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Notações, definições

• x(d) = x = (x1, . . . , xd) elemento do espaço Rd ,

X identificamos x(d−1) = (x1, . . . , xd−1) ∈ Rd−1 com
x(d−1) = (x1, . . . , xd−1, 0) ∈ Rq

• dωd−1 = o elemento de superf́ıcie usual sobre a esfera
unitária Sd−1 de Rd

• σd−1 = ωd−1(Sd−1)



• d = 2:

σ1 =

∫
S1

dω1 =

∫ 2π

0
(cos2 t + sen 2t)dt =

∫ 2π

0
dt = 2π.

• d ≥ 3: podemos escrever ξ ∈ Sd−1 na forma

ξ = ξ(d) = tεd+
√

1− t2ξ(d−1), t = εd ·ξ ∈ [−1, 1], ξ(d−1) ∈ Sd−2.

dωd−1(ξ(d)) = (1− t2)(d−3)/2dtdωd−2(ξ(d−1)).

σd−1 =

∫
Sd−1

dωd−1 =

∫ 1

−1
(1− t2)(d−3)/2dt

∫
Sd−2

dωd−2

= σd−2

∫ 1

−1
(1− t2)(d−3)/2dt

σd−1 =
2πd/2

Γ(d/2)
, d ≥ 3.



• Hd
n (d ≥ 2) = espaço de todos os polinômios homogêneos de

grau n em d variáveis.
Hn(x(d)) =

∑
|α|=n aαx

α
(d), aα ∈ C

dim(Hd
n ) =

(d + n − 1)!

n!(d − 1)!
.

• (Laplaciano) ∆(d) := ∂2

∂x21
+ · · ·+ ∂2

∂x2d

• harmônicos homogêneos (ou harmônicos sólidos) =
polinômios homogêneos Hn de grau n em d variáveis que
satisfazem ∆(d)Hn = 0.

• Y∗n(d) = espaço dos harmônicos homogêneos

dim(Y∗n(d)) := N(d , n) =


1 , n = 0
d , n = 1
(2n + d − 2)(n + d − 3)!

n!(d − 2)!
, n ≥ 2



• Harmônico esférico: Yn(d , ξ) é a restrição de um harmônico
homogêneo Hn(x) a Sd−1:

Hn(rξ) = rnHn(ξ) = rnYn(d , ξ), ξ ∈ Sd−1

• Yd
n = espaço dos harmônicos esféricos de ordem n em d

variáveis

dim(Yd
n ) = N(d , n) = dim(Y∗n(d))

1. Hd
n , Y∗n(d) são invariantes: f ◦ A ∈ X , ∀f ∈ X , A ∈ O(d)

2. Yd
n são invariantes e irredut́ıveis 6= L1 ⊕ L2, L1 ⊥ L2 invariantes

3. Se L ⊂ C (Sd−1) é invariante e irredut́ıvel, então L = Yd
n ou

L ⊥ Yd
n

4. polinômios harmônicos esféricos de ordem distintas são
ortogonais: ∫

Sd−1

Yn(d , ξ)Ym(d , ξ)dωd−1(ξ) = 0.



Polinômios de Legendre

?Hn ∈ Hd
n :

Hn(x1, . . . , xd) =
n∑

k=0

xkd hn−k(x1, . . . , xd−1), hn−k ∈ Hd−1
n−k

•∆(d) = ∆(d−1) +
∂2

∂x2d

?∆(d)Hn(x(d))
•
=

n−2∑
k=0

xkd ∆(d−1)hn−k(x̃) +
n−2∑
k=0

(k + 2)(k + 1)xkd hn−k−2(x̃)

∴ ∆(d)Hn = 0
∑

xkak=0⇔ hn−k−2 = −
∆(d−1)hn−k

(k + 2)(k + 1)
, k = 0, . . . , n − 2

∴ cada escolha para hn e hn−1 determina indutivamente um único
elemento de Y∗n(d)



Harmônico de Legendre: Ln(d , ·) : Rd → R
(I) Ln(d , x) ∈ Y∗n(d)

(II) Ln(d ,Ax) = Ln(d , x), A ∈ J(d , εd) := {A ∈ O(d) : Aεd = εd}

(III) Ln(d , εd) = 1
• (I) =⇒ Ln(d , x) ∈ Hd

n Ln(d, x) =
∑n

k=0 xkd hn−k (x(d−1))

• (II) =⇒ hj(A
′x(d−1)) = hj(x(d−1)),∀A′ ∈ O(d − 1) =⇒ ∃cl ;

hn−k(x(d−1))
hj homog .

=

{
cl |x(d−1)|2l , n − k = 2l
0, n − k = 2l + 1

Ln(d , x) =

[n/2]∑
l=0

cl |x(d−1)|2lxn−2ld .

• (III) =⇒ c0 = 1 e (I) =⇒ ∆(d)Ln(d , ·) ≡ 0

• hn−k−2 = −
∆(d−1)hn−k

(k + 2)(k + 1)
, k = 0, . . . , n − 2



Ln(d , x) = n!Γ

(
d − 1

2

) [n/2]∑
l=0

(
−1

4

)l |x(d−1)|2lxn−2ld

l!(n − 2l)!Γ(l + (d − 1)/2)

x = r ξ︸︷︷︸
∈Sd−1

= r(tεd +
√

1− t2 ξ(d−1)︸ ︷︷ ︸
∈Sd−2

) = xdεd + x(d−1),

xd = rt, x(d−1) = r
√

1− t2ξ(d−1), |x(d−1)| = r
√

1− t2

Ln(d , x) = Ln(d , rξ) = rnLn(d , ξ) = rnPn(d , t) = rnPn(d , εd · ξ)

Polinômio de Legendre : Pn(d , ·) : [−1, 1]→ R

Pn(d , t) := Ln(d , ξ), t = εd · ξ ∈ [−1, 1],



Pn(d , t) := n!Γ

(
d − 1

2

) [n/2]∑
l=0

(
−1

4

)l (1− t2)l tn−2l

l!(n − 2l)!Γ(l + (d − 1)/2)

• P0(d , t) = 1, ∀t

• Pn(d , 1) = 1, ∀n

• Pn(d ,−t) = (−1)nPn(d , t), ∀t, n



Lema
1. H ∈ Y∗n(d) invariante com relação a J(d , εd) =⇒ H = cLn(d , ·).
2. ξ ∈ Sd−1 e Yn(d , ·) ∈ Yd

n invariante com relação a J(d , ξ) =⇒

Yn(d , η) = Yn(d , ξ)Pn(d , ξ · η), η ∈ Sd−1

Hn(x) =

[n/2]∑
l=0

cl |x(d−1)|
2l xn−2l

d , Hn(εd ) = c0 e Ln(d, εd ) = 1 =⇒ Hn ≡ c0Ln

Prova. ∃B ∈ O(d); ξ = Bεd =⇒
Yn(d ,B·) é invariante com relação J(d , εd) =⇒
rnYn(d ,B·) ∈ Y∗n(d) invariante com relação J(d , εd)

Lem.ant.
=⇒

rnYn(d ,Bη) = cLn(d , rnη),∀r ≥ 0 =⇒ Yn(d ,Bη) = cLn(d , η)
∴ Yn(d , η) = cLn(d ,Btη) = cPn(d , εd · Btη) = cPn(d , ξ · η)
Pn(d ,ξ·ξ)=1

=⇒ c = Yn(d , ξ)



Teorema
(Teorema da Adição) Seja {Y d

j ; j = 1, . . . ,N(d , n)} uma base

ortonormal de Yd
n :∫
Sd−1

Y d
j (ζ)Y d

k (ζ)dωd−1(ζ) = δjk .

Então,

Pn(d , ξ · η) =
σd−1

N(d , n)

N(d ,n)∑
j=1

Y d
j (ξ)Y d

j (η), ξ, η ∈ Sd−1.

Prova.

F (ξ, η) :=

N(d ,n)∑
j=1

Y d
j (ξ)Y d

j (η), ξ, η ∈ Sd−1

• F (ξ, ·) ∈ Yd
n e F (·, η) ∈ Yd

n



•A ∈ O(d)

F (Aξ,Aη) =

N(d ,n)∑
j=1

Y d
j (Aξ)Y d

j (Aη)

Y d
j ◦A∈Y

d
n

=

N(d ,n)∑
j=1

N(d ,n)∑
k=1

ujk(A)Y d
k (ξ)

N(d ,n)∑
m=1

ujm(A)Y d
m(η)

=

N(d ,n)∑
k=1

N(d ,n)∑
m=1

Y d
k (ξ)Y d

m(η)

N(d ,n)∑
j=1

ujk(A) ujm(A)



N(d ,n)∑
j=1

ujk(A) ujm(A) =

=

N(d ,n)∑
j=1

N(d ,n)∑
l=1

ujk(A) ulm(A)

∫
Sd−1

Y d
j (ξ)Y d

l (ξ)dωd−1(ξ)

=

∫
Sd−1

N(d ,n)∑
j=1

ujk(A)Y d
j (ξ)

N(d ,n)∑
l=1

ulm(A)Y d
l (ξ)

 dωd−1(ξ)

=

∫
Sd−1

Y d
k (Aξ)Y d

m(Aξ)dωd−1(ξ) = δkm

∴ F (Aξ,Aη) =

N(d ,n)∑
k=1

N(d ,n)∑
m=1

Y d
k (ξ)Y d

m(η)

N(d ,n)∑
j=1

ujk(A) ujm(A)

=

N(d ,n)∑
k=1

Y d
k (ξ)Y d

k (η) = F (ξ, η)



F (Aξ,Aη) = F (ξ, η), A ∈ O(d), ξ, η ∈ Sd−1

• F (ξ, ·) ∈ Yd
n , é invariante com relação a J(d , ξ)

• F (·, η) ∈ Yd
n , é invariante com relação a J(d , η)

}
=⇒

{
F (ξ, η) = F (ξ, ξ)Pn(d , ξ · η)
F (ξ, η) = F (η, η)Pn(d , ξ · η)

∴


F (ξ, ξ) = F (η, η), ∀ξ, η ∈ Sd−1

Pn(d , ξ · η) =
1

F (ξ, ξ)
F (ξ, η) =

1

F (ξ, ξ)

∑N(d ,n)
j=1 Y d

j (ξ)Y d
j (η)

F (ξ, ξ)σd−1 =

∫
Sd−1

F (ξ, ξ)dωd−1(ξ)

=

N(d ,n)∑
j=1

∫
Sd−1

Y d
j (ξ)Y d

j (ξ)dωd−1(ξ)︸ ︷︷ ︸
1

= N(d , n)



A Fórmula de Adição para d = 2 diz que:

Pn(2, ξ · η) =
2π

2

2∑
j=1

Y 2
j ,n(ξ)Y 2

j ,n(η), ξ, η ∈ S1.

Escrevendo ξ = (cos θ, sin θ) e η = (cosφ, sinφ), uma base
ortonormal de Yn(2) é

Y 2
1,n(ξ) =

1√
π

cos(nθ), Y 2
2,n(ξ) =

1√
π

sin(nθ)

1

π
Pn(2, cos(θ − φ)) =

2∑
j=1

Y 2
j ,n(ξ)Y 2

j ,n(η)

=
1

π
[cos(nθ) cos(nφ) + sin(nθ) sin(nφ)] =

1

π
cos(n(θ − φ)), ξ, η ∈ S1

Pn(2, t) = cos(n arccos t), t ∈ [−1, 1].



Fórmula de Rodrigues

Lema
(Fórmula de Rodrigues) Para todo n,

Pn(d , t) = (−1)nRn(d)(1− t2)(3−q)/2
dn

dtn
(1− t2)n+(d−3)/2,

onde Rn(d) é a constante de Rodrigues dada por

Rn(d) :=

(
1

2

)n Γ((d − 1)/2)

Γ(n + (d − 1)/2)
.



Representação integral de Laplace

Teorema
Para d ≥ 3, n ≥ 0 e t ∈ [−1, 1],

Pn(d , t) =
σd−3
σd−2

∫ 1

−1
(t + is

√
1− t2)n(1− s2)(d−4)/2ds.

Prova. η = (η1, . . . , ηd−1) ∈ Sd−2:

x 7→ (xd + ix(d−1) · η)n pol. harm. homg. de grau n

• Ln(x) :=
1

σd−2

∫
Sd−2

(xd + ix(d−1) · η)ndωd−2(η)

? Ln ∈ Y∗n(d)

? Ln(εd)
def
= 1

? Ln(Ax) = Ln(x), A ∈ J(d , εd):



xd = rt, x(d−1) = r
√

1− t2ξ(d−1)

Ax = xdεd + Bx(d−1), B ∈ O(d − 1)

Ln(Ax) =
1

σd−2

∫
Sd−2

(xd + ix(d−1) · Btη)ndωd−2(η)

=
1

σd−2

∫
Sd−2

(xd + ix(d−1) · ζ)ndωd−2(ζ) = Ln(x)

∴ Ln é o harmônico de Legendre de grau n em d variáveis.

∴ Pn(d , t) =
1

σd−2

∫
Sd−2

(t + iξ(d−1) · η
√

1− t2)ndωd−2(η)

?
=
σd−3
σd−2

∫ 1

−1
(t + is

√
1− t2)n(1− s2)(d−4)/2ds

?


ξ(d−1) = (0, . . . , 0, 1)

dωd−2(η) = (1− s2)(d−4)/2dsdωd−3(η(d−2))
s = η · ε(d−1)



Relação de recorrência

Lema
Para d ≥ 2 e n ≥ 1,

(1− t2)P ′n(d , t) = n[Pn−1(d , t)− tPn(d , t)].

Prova. Para d ≥ 3:

(1−t2)P ′n(d , t) = Cd(1−t2)
d

dt

[∫ 1

−1
(t + is

√
1− t2)n(1− s2)(d−4)/2ds

]

(1− t2)
d

dt
(t + is

√
1− t2) = 1− t(t + is

√
1− t2).

O caso d = 2 pode ser obtido diferenciando-se diretamente:

Pn(2, t) = cos(n arccos t).



Pn(d , t) = a0n(d)tn + termos de graus menores que n,

a0n(d) =
Γ(d − 1)

Γ(d/2)
2n−1

Γ(n + (d − 2)/2)

Γ(n + d − 2)
.

Lema
Para d ≥ 2, temos

P ′n(d , t) =
n(n + d − 2)

(d − 1)
Pn−1(d + 2, t).

Prova.

a0n(d)

a0n−1(d + 2)
=

n + d − 2

d − 1
⇐⇒ (d − 1)a0n(d) = (n + d − 2)a0n−1(d + 2)

grau((d − 1)P ′n(d , t)− n(n + d − 2)Pn−1(d + 2, t)) ≤ n − 2



Para k = 0, . . . , n − 2:

∫ 1

−1
P ′n(d , t)Pk(d + 2, t)(1− t2)(d−1)/2︸ ︷︷ ︸ dt =

−
∫ 1

−1

(1− t2)P ′k(d + 2, t)− (d − 1)tPk(d + 2, t)︸ ︷︷ ︸
grau≤n−1

Pn(d , t)(1− t2)
d−3
2 dt

= 0

∴ (d − 1)P ′n(d , t)− n(n + d − 2)Pn−1(d + 2, t)

tem grau ≤ n − 2 e é ortogonal a todos os polinômios de grau
≤ n − 2

∴ (d − 1)P ′n(d , t)− n(n + d − 2)Pn−1(d + 2, t) = 0



Limitação

Lema
Para d ≥ 2 os polinômios de Legendre Pn(d , ·) satisfazem

|Pn(d , t)| ≤ 1, n ≥ 0, t ∈ [−1, 1].

Prova. Para d = 2: Pn(2, t) = cos(n arccos t).
Para d ≥ 3, pela representação integral de Laplace:

|Pn(d , t)| ≤ σd−3
σd−2

∫ 1

−1
|t + is

√
1− t2|n︸ ︷︷ ︸

=(1−(1−s2)(1−t2))n/2≤1

(1− s2)(d−4)/2ds

≤ σd−3
σd−2

∫ 1

−1
(1− s2)(d−4)/2ds

?
=1

?σd−1 =

∫
Sd−1

dωd−1 = σd−2

∫ 1

−1
(1− t2)(d−3)/2dt.
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