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Dado um conjunto ndo vazio X, uma fungcdo K : X x X — C, é dita ser
um nicleo definido positivo em X (pd) quando

z": z”: G K (X, x,) > 0,

p=1lv=1

para todo n € N, {x1,x2,...,xp} C X e {c1,¢2,...,cn} CC.
(K(xu; %)) =1 € hermitiana e ndo negativa definida.

Se a desigualdade acima ¢ estrita quando pelo menos um dos ¢, é ndo
nulo, entdo o niicleo é chamado estritamente definido positivo em X (spd).
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ZZ:1 D01 GG K (3, %) 2 0

Q@ Kpdem X = K(x,x) >0, Vx e X
@ Kpdem X = |K(x,y)]? < K(x,x)K(y,y), ¥x,y € X
©Q Ki,Kr pdem X, a,b >0 = sdo pd's em X:

Ki,

Ki1Ka,
aKi + bK>

@ O limite pontual de uma sequéncia de niicleos pd é pd
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‘ =1 Zhm1 cuo K, x) 2 0 ‘

QO K(x,y)=cos(x —y) épdemR

> =1 CuC cos(xy — x) = 32 g cuGy[cos(x,) cos(x,) + sin(x,) sin(x,)]
= ZZ:I G cos(X.) D2 p—1 G cos(x,) + ZZ:I Cusin(x.) >-p—1 Cosin(x)

n 2 n . 2

= ’Zuzl c cos(xﬂ)’ + ‘Zuzl [ sm(x#)’ >0

@ Sef: X — C, entdo K(x,y) = f(x)f(y) é pd em X

E g G f (xu)f xl, E cuf(xu) E ¢, f xl,

p=1v=1

2
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depende da estrutura do conjunto/espago

e X=R: f:R— CéumaFDP em R se:

K:RxR—C : K(x,y)=f(x—y) épdemR

o (X, () ev.real (complexo): f:R(C) — C é uma FDP em X se:

K:XxX—=C: K(x,y)=f((x,y)) épdemX

e X = G grupo:
f:G— CéumaFDP em G se:

K:GxG—C : K(uv)=f(ulv) épdemG
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e
e X =57 = {xeR¥*: x| =1} (d >1):
f:[-1,1] — C é uma FDP em S se:
K:59%x 595 C : K(x,y) = f(cos(©(x,y))) épdemS?
—_———
{x.y)

O(x,y) = arccos((x, y))
o X =0y ={z€C:|z]| =1} (¢ >2):
f:D:={zeC:|z| <1} = C é uma FDP em Q4 quando:

K: Qg x g —=C : K(x,y)="f((x,y)) ¢épdemQyq

e X=Q:={zecC:|z|=1}: f:Q — C éuma FDP em €, quando:
K:QxQ —C : K(x,y)=1f((x,y)) épdemQ
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f,g fdp's = fg fdp

f, fdp's = f = Ii_>m f, fdp
n—oo

f,g fdp's = af + bg fdp, (a,b>0)

Pergunta: Podem a e/ou b serem negativos e af + bg ainda ser fdp?
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Onde encontramos fdp?

oD
J.p

£

como fdp’s sao em geral?
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o f:R—R:t—costéfdpemR
0o g:[-L1]] 2 R:x—xéfdpem S9, d >1

n n
Z cuc8((xu, %)) = Z CuCu (X, X)) ZZ CuXys CuXy)

p,v=1 w,r=1 p=1lv=1
2
n n n
= <Zu:1 CuXps D1 CVXV> - Hzﬂzl C“X“H 20
o h:D—-C:z—zéfdpem Qyq, g >2
2

n
S i h((zy, z) < cuz cz,) = Cuz
’LLJ/:]_MV ,u,71/ - JIE B} VI/_ e
pn=1
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Sejam A > 0 um nidmero real e n € N. Definimos o polinémio de
Gegenbauer de grau n associado ao indice A\ por

n (nF2X=1\T(A+1/2) B . 2P 1ds
Pn(f)-< . >fr()/_t+ V1-12)"(1 d

= | , a€eR, neN
n:

<a> aa—1)...(a—(n—1))

A1) = (n—|—2/\ - 1> pie = 4TG/2),

n
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d>2
2
P12y = (142 ()3T (2 e
’ no )" \2) & WKi(n - 20T (k + d/2)
d=1

[n/2]
Po(t) = T,(t) = Z <2nk)(t2 — 1)%¢t"2k = cos(narccos t)
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@ limitados:
PEDR() < PEYR(), tel-1.1], n>0
@ pares/impares:
d—1)/2 (d—1)/2
PEDR(e) = (-1)" PV ()

@ Formula da Adicao:

d+1 .
}‘f,”l : pol. homog. que satisfazem eq. de Laplace: Z 9l 0 rest. S¢
Oxg

{Y;;j=1,...,N(d +1,n)} base ortonormal de yd+1
N(d+1,n
P21 1) = od (i )Y-(x) S
’ @+t 2 MINDLx
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(d-1)/2
cd Pr (x)

9(x) = W, x € [-1,1].

lim c?(x) =0, para cada x € (—1,1)

n—o0

d=5;n=1,2,3,4,56,7,8,9

-1
Polinomios de Gegenbauer de grau n=1.2,3,4,5,6,7.8,9
associado ao indice 2
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Polindmios de Gegenbauer sio FDP em S9....

qualquer FDP em S9 est4 relacionada com Polindmios de Gegenbauer ??
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ed>1

Teorema
([Sch42]) Uma funcio continua f : [-1,1] — R é uma fdp em S see.

f(x)=> ajcd(x), xe[-11],

n>0

onde al >0, n>0,e) 5,3 < .

5°°: esfera de Hilbert real:
5% = {(Xk)keN eRY:D> X = 1}
k=1

o féfdpem S® < f éfdpem S9 Vd > 1
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d
n

lim ¢

(x) = x" é uniforme em x para cada n fixado
d—oo

Schoenberg : dlim cd(x) = x" uniforme em n para cada x fixado
—00
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n=4,d=1,2,3,4,5,6,7,8

. 12
< L0
5
oS 08
k!
&Y
A 0.6
04

Polindmios de Gegenbauer de grau » = 4 associado
respectivamente ad = 1,23 4,56,




n=3;d=1,2,3,4,567,8

Polindmios de Gegenbauer de grau n=3 associado
respectivamentead = 123,4,5,6,78.
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e d=0o0
Teorema

([Sch42]) Uma fungdo continua f : [—1,1] — R é uma fdp em S5 see.

f(x)= Zanx", x € [-1,1],

n>0

ondea, >0, n>0,e) ~gan < o0.

Schoenberg obtém a,, através de um “processo de diagonal de
Cantor”

Berg & Porcu [2017] provam:
— i d
ap = lim a;, Vn>0

d—o0
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@ Multiquadric functions
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@ Multiquadric functions:

(1—6)d-1)

0<0<
(1462 —2§cosf)d-1)/2> == = "

P(0) = o?

(0 €(0,1), c €Ry)

sio fdp's em S? (d > 2)

R kT

n n
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@ Sine Power functions:

w0t (02)]. ococar

(v €(0,2), 0 €Ry)

sdo fdp's em S

2 n

o 1 «a
an__ﬁmmgo<m_2>7 n=0,1,...
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e D:={ze€C:|z| <1} o disco unitdrio fechado.

Dados m e n inteiros n3o negativos, o polinémio no disco de grau m+ n
em x e y associado a um ndmero real « > —1 é a fungdo Ry}, , dada por

mAn

R,?f, n(reie) — r\m—n|ei(m—n)GR(a,|m—n|)(2r2 B 1)’

z:=re” =x+iyeD, mAn:=min{m,n}e

a,|m—n P,(na,\r:n—nD X
R = Pmtn L9 1y
'Dm/\n (1)

polindmios de Jacobi de grau m A n, associado aos indices a e |m — n.

R,(na’n_m)(2zf —1)z""" m<n

(avm_n) > m—n >
RS (2) = { R (2zz—-1)z"", m>n

v Ry, ¢ um polindmio de grau m em z e de grau n em Z.
)
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a > —1:

@ Ry,(1)=1;
@ R;,(2) = Ry, 0(2) = Ri(2), z€D;
() R,‘i‘,’,,(e"“’z) = e"(m—n)soRﬁzw(z)7 o€ [0,21), zeD;

Q R, (2)|<1,zeD, mn>0. (a«>0)

Rf;,‘n(re"”) — plm=n| gi(m—n)6 p(a,|m "‘)(2r2 —1),z= rei?

mAn
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A. Wiinsche ! Journal of Computational and Applied Mathematics 174 (2005) 135-163 161

Table 2

m,n o= % a=1

0,0 1

IN0] z

0,1 z*

2,0 2

L1 3(5227 - 2)

0,2 22

3,0 2

2,1 1772 — 42)

1,2 %(72:"2 —4z") 22*? — z*

0.3 2 o

4,0 z* 24

3.1 37°z% — 27 1(52°z" - 32%)
2,2 £5(63272"% — 56227 + 8) 1102227 = 822" + 1)
1,3 322%% — 2% 15227 = 327)
0.4 e 2

5,0 2 z

4,1 111z - 82%) 3207 228

3,2 13322 — 362°z" + 82) 5232*2 — 57%2% 4z
2,3 1(332°2" — 362277 + 82%)

1.4 1
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f(z) = R%Z(2) é uma fdp em Quq, g > 2

{qu, Y2q ..... YI‘\’I(q-m n)} uma base ortonormal de H9(m, n)
q—2 w2q Mgz q q
R s = Y, Y, s s Qog.
. ((€:0)) Ngmm 2= )Y/ (C), & ¢ € Mg
Teorema

[MPO1] f : D — C continua é fdp em Qoq, g > 2, see.

f(z)= Y a% 7Ry 2(2), z€D,

m,n=0

2 )
onde alhy >0,Ym,n, e amh s < oo.
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Teorema
[MPO1] f : Qo — C continua é fdp em Q» see.

FE) = amt™, €€,

meZ

onde am >0,Vm, e > am < 0.

Teorema
[CR82] f : D — C continua é fdp em Q. see.

Zam,,zz zeD,

onde amp, >0, Vm,n, e af’nj,? < 00.

v
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Pasitive Definite Functions on Comples Spheres and their Walks through Dismensions u

eorem 2.1, Let f: D = C be o continuous function. T

1) £ € W) if, and only

0 for all (m, ),

i, £ € Q) ond

0, m,n > 0} N(NZ+) # 2. 211)

Jor every N21,j=0,1... N~

Note that the index o = ¢ — 2 of the dise polynomials is related to the sphere 0, and
consequently -+ 1= q — 1is related to 9

the analogue of the d-Schoenberg coefficients af as in Daley and

1], eferring to the expansion of the members of the Schoenberg class T,

d
1o analogy, we will el a3 s (3)-compl coeffcien

21 Families withi

the classes W(z,) and ¥+ (€s)

Tt is well known that there exist many examples of functions in the class Wy, some of them

widely wsed in applications (sec for example Gi

iting [17) and Porcu et al. 25])
In tho st it i o posible o fnd cxamples of fnctions dhat. sty ho cond'
tions in Theorem 2.1, or those in Remark 1.4, aud therefore they belong to the classes (¢
and 4 (0;,). Some of them, as well as their use in applications, appeared recently by
originated by the work of Winsche [16] that deals with disc polynomials: a fundam
for

atal tool
adying the functions in these classes. We give below a collection of such functions.

1. Disk Polynomials and related familis.
lury [10)

The product kernel (Boyd and Rayehowd-

is o clement for cach m, n

 of the cluss V(9

3 Paison. Srest kevnel i rlate s An splicaion o (29) (210 s

that

(AL, e

nd hence it is o member of the class W(2,

for each 1 € [0,1
3. Exponent

The Fanetion (Menegatto et al. [2

belongs to the class T (£,

ron (ICMC, USP)

s, AP Peron aud E. Porcu

Tasdelen and Yavuz family. The function (Akias et al. (2))

I S/ n) = S g, SRz () )
where )0+ )" s member of W (1), for cach £ € (0,1).
5. Horn Tamily. Let , 1 be pasitve integers

such that 47 = (R~ 1)2. Horu's function Hy

is defined on p. 57 of Stivastava and Manocha (1

Hi(a.bre.dia.y)

where 1] < r and Jy| < R. An application of Theorem 2.2 in Aktas et al. 2] shows that

7ﬁm(w,m
C Y

Henee it is a member of ¥
satisfying

)y for each b, a positive integer, and 1, s positive mumbers

P

6. Lauricella family. Let 1y, 2 and 3 be p
The Lauricella hypergeometsic funct
(Saran [3

integers such that ryrz = (1—ra)(r

o thro eisbes Fi (Srwa's otation P ko e

Fuulanan,an,b by bizes, ea,eximnmn ) =3 ‘”‘““

where [21] < 71, & and Jza| < ra. For t,s € R such that [s| < ry and [f] < rz, where

71 = ra(1 - 1), define

(1 Lg = 1 bg— Lig— 1,1, 1ss

From Theorem 2.3 in Akins et al. 2] we get

fs= 3 (a= 1l

o e, i is & memmber of W (Sy), for each b, positive ntes

an £, s positive mumbers
fying the relevant conditions above

ome comments are in order. Lauricella functions are generalizations of the Ganss hyper
geometric functions to multiple variables and were introduced by Lauricella in 1593, Recursion
formis i reprsentaion for Lawiela fnctios, incling F (Fy). lave

an be found, for example, in Sahai and Verma [31] and Satan [33, 31]. In 1873,

i of 15 o whise hpersemtre nctions e e sprsd

Schuwarz gave o list of parameters determining the cses where the
hypergeometric differential cquation has two independent solutions that ax

braic functions
Botuseen 1989 and 2009 several rescarchers extended this list: fo general one-variable

hypergeo-
metric functions 1 (Bovkers and Heckman [8]), the Appell-Lauricella fanctions y and Fp)
(Beazley Cohen and Wolfart. (5], the Appell functions Fy and Fy (Kat ). and the Horn
function Gy (Schipper [38). In 2012, Bod 9] extended Schwara! list to the four classes of
Appell Lauricella functions and the 14 complete Hom functions, including 1
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