36>

In particular, the function in (36) has a continuous extension to D x L.

Proof. We prove (36) by induction in r + s.
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It certainly holds for r + s = 1 by Proposition 4.4. Assume that it holds for
r+s < n. Differentiating the function in (36) with respect to z and multiplication
with 1 — |2]? shows that

ar—&-s-{—lf(Z’ U)

0z"t1oz°

r+58 ar+sf(z7 u)
0z"0z°

(1= [zf)rr=rt — (r+5)z(1 - |2])

belongs to G (g+n—r—s—1), and since

- rs 07 (2,0)
(T + S)Z<1 - |Z|2) - W € gZ(qunfrfs) - g2(q+nfrfsfl)a

we see that
ar—&—s—&—lf(z’ U)

0zr+19z°
Differentiating the function in (36) with respect to z and multiplying with (1 —
|2|?) gives that

(1= [zt € Ga(gtn—r—s—1)-

ar+s+1f(z7 U)

(1 — ‘Z|2)r+s+1 5o S gg(q+n_r_s_1)_

]

In the next proposition we prove the weak convergence of a certain net
(Va)a>—1 of measures introduced below. This convergence is decisive for the
proof of Theorem 1.2.

Let v,,a > —1, denote the probability measure on D given by

a—+1
T

Vg = (1—2%—y»)dody, 2°+9° <1, (37)

and in polar coordinates the expression is

a—+1
T

V, = (1—r2)ard7“d6, 0<r<1,0<6<2nr.

The set C(D) of continuous functions f : D — C is a Banach space under
the uniform norm || f||s = sup,5 |f(2)|.
Proposition 4.6. Let F C C(D) be a set of continuous functions on D such that
(i) F is bounded, i.e., sup ez || f]loo < 00,

(ii) F is equicontinuous at z = 0, i.e., for every € > 0 there exists 0 < 0 < 1
such that |f(2) — f(0)] < e for all f € F and all complex z with |z|] < 4.

Then limg o0 [ f dve = f(0), uniformly for f € F.
In particular, limg,_,o Vo = dg weakly.
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Proof. For any 0 < 6 <1 and f € F we have

[ =)= = | N ( / 5+ / (e — F(O))r(1 r?)adr> 6.

hence

27 1
‘/fdva—f(o)‘ < s 17— O+ 2l [ =y arag
™ 0 5

EE

= sup [ f(2) = f(0)] + 2| flloo (1 — 0%)".

|z]<é

For given € > 0, we first choose d > 0 so small that the first term is smaller

than /2.
With this §, the second term tends to zero as @ — oo, hence < £/2 for «
sufficiently large. O]

Proof of Theorem 1.2:
If f € P(Qu,L), then for every 2 < g < o0

Z PO DR 2(2), (2,u) €D x L, (38)

m,n=0

where @\12) € P(L) satisty

> piner) < oo

m,n=0

and
@%f)( )= N(q;m,n)/Df(z,u)R?nﬁ(z)duq2(2) (39)

by Theorem 2.3 and (37).
There is a formula of Rodrigues type for the disc polynomials, see [21, Eq.

(2.6)]:

(0 R =

m,n

o ‘Z’2)m+n+q72' (40)

Thus, using R& 2(z) = RI2(2),

ol f) (u)
1

m-+n _ | m-—+n
(( D" 2) N(g;m,n /f Z,u) 0 (1 — |z[H)™tHa2daxdy.

T +n+q—2)! 0z"0zm
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Denote by I the integral in the previous equation. Now, note that

am—l—n 1

L= / I, {8‘”82’" Fergan T~ |Z|2)m+n+q_2] ey
8m+n 1
- [ {f( W g (1= 12 dady
am+n 1
- / 9215 W) g (1= ™ dady,

By Green’s Theorem,

/D%(z)dxdy = —%/BDQ(Z)dZ (41)

[ vty =5 [ gz (12)

for a continuously differentiable function g on D. Using (42) we get

and

aernfl
1— |Z|2>m+n+qf2dz

f( )W(

am+n ! 2\m+n+q—2
/ () (1= o) P dady,

Since
8m+n— 1

— (1
82”827”*1(
is the product of a polynomial in 2z and z by (1 —|2]?)?"!, we have

_ |Z|2)m+n+q—2

am—i—n—l

f(zau)W(l — |2yttt =0, 2 € OD.

Therefore
8m+n ! 2\m+n+q—2
1)

and similarly by (41)

/ (z,u) o (1 — |2yt Ha—2dpdy.
0z 9z 19

We now make further integrations by parts, a total of m integrations with respect
to z and n with respect to Z. We need the following terms to vanish on the
boundary of D

8lf(z, u) am—i—n—l—l

5 Gergamoi-ill T 2Pyt =12, ,m =1, (43)
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and

8"?+mf(z, u) an—k—l
ozF9zm  gzn
This is true because
ar+s
0z"0z°
for a polynomial p in z,Z. Therefore the terms in (43), (44) are of the form
(1 — |2]?)*'F(z,u), where F is continuous on D x L by Proposition 4.5. The

terms then vanish on the boundary of D because g > 2.
We obtain

(1—|zHymtnte2 k=0,1,...,n— 1. (44)

1=z =p(z2) 1 = Y%, r+s<N

P (u) =
g—1  (¢—2) /
N .
 mindg—g ) | g

m-+n

Fzu)(1 = |2y 2 dwdy

= N I [T )1 = |2 (2
G o+ q—2)! J5 0zm0zm !\ 4205
We have
(¢ —2)!
N(g; =
<%mmhm+n+q—®!
1 ¢g—14+m+n(¢g—2+m)! (¢g—2+n)!
m!n! q—1 (¢—2)! (@—2+m+n)l
Using

(a+n)! =al(a+1),,
we find for a = ¢ — 2

—9)! 1 ¢g—1 —D,(g—1),
N(g;m,n) 2= 2) = a-limn(g=Lnle ),
(m+n+q=2)! mn!  ¢-1 (¢ = Dimtn
and then oAl .
lim |N(g;m,n) (4 =2) = :
g—o0 (m+4+n+q—2)! m!n!

The function
m—+n

0]
h = (1 — |z ———
() = (1= JoP)" " f (2, w)
is continuous on D x L by Proposition 4.5, and therefore the family F of the
functions h(-,u) € C(D), where u belongs to a compact subset of L, is bounded
and equicontinuous at z = 0.
By Proposition 4.6 it follows that

f0,u),

hm S0((]_2) (u) _ L 8m+7’b
g—oo T mln! 0zZ"0z™
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uniformly for u in compact subsets of L. It follows that

1 am+n
mln! 0Z"0z™

Omn(u) = f(0,u)

belongs to P(L) for all m,n > 0.

We still have to establish (7) and (8).

For f € P(Qu, L) we get by Lemma 4.1 that F' of (31) belongs to P(Qs)-
Using a theorem due to Christensen and Ressel, see [7], it can be written as

o0
F(z) = Z A 22",
m,n=0
where a,,, > 0 are uniquely determined by F' and satisfy »_ a,,,, < oo. In fact

1 oMt |
 mn! 9z"9zm

(0)- (45)

We now use the special case of (31) withn =2, u; = e, us = u, ¢c; = 1,¢0 = ¢,
so F' = F, . takes the form

Fue(z) = f(z er)(L+c[*) + f(z w)e + f(z,u e (46)

Qm,n

For all u € L, c € C we have a representation

Fo.(z)= Z amn(u,c)2™z",  z€ D,
m,n=0
where -
Am (U, c) >0, Z A (U, €) < 00, (47)
m,n=0
Letting ¢ = 1, —1,7 we obtain
le(z) = 2f<Z, eL) + f(zv u) + f(Z, uil) = Z am’n(u’ 1)27”2”7
m,n=0
FU,*l(Z) = 2f<2,€L) - f(Z,'U,) - f(Z,Uil) = Z amm(u, _1)Zm§’n’
m,n=0
F.i(2) = 2f(zer) —if(z,u) +if(z,u™) = Z A (u, 1) 22"
m,n=0
This gives
() - SR )+ L) = S = 3 Bl
4 u,1{Z 4 u,—1(% 2 wil?) = <, U _mnzogpm,nuz <
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where

- 1—1 1412 )
Omn(u) == Z(1771771(10, 1) — %amvn(u, 1)+ %am’n(u, i).

By (47) we get

Z |Omn(u)] < oo, wueL,

myn=0
hence
) = 10 (0,) = ()
e mln! 9z"9zm" 7 e
This shows that (7) and (8) hold because |@,, . (eL)| = ©mnler). O

Proof of Theorem 1.3:

The difficult “only if”-part of the proof is contained in Theorem 1.2.

For the “if”-part we note that it is easy to see that (£,n) — £ -7 is a positive
definite kernel on 2. By the Schur product theorem for positive definite kernels,
cf. [3, Theorem 3.1.12], we see that z™Zz" belongs to P(€2s) for m,n > 0. It
is therefore elementary that any function of the form (7) with ¢,,, € P(L)
satisfying

Z Spm,n(eL) < 0,

m,n=0

belongs to P(Q, L). d

Remark 4.7. Tt is known and easy to see that the disc polynomials Ry, have
the following limit property

lim Ry, (2)=2"2", z2€D (48)
a—00 ’
for each m,n > 0 fixed, cf. [21, (2.12)].
This is the analogue of the following limit result for the normalized Gegen-
bauer polynomials

)}LralonlA)(x)/C,sA)(l) =z", —-l<z<l
for each n > 0. Schoenberg [19, p. 103] proved that this convergence is uniform
in n > 0 for fixed x, and this was the clue to his proof of the representation
theorem for P(S*°), cf. [19, Theorem 2].

A proof of the theorem of Christensen and Ressel or the more general The-
orem 1.3 can be given following the ideas of Schoenberg provided that one can
prove that the convergence in (48) is uniform in m,n > 0 for each fixed z € D.
It is not difficult to prove that the convergence is uniform in n for each fixed m,
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but we have not been able to prove the uniformity in m and n. This is equivalent
to the following property of the normalized Jacobi polynomials cf. (23)

lim ((1+2)/2)?2R™P (z) = (1 +x)/2)"P2, —1<z<1

a—r00
uniformly in n, 8 € Ny. Unfortunately, this question is open and does not seem
to be related to the recent deep result in [11, Theorem 1.1] about the Jacobi
polynomials.
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