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Importante: 2
- Explique de maneira clara as soluções, preferencialmente baseando-se no formulário. 3
** Passe as questões a limpo iniciando na folha de questões. ** Total

Exercı́cio 1. Encontre o polinômio de grau 3 que interpola x
√

x nos pontos x = 1, x = 2, x = 3,
x = 4. Encontre o polinômio de mesmo grau que minimiza erro quadrático nos mesmos pontos
(critério de erro discreto).

Exercı́cio 2. Resolva ẋ(t)= t exp(−x), x(0) = 1, no intervalo t ∈ [0 1] usando método de Taylor
de ordem 2 com espaçamento h = 0.2.

Exercı́cio 3. Ao aproximar uma função f por mı́nimos quadrados contı́nuo no intervalo [−1,1],
obteve-se Pf (x) = 0,1ϕ0 +0,5ϕ1 +2ϕ2 +1,2ϕ3. Para uma outra função g, temos Pg(x) = 1ϕ0 +
2ϕ1 + 0,5ϕ2. Encontre o polinômio que melhor aproxima h = f + 2g+ 5, de grau 2, na forma
Ph(x) = a0 +a1x+a2x2 (isto é, encontre os valores de a0,a1,a2).

Solução da questão 1)



FORMULÁRIO: Ln,k(x)=
(x− x0) · · ·(x− xn)

(xk − x0) · · ·(xk − xn)
; P(x)=

n

∑
k=0

f (xk)Ln,k(x); f (x)=P(x)+
f (n+1)(ξ(x))
(n+1)!

n

∏
k=0

(x−xk)

P(x) =
(x− x j)P0,1,..., j−1, j+1,...,n − (x− xi)P0,1,...,i−1,i+1,...,n

(xi − x j)
; P(x) =

n

∑
i=0

Fi,i

i−1

∏
j=0

(x− x j)

f (x) = H2n+1(x)+
∏n

k=0(x− xk)
2

(2n+2)!
f (2n+2)(ξ(x)); f ′(x j) =

n

∑
k=0

f (xk)L′
k(x j)+

f (n+1)(ξ(x j))

(n+1)!

n

∏
k ̸= j

(x j − xk)

A =


1 0 0 . . .
h0 2(h0 +h1) h1 0 . . .
0 h1 2(h1 +h2) h2
...

...
...

 ; B =


0

3(a2 −a1)/h1 −3(a1 −a0)/h0
...

3(an −an−1)/hn−1 −3(an−1 −an−2)/hn−2
0

 ; a j = f (x j);

b j = (a j+1 −a j)/h j −h j(2c j + c j+1)/3; d j = (c j+1 − c j)/3h j

Certas linhas de A e B podem ser: 2h0,h0,0, . . . ; 0, . . . ,0,hn−1,2hn−1; 3(a1−a0)/h0−3 f ′(a); 3 f ′(b)−3(an−an−1)/hn−1

f ′(x0) =
1
2h

[−3 f (x0)+4 f (x0 +h)− f (x0 +2h)]+
h2

3
f (3)(ξ); f ′(x0) =

1
2h

[ f (x0 +h)− f (x0 −h)]+
h2

6
f (3)(ξ)

f ′(x0) =
1
h
[ f (x0 +h)− f (x0)]+

h
2

f (2)(ξ); Rk, j = Rk, j−1 +
Rk, j−1 −Rk−1, j−1

4 j−1 −1

∫ b

a
f (x)dx−

n

∑
i=0

ai f (xi)=
hn+3 f (n+2)(ξ)

(n+2)!

∫ n

0
t2(t−1) · · ·(t−n)dt, (n par) OU

hn+2 f (n+1)(ξ)
(n+2)!

∫ n

0
t(t−1) · · ·(t−n)dt,(n impar).

∫ b

a
f (x)dx =

h
3

[
f (a)+2

n/2−1

∑
j=1

f (x2 j)+4
n/2

∑
j=1

f (x2 j−1)+ f (b)

]
− b−a

180
h4 f (4)(µ); e(h)≤ nhε = (b−a)ε

∫ b

a
f (x)dx =

h
2

[
f (a)+2

n−1

∑
j=1

f (x j)+ f (b)

]
− b−a

12
h2 f (2)(µ);

∫ b

a
f (x)dx = 2h

n/2

∑
j=0

f (x2 j)+
b−a

6
h2 f (2)(µ)

∣∣∣∣∫ b

a
f (x)dx−S

(
a,

a+b
2

)
−S

(
a+b

2
,b
)∣∣∣∣≈ 1

15

∣∣∣∣S(a,b)−S
(

a,
a+b

2

)
−S

(
a+b

2
,b
)∣∣∣∣

w0 = α; wi+1 = wi +hT (n)(ti,wi); T (n)(ti,wi) = f (ti,wi)+(h/2) f ′(ti,wi)+ · · ·+(hn−1/n!) f (n−1)(ti,wi);

|y′′(t)| ≤ M; |y(ti)− ei| ≤
hM
2L

(eL(ti−a)−1); w0 = α; wi+1 = wi +h f
(

ti +
h
2
,wi +

h
2

f (ti,wi)

)
;

w0 = α; wi+1 = wi +(h/2)[ f (ti,wi)+ f (ti,wi +h f (ti,wi))];

w0 = α; k1 = h f (ti,wi); k2 = h f
(

ti +
h
2
,wi +

1
2

k1

)
; k3 = h f

(
ti +

h
2
,wi +

1
2

k2

)
; k4 = h f (ti+1,wi + k3)

wi+1 = wi +
1
6
(k1 +2k2 +2k3 + k4); ⟨ϕ,ζ⟩=

∫ b

a
w(x)ϕ(x)ζ(x)dx

matriz Hilbert: H =

⟨ϕ0,ϕ0⟩ · · · ⟨ϕ0,ϕn⟩
...

...
⟨ϕn,ϕ0⟩ · · · ⟨ϕn,ϕn⟩

 ; 0 = ∇E(a) = 2Ha−2b, b = [⟨ϕ0, f ⟩
... · · ·

...⟨ϕn, f ⟩]′

Aprox. discreta: ⟨ϕ,ζ⟩=
m

∑
i=1

w(xi)ϕ(xi)ζ(xi)dx



ϕ0 = 1; ϕ1 = x−B1, Bk =
⟨xϕk−1,ϕk−1⟩
⟨ϕk−1,ϕk−1⟩

; ϕk = (x−Bk)ϕk−1 −Ckϕk−2; Ck =
⟨xϕk−1,ϕk−2⟩
⟨ϕk−2,ϕk−2⟩

Legendre: ϕ0 = 1, ϕ1 = x, ϕ2 = x2−(1/3), ϕ3 = x3−(3/5)x, ϕ4 = x4−(6/7)x2+(3/35), ϕ5 = x5−(10/9)x3+(5/21)x.

Tchebychev: T0 = 1, T1 = x, Tn+1 = 2xTn−Tn−1; x̄k = cos
(

2k−1
2n

π
)

; max
x∈[−1,1]

| f (x)−P(x)| ≤ 1
2n(n+1)!

max
x∈[−1,1]

| f (n+1)(x)|

k

∑
i=0

aiqk−i = pk, k = 0, . . . ,N. d =−∇ f (x); ∇2 f (xk)dk =−∇ f (xk).

ak = π−1
∫ π

−π
f (x)cos(kx)dx, k = 0, . . . ,n, bk = π−1

∫ π

−π
f (x)sin(kx)dx, k = 1, . . . ,n−1.


