
R
x � 0 x  0 x = 0

z 2 N x < y x z < y z

z 2 R x  y x z  y zp
x
2 = x x 2 R
x > y |x- y| = x- y

x, y 2 R |x+ y| = |x|+ |y|

a b a+b

a b a · b
a b a+ b

a b a · b
a b a+b

a b a · b

a b a · b

(a , b)
3

2
(a + 2 , b + 3)

Oy

-1

(1 ,-1) (2 , 2) x-3 y = 7

y = x
2+1

Ox

x
2 - y

2 = 1

y = x

y = x
2 + 1

2 x
2 + y

2 = 2

y = 2- x
2 (0 , 2)

f f(x) =

r
x

2- x

[0 , 2)

f : R ! R f(x) = 4 - x
2

x 2 R
(-1 , 4] �

(x , y) 2 R2 ; , x
2 + y

2 = 1 , y � 0
 

x



f :

✓
-⇡

2
,
⇡

2

◆
! R f(x) =

(x)

(x)
x 2

✓
-⇡

2
,
⇡

2

◆

R
(2 x) = 2 x 2 R

x

[ (x) + (x)]2 - 1 = (2 x) x 2 R
p
4 = ±2

p
9+ 16 =

p
9+

p
16

A.B

C
=

A

C
.
B

C

A

B+ C
=

A

B
+

A

C

x
2 = 4 x = ±2

x =
1+

p
2

1-
p
2
+ 2

p
2

l

l

l

x � 0 x  y x
2  y

2

x, y

0  x  y
p
x  p

y

x y

x
3
< y

3
x < y

a 2 (0, 1) r > 0 (a- r, a+ r) ⇢ (0, 1)

a, b |a+ b|  |a|+ |b|

||a|- |b||  |a- b| | |a|- |b| | � |a|- |b|

a b |a + b| < |a| + |b|



a) |1- 3 x| < 5 b)
��x2 + 3

�� > 3 c) x
2
< 9

d) x
2
> -1 e) x2 < 6 x- 5 f) x

3
> 27

g)
x- 6

x+ 2
� 0 h)

(x+ 2) (x- 3)

x
�
x
2 + 1

� < 0 i)
8

x
< x- 2

j)
3

x- 2
<

1

2 x+ 1
k)

x
2

x- 2
- 1 � x

2 + 3

x
2 - 4

l) x
2 + 2 x+ 2 > 0

m)

xOy

-2 (3 ,-1)

xOy 5 x - 2 y = 2

(-2 , 3)

(0 , 0) 1

⇣p
2

2
,

p
2

2

⌘

(1 ,-2) xOy

3 x- 2 y = 0

a) x
2 + y

2 - 6 x+ 8 y = 0 b) x
2 + y

2 - 10 y+ 25 = 0 c) x
2 + y

2
< 1

d) x
2 + y

2 � 1 e) x = -
q
1- y

2
f) x2 + y

2
< -1

xOy

x = 50 t y = 50 t - t
2

t

a) y
2 = x b) y = -x

2
c) y

2 - 4 x- 4 y = 0



constante, afim, polinomial, racional,

qualquer

a) f(x) = x
5 + x

4 - 3 x
2
, x 2 R b) f(x) = x

-3
, x 2 R c) f(x) =

3 x
2 + 3

x
2 + 1

, x 2 R

d) f(x) = 3- 2x , x 2 R e) f(x) = c , x 2 R f) f(x) =
(x)

x
2

, x 2 R \ {0}

f : R ! R g : R ! R
h : R ! R

f(x) = g(x) + h(x) x 2 R

a) f(x) = x
3
, x 2 R b) f(x) = |x| , x 2 R c) f(x) = x

�
x
3 - x

�
, x 2 R

d) f(x) = x
4 + x

2
, x 2 R e) f(x) =

x
3 + x

x
2 + 1

, x 2 R f) f(x) = (x) , x 2
⇣
-
⇡

2
,
⇡

2

⌘

[x] = x {x} =

x

a) f(x) = {x} , x 2 R b) f(x) = [x] , x 2 R

c) f(x) = x- [x] , x 2 R d) f(x) =
1

4
{4 x} , x 2 R \ {0}

a) f(x) = (2 x) , x 2 R b) f(x) = (x) + (⇡ x) , x 2 R
c) f(x) = [x] , x 2 R d) f(x) = 3 (x+ 2) , x 2 R

a) 15
o

b) 105
o

c) 135
o

d) 630
o

a)
5⇡

3
b)

7⇡

15
c)

25⇡

3
d)

⇡

5

c 6= 1



xOy

y = 3 x x
2 + y

2 = 9 x
2 + y

2 = 4 y = 0

h 6= 0
f(x+ h)- f(x)

h

i) f(x) = x
2 + x , x 2 R ii) f(x) = 3 x+ 5 , x 2 R

iii) f(x) = (x) , x 2 R iv) f(x) = x
3
, x 2 R

a) f : R ! R , f(x) = 5 x+ 1 , x 2 R
b) f : R ! R , f(x) = x

2 + 4 , x 2 R

c) f :


0 ,

3⇡

2

�
! [-1 , 1] , f(x) = (x) , x 2


0 ,

3⇡

2

◆

d) f : [0,1) ! [4 ,1) , f(x) = x
2 + 4 , x 2 R

e) f :
⇣
-
⇡

2
,
⇡

2

⌘
! R , f(x) = (x) , x 2

⇣
-
⇡

2
,
⇡

2

⌘

g) f : [0 ,1) ! R , f(x) = x
2 + 4 , x 2 R

f : A ✓ R ! B ✓ R f
-1

1

f

1, 80

4, 50

2 km/h

3km/h



h ⇢o

⇢1

⇢ h ⇢ = ⇢(h)

t

h(t) = 4 t- t
2

t 2 [0 , 4]

h = h(t)

OPQR

OP = 10 PQ = QR = 5

S OP

OS = x

A

x

A = A(x)

SO

R Q

P

x

� -

�
�

�
�

�
��

2p

10 cm

OPQ

OP 10 cm

OP 10 cm

S OP

OS = x

x

A = A(x) A = A(x)
x

Q

P

S

O

� -



OB b > 0

✓

A = A(✓)

✓

BO

✓

f g

f g f

g h = g � f h

g(x) = 3x+ 1 f(x) = x+ 2

g(x) =
1

x
f(x) =

1

x+ 1

g(x) = 1- x
2

f(x) = x

g(x) = ln(x) f(x) = 1- x
2

g(x) = 2+ x
2

f(x) =
p
x

g(x) =
1

x2 + 1
f(x) =

p
x

g(x) = x
3

f(x) =
p
x

g(x) = e
x

f(x) =
p
1- x2

h = g � f
h = g � f

f, g : R �! R f � g g � f
f g f � g g � f

f � g g � f f g

g f f(g(x)) = x

x 2 Dg

g(x) =
1

x
Dg = {x 2 R; x 6= 0}

g(x) = 2+
3

x+ 1
Dg = {x 2 R; x 6= -1}

g(x) =
x+ 2

x+ 1
Dg = {x 2 R; x 6= -1}

g(x) = x
2 - 2x Dg = {x 2 R; x � 1}

g(x) = x
2 - 4x+ 3 Dg = {x 2 R; x � 2}



x

d

x (x, y)

(x,-y)

x

y = 0



Gabarito da Lista de Exerćıcios de SMA353-Cálculo I – Módulo 1

Exerćıcio 1

x 6= 0

z = 0 2 N

z = -1

p
x2 = |x| x 2 R.

�
|x- y| = x- y x- y > 0, x > y.

|x- y| = y- x x- y < 0, x < y.

x < 0 y < 0 x > 0 y > 0

x > 0 y > 0 x+ y > 0 |x+ y| = (x+ y) = x+ y = (x) + (y) = |x|+ |y|

x < 0 y < 0 x+ y < 0 |x+ y| = -(x+ y) = -(x) +-(y) = |x|+ |y|.

x < 0 y > 0 x > 0 y < 0

x > 0 y < 0 x+ y > 0 |x+ y| = (x+ y) 6= (x)- (y) = |x|+ |y|

x+ y < 0 |x+ y| = -(x+ y) 6= (x)- (y) = |x|+ |y|

x < 0 y > 0 x+ y > 0 |x+ y| = (x+ y) 6= -(x) + (y) = |x|+ |y|

x+ y < 0 |x+ y| = -(x+ y) 6= -(x) + (y) = |x|+ |y|

x = -3 y = 1 |-3+1| = |-2| = 2 6= 4 = 3+1 = |-3|+ |1|

a =
p
2 2 I b = 1-

p
2 2 I a+ b 2 Q

a = b =
p
2 2 I a.b 2 Q

a = m
n

b = k
l

m, n, k, l 2 Z

a+ b =
m

n
+

k

l
=

ml+ kn

nl
2 Q.

Daniel Smania Brandao
Atualizado em 29-03-2022



ml+ kn 2 Z

a = m
n

b = k
l

m, n, k, l 2 Z

a · b =
m

n
· k
l
=

mk

nl
2 Q.

mk nl 2 Z

a = m
n
2 Q b 2 I a+ b 2 Q

a+ b =
l

k
= b+

m

n
) b =

ln-mk

nk
2 Q

(ln- km), nk 2 Z b 2 I

a = m
n
2 Q⇤ b 2 I a · b 2 Q

a · b =
l

k
= b · m

n
) b =

ln

mk
2 Q

ln mk 2 Z b 2 I

0 2 Q b 2 I 0 · b = 0 2 Q

(a, b) 3
2

c 2 R
3a
2
+ c = b c = b- 3a

2

(a+ 2)3

2
+ c =

3a+ 6

2
+

2b- 3a

2
=

2b+ 6

2
= b+ 3.

(a+ 2, b+ 3)

Oy

-1

y ✓ x (-⇡
2
, ⇡
2
)

tg(✓) 6= 0

tg(
⇡

2
+ ✓) =

sen(⇡
2
+ ✓)

cos(⇡
2
+ ✓)

=
sen(⇡

2
)cos(✓) + sen(✓)cos(⇡

2
)

cos(⇡
2
)cos(✓)- sen(⇡

2
)sen(✓)

= -
cos(✓)

sen(✓)
= -

1

tg(✓)
.

-1

(1,-1) (2, 2) R : y = ax + b a.1 + b = -1 a.2 + b = 2

a = 3 b = -4 3 S : x- 7 = 3y



S : x-7
3

= y 1
3

(-x)2+1 = x2+1

y = x2 + 1 Oy

x = y

x = y c - x = y c 2 R
y2 - x2 = 1 x = y

(a+c
2
, a-c

2
) (a-c

2
, a+c

2
) a 2 R c

y2 - x2 = 1

(0, 1)

(1, 0)

(0, 1) = (
a+ c

2
,
a- c

2
) ) a+ c = 0 a- c = 2 ) a = 1 c = -1

(
a- c

2
,
a+ c

2
) = (

2

2
,
0

2
) = (1, 0).

(1, 0) y2-x2 = 1 02-12 = -1 6= 1

2 x2 + y2

2
= 1

�
x
1

�2
+
�

yp
2

�2
= 1p

2 > 1

(-b
2a
, -�
4a
) y = 2- x2 ( 0

-2
, -8
-4
) = (0, 2)

x
2-x

> 0 2-x 6= 0 x 6= 2 x
2-x

> 0

2-x � 0 x  2 x
2-x

> 0

[0, 2] x 6= 2 [0, 2)

h(x) = x2 [0,+1)

g(x) = -x2 (-1, 0] f(x) = 4 - x2

(-1, 4]

x2 + y2 = 1 y2 = 1 - x2 |y| =
p
1- x2 y � 0

y =
p
1- x2 x



f(x) = sen(x)
cos(x) tg(x)

g(x) = sen(x) [-1, 1]

-1  sen(2x)  1 sen(2x) = 2

x

[sen(x) + cos(x)]2 - 1 = sen2x+ 2sen(x)cos(x) + cos2(x)- 1 =

= 1+ 2sen(x)cos(x)- 1 = 2sen(x)cos(x) = sen(2x)

p
4 = 2 f(x) =

p
xp

x � 0 x (-2)2 = 4

p
9+ 16 = 5 6= 7 =

p
9+

p
16

AB
C

= AB
C2 = A

C
B
C

C = C2 �! 1 = C

C = 1 C

A = 1 B = C = 2 AB
C

= 1 6= 1
2
= A

C
B
C

A
B+C

= AC+AB
BC

= A
B
+ A

C
A = AC + AB �!

1 = C+ B B+ C = BC BC = 1 �! C = 1
B
�! 1 =

B + 1
B
= B2+1

B
�! B = B2 + 1 � = -3

B C 2 R

y = x2 y = 4 y

4 = x2 x =
p
4 = ±2

Exerćıcio 2

x =
1+

p
2

1-
p
2
+ 2

p
2 =

1+
p
2

1-
p
2
· 1+

p
2

1+
p
2
+ 2

p
2 =

1+ 2
p
2+ 2

-1
+ 2

p
2 = -3.

Exerćıcio 3 a, b a < b

a

b
=

b

a+ b
) a2 + ab = b2 ) a2

b2
+

a

b
= 1 )

⇣a
b

⌘2
+

a

b
- 1 = 0.

a

b
=

-1±
p
12 - 4 · 1 · 1
2 · 1 =

-1±
p
5

2
,

a, b > 0
a

b
=

-1+
p
5

2
,



a = xb l = a+ b

l = a+ b = x · b+ b = (1+ x)b = (1+
-1+

p
5

2
)b =

1+
p
5

2
b = � · b

l � b

b = 1
x
a l = (1+ 1

x
)a a

l l = �b �

b

Exerćıcio 4 y2 - x2 = (y - x)(y + x) y � x � 0

x + y � 0 y - x � 0 (y - x)(y + x) � 0 y2 - x2 � 0

y2 � x2

x = -5 y = 1 y � x x2 = 25 � 1 = y2.

x = 0 y = 0
p
x = 0 =

p
y x > 0 y > 0p

x  p
y

p
y-

p
x � 0

p
y-

p
x =

p
y-

p
x ·

p
y+

p
x

p
y+

p
x
=

y- x
p
y+

p
x
� 0,

y- x � 0
p
y+

p
x > 0

Exerćıcio 5

y3 - x3 = (y- x)(y2 + yx+ x2).

y2 + yx+ x2 = y2 + 2

✓
1

2
x

◆
y+

1

4
x2 -

1

4
x2 + x2 =

✓
y+

1

2
x

◆2

+
3

4
x2 � 0.

x3 < y3 , y3 - x3 > 0 , (y- x)(y2 + yx+ x2) > 0 , y- x > 0 , x < y.

Exerćıcio 6 a 2 (0, 1) r = {a, 1-a} > 0 (a-r, a+r) ✓
(0, 1) x 2 (a- r, a+ r) r  a, 1- a

x > a- r � a- a = 0,

x < a+ r  a+ (1- a) = 1,

x 2 (0, 1)

Exerćıcio 7 ||a|- |b||  |a-b| -|a-b|  |a|- |b| 
|a- b|

|a| = |(a- b) + b|  |a- b|+ |b| ) |a|- |b|  |a- b|.

|b| = |(b- a) + a|  |b- a|+ |a| = |a- b|+ |a| ) |b|- |a|  |a- b| ) -|a- b|  |a|- |b|.

-|a- b|  |a|- |b|  |a- b|



Exerćıcio 8 a = 1 b = -3 |a+ b| = |1+ (-3)| = |- 2| = 2 < 1+ 3 = 4

|a+ b|  |a|+ |b|

Exerćıcio 9 |1- 3x| < 5

I. 1- 3x < 5 ) 3x > -4 ) x >
-4

3
II. - (1- 3x) < 5 ) 3x- 1 < 5 ) 3x < 6 ) x < 2

S = (
-4

3
, 2).

|x2 + 3| > 3

I. x2 + 3 > 3 ) x2 > 0 ) x > 0 x < 0

II. - (x2 + 3) > 3 ) -x2 > 6 ) x2 < -6 )6 9x 2 R

S = (-1, 0) [ (0,1).

x2 < 9 ) |x| < 3

I. x < 3

II. - x < 3 ) x > -3

S = (-3, 3).

x2 > -1 ) x2 � 0, 8x 2 R

S = (-1,1).

x2 < 6x- 5 ) x2 - 6x+ 5 < 0

x = 1

x = 5

S = (1, 5).

x3 > 27 ) x > 3

S = (3,1).



x- 6

x+ 2
� 0

I. (x- 6 � 0 x+ 2 > 0

x � 6 x > -2) ) x � 6

II. (x- 6  0) x+ 2 < 0

(x  6) (x < -2) ) x < -2

S = (-1,-2) [ [6,1).

(x+ 2)(x- 3)

x(x2 + 1)
< 0

I. (x+ 2)(x- 3) > 0 x(x2 + 1) < 0

x < -2 x > 3 x < 0

x < -2

II. (x+ 2)(x- 3) < 0 x(x2 + 1) > 0

-2 < x < 3 x > 0

0 < x < 3

S = (-1,-2) [ (0, 3).

8

x
< x- 2 x 6= 0

x > 0 ) 8 < x2 - 2x

x2 - 2x- 8 > 0 x > 0

x = -2 x = 4

x > 0

x > 4

x < 0 ) 8 > x2 - 2x

x2 - 2x- 8 < 0 x < 0

x < 0

-2 < x < 0

S = (-2, 0) [ (4,1).



3

x- 2
<

1

2x+ 1

(x - 2) (2x + 1) x > 2

x < -1/2 3(2x+ 1) < (x- 2) ) 5x < -5 ) x < -1

x < -1

(x- 2) (2x+ 1) -1/2 < x < 2 6x+ 3 >

x- 2 ) 5x > -5 ) x > -1

-1/2 < x < 2

S = (-1,-1) [ (-1/2, 2).

x2

x- 2
- 1 � x2 + 3

x2 - 4
) x2 - (x- 2)

x- 2
� x2 + 3

(x- 2)(x+ 2)
x 6= 2 x 6= -2

(x-2) (x+2)(x-2) x > 2

x < -2 (x2 - x + 2)(x - 2)(x + 2) � (x2 + 3)(x - 2)

x 6= 2 (x- 2)

(x2 - x+ 2)(x+ 2) � x2 + 3 ) x3 � -1 ) x � -1.

x > 2

(x-2) (x+2)(x-2) -2 < x < 2 x  -1

-2 < x  -1

S = (-2,-1] [ (2,1).

x2 + 2x+ 2 > 0

S = (-1,1).

f(x) =
1p
x- 3

Dom(f) = (3,+1)

Exerćıcio 10 -2 y =

-2x + b (3,-1) -1 = -2.(3) + b

b = 5 y = -2x+ 5



5x- 2y = 2 ) y = 5
2
x- 1

5
2

-2
5

(-2, 3)

3 =
-2(-2)

5
+ n ) n = 11

5

y = -2
5
x+ 11

5

(0, 0)
⇣p

2
2
,
p
2
2

⌘

⇣p
2
2
,
p
2
2

⌘ p
2
2

= -
p
2
2
+ b b =

p
2

y = -x+
p
2

Exerćıcio 11

d =
|3 · 1- 2 · (-2) + 0|p

32 + (-2)2
=

|3+ 4|p
9+ 4

=
7p
13

=
7
p
13

13
.

~MN = ~BC/2+ ~CA/2 = 1/2( ~BC+ ~CA) = ~AB/2.

Exerćıcio 12 x2 - 6x+ y2 + 8y = 0

(x2 - 6x+ 9) + (y2 + 8y+ 16) = 25

(x- 3)2 + (y+ 4)2 = 25

(3,-4)

x2 + y2 - 10y = -25

x2 + (y- 5)2 = 0

(0, 5)

x2 + y2 < 1

(0, 0)

x2 + y2 � 1

R2 - {(x, y) | x2 + y2 < 0}

x = -
p
1- y2

x



Exerćıcio 13 x = 50t x = t
50

y

y = 50t- t2 = 50
⇣ x

50

⌘
-
⇣ x

50

⌘2
= x-

1

2500
x2,

y = ax2 + bx + c a = - 1
2500

b = 1 c = 0

y = 0

0 = x-
1

2500
x2 = x(1-

1

2500
x),

x = 0 1
2500

x = 1 x = 2500

2500m

y

hmax = -
�

4a
= -

12 - 4 · -1
2500

· 0
4 · -1

2500

=
1
4

2500

=
2500

4
= 625.

625m

Exerćıcio 14 x = y2 x y x

a = 1 b = 0 c = 0

xv = - �
4a

= 0

yv = - b
2a

= 0 (0, 0)

y = -x2 y x y

a = -1 b = 0 c = 0

xv = - b
2a

= 0 yv = - �
4a

= 0

(0, 0)

y2 - 4x- 4y = 0 x = 1
4
y2 - y x

y y2

y x = 0

0 =
1

4
y2 - y = y

✓
1

4
y- 1

◆
,



y = 0 y = 4 x

y ✓
-

�

4a
,-

b

2a

◆
=

 
-
(-1)2 - 4 · 1

4
· 0

4 · 1
4

,-
(-1)

2 · 1
4

!
= (-1, 2).

x (-1, 2)

y = 2

Exerćıcio 15

Exerćıcio 16 f f(x) = f(-x)

y f f(-x) = -f(x)

f

(-x, f(-x)) = (-x,-f(x)) = -(x, f(x)),

f (0, 0)



g h g h

f(x) = g(x)+h(x) x x -x

f(-x) = g(-x) + h(-x) = g(x)- h(x).

�
f(x) = g(x) + h(x)

f(-x) = g(x)- h(x).

f(x) + f(-x) = 2g(x),

f(x)- f(-x) = 2h(x).

g(x) =
f(x) + f(-x)

2
h(x) =

f(x)- f(-x)

2
.

g h g h g(x)+h(x) =

f(x)

f(x) = x3 f(-x) = (-x)3 = -x3 = -f(x)

f(x) = |x| f(-x) = |- x| = |x| = f(x)

f(x) = x(x3 - x)

f(-x) = (-x)((-x)3 - (-x)) = -x(-x3 + x) = x(x3 - x) = f(x).

f(x) = x4 + x2

f(-x) = (-x)4 + (-x)2 = x4 + x2 = f(x).

f(x) = x3+x
x2+1

f(-x) =
(-x)3 + (-x)

(-x)2 + 1
=

-x3 - x

x2 + 1
= -

x3 + x

x2 + 1
= -f(x).

f(x) = tg(x)

f(-x) = tg(-x) =
sen(-x)

cos(-x)
=

-sen(x)

cos(x)
= -

sen(x)

cos(x)
= -tg(x) = -f(x).



Exerćıcio 17 x n 2 Z n  x < n + 1

x  2n+1
2

{x} = x - n x � 2n+1
2

{x} = n + 1 - x

[n, 2n+1
2

] x - n (n, 0) (2n+1
2

, 1
2
)

[2n+1
2

, n+ 1) n+ 1- x (2n+1
2

, 1
2
)

(n+ 1, 0) n

x 2 R n 2 Z n  x < n + 1 [x] = n

[n,n+ 1) n n+ 1

n+ 1

x 2 R n 2 Z n  x < n + 1 [x] = n

x - [x] = x - n x



x 2 R n 2 Z n  x < n + 1

[n,n+ 1)

[n,
4n+ 1

4
), [

4n+ 1

4
,
2n+ 1

2
), [

2n+ 1

2
,
4n+ 3

4
), [

4n+ 3

4
, n+ 1).

x 4x [4n, 4n + 1)

(a)

[n,n + 1) {4x} 1
2

1
4
{4x} 1

8

Exerćıcio 18 T x

x = 0

sen(2 · 0) = sen(2(0+ T)) ) 0 = sen(2T) ) 2T = 0+ 2n1⇡ 2T = ⇡+ 2n2⇡,

n1, n2 2 Z
T = n1⇡ T =

⇡

2
+ n2⇡.

T T = ⇡
2

f x = ⇡
4

f(x+ T) = sen(2(
⇡

4
+

⇡

2
)) = sen(2

6⇡

8
) = sen(

6⇡

4
) = sen(

3⇡

2
) = -1,

f(x) = sen(2
⇡

4
) = sen(

⇡

2
) = 1.

T = ⇡ f

f(x+ T) = sen(2(x+ ⇡)) = sen(2x+ 2⇡) = sen(2x) = f(x).

f ⇡

T x = 0

0 = sen(T) + sen(⇡T) ) sen(T) = -sen(⇡T),



T = -⇡T + 2n1⇡ T = ⇡T - ⇡ + 2n2⇡

n1, n2 2 Z T

T =
2n1⇡

⇡+ 1
T =

⇡- 2n2⇡

⇡- 1
.

T

T =
2⇡

⇡+ 1
T =

⇡

⇡- 1
.

x = ⇡
2

f(x + T) = f(x) T f

T

T

sen(x) + sen(⇡x) = sen(x+ T) + sen(⇡(x+ T))

x

-sen(x)- ⇡2sen(⇡x) = -sen(x+ T)- ⇡2sen(⇡(x+ T)).

(1- ⇡2)sen(⇡x) = (1- ⇡2)sen(⇡(x+ T)) ) sen(⇡x) = sen(⇡(x+ T))).

sen(x) = sen(x + T) T

sen(x) sen(x) 2⇡ T = 2k⇡

sen(⇡x) = sen(⇡x + ⇡T) sen(y) = sen(y + ⇡T)

⇡T sen(y) ⇡T = 2k 0⇡ T = 2k 0

2k 0 2k⇡

f T > 0

f n n  T < n+ 1

[0] = [0+ T ] ) 0 = [T ] ) 0 = n.

0  T < 1 x = 1- T
2

0 < x < 1 [x] = 0

[x+ T ] = [1-
T

2
+ T ] = [1+

T

2
] = 1,

1 < 1+ T
2
< 2 T f f

T = 2⇡ f

f(x+ 2⇡) = 3cos((x+ 2⇡) + 2) = 3cos((x+ 2) + 2⇡) = 3cos(x+ 2) = f(x).

T f x = -2

f(-2) = f(-2+ T) ) 3cos(-2+ 2) = 3cos(-2+ T + 2) ) 1 = cos(T),

T = 2k⇡ k 2 Z T = 2⇡



Exerćıcio 19 ⇡
12

7⇡
12

3⇡
4

7⇡
2

300�

84�

1500�

36�

Exerćıcio 20 (a0, b0) (a1, b1) (x, y)

p
(x- a0)2 + (y- b0)2p
(x- a1)2 + (y- b1)2

= c,

(x- a0)
2 + (y- b0)

2 = c2[(x- a1)
2 + (y- b1)

2],

x2 - 2a0x+ a2
0 + y2 - 2b0y+ b2

0 = c2x2 - 2a1c
2x+ c2a2

1 + c2y2 - 2b1c
2y+ c2b2

1.

(c2 - 1)x2 - 2(a1c
2 - a0)x+ (c2 - 1)y2 - 2(b1c

2 - b0)y+ c2a2
1 + c2b2

1 - a2
0 - b2

0 = 0.

c2 - 1 6= 0 c � 0 c 6= 1 c2 - 1

x2 - 2
a1c

2 - a0

c2 - 1
x+ y2 - 2

b1c
2 - b0

c2 - 1
y+

c2a2
1 + c2b2

1 - a2
0 - b2

0

c2 - 1
= 0.

✓
x-

a1c
2 - a0

c2 - 1

◆2

+

✓
y-

b1c
2 - b0

c2 - 1

◆2

=
c2[(a0 - a1)2 + (b0 - b1)2]

(c2 - 1)2
,

✓
a1c

2 - a0

c2 - 1
,
b1c

2 - b0

c2 - 1

◆
,

s
c2[(a0 - a1)2 + (b0 - b1)2]

(c2 - 1)2
=

c

|c2 - 1|

p
(a0 - a1)2 + (b0 - b1)2.



Exerćıcio 21 ✓

r
✓ · r2

2
.

✓ 2 (0, ⇡
2
) tg(✓) = 3 ✓ = arctan(3)

1, 249

✓ · 32

2
-

✓ · 22

2
=

5

2
✓.

5✓ = 5arctg(3) ⇠= 5 · 1, 2409 = 6, 245.

f(x+h)-f(x)
h

= (x+h)2+(x+h)-(x2+x)
h

= x2+2hx+h2+x+h-x2-x
h

= 2hx+h2+h
h

= 2x+ h+ 1

f(x+h)-f(x)
h

= 3(x+h)+5-(3x+5)
h

= 3x+3h+5-3x-5
h

= 3h
h

= 3

f(x+h)-f(x)
h

= sen(x+h)-sen(x)
h

= sen(x)cos(h)+sen(h)cos(x)-sen(x)
h

= sen(x)(cos(h)-1)+sen(h)cos(x)
h

f(x+h)-f(x)
h

= (x+h)3-x3

h

= x3+3x2h+3xh2+h3-x3

h

= 3x2h+3xh2+h3

h

= 3x2 + 3xh+ h2



Exerćıcio 22 f f(x) = f(y) x = y f

f

f y x

f(x) = y f

f

f f

f

Exerćıcio 23

f(x) = f(y) ) 5x+ 1 = 5y+ 1 ) 5x = 5y ) x = y,

y 2 R x = y-1
5

f(x) = 5
y- 1

5
+ 1 = y- 1+ 1 = y.

f(-1) = 5 = f(1) -1

x f(x) � 4 x 2 R

f(⇡
2
) = 0 = f(3⇡

2
)

f(x) = f(y) ) x2 + 4 = y2 + 4 ) x2 = y2 ) x =
p

y2 = |y|,

y � 0 |y| = y x = y y 2 [4,1) x =
p
y- 4 2

[0,1)

f(x) = (
p
y- 4)2 - 4 = y- 4+ 4 = y.

(d) -1

Exerćıcio 24 f(x) = x g(x) = x
1
x

(a) g(x) = x-1
5

(d) g(x) =
p
x- 4

(e) g(x) = arctg(x)



Im(f) D(g)

D(g)

Im(g) g(3) =
p
-1

f(x) = (x) g(x) = (x)

g : [-1, 1] ! R f(x)⇥
0, 3⇡

2

⇤

Im(f) g(x)

g(0, 5) = -⇡
3
= 5 pi

3

D(f)

Exerćıcio 25 H h d c

H ⇠ h (d + c) ⇠ c
H
h
= (d+c)

c

c = hd
(H-h) H h 4, 5m 1, 8m

c(d) = d 1,8
4,5-1,8

= d1,8
2,7

= d2
3

Exerćıcio 26

(2t, 0)

(0, 3t)

d =
p
(2t)2 + (3t)2 =

p
13t.

Exerćıcio 27 ⇢ h

x

h = 0 ⇢ = ⇢0

h = x ⇢ = ⇢1

m =
⇢1 - ⇢0

x- 0
=

⇢1 - ⇢0

x
.

⇢ = ⇢1-⇢0
x

h+ q h = 0 ⇢ = ⇢0 q = ⇢0

⇢(h) =
⇢1 - ⇢0

x
h+ ⇢0.

Exerćıcio 28

x (0, 0) (4, 0)



y

hmax = -
42 - 4 · (-1) · 0

4 · (-1)
= -

16

-4
= 4,

x

t0 = -
4

2 · (-1)
= -

4

-2
= 2.

Exerćıcio 29 T R OP S

O T

x

A(x) =
x · x
2

=
x2

2
.

S T P A ORT
25
2

5 · (x- 5)

A(x) = 5x- 25+
25

2
= 5x-

25

2
.

A(x) =

�
x2

2
, 0  x  5,

5x- 25
2
, 5 < x  10

.

Exerćıcio 30 a b

2p 2a+ 2b = 2p a+ b = p

A = a · b = a · (p- a) = pa- a2.

a

x

a = -
p

2 · (-1)
=

p

2
,

b = p- a = p-
p

2
=

p

2
.

p
2



Exerćıcio 31 x

x = 0 x = 10 x

x

l 10- x

r

4l = x ) l =
x

4
,

Aq(x) = l2 =
⇣x
4

⌘2
=

x2

16
.

2⇡r = 10- x ) r =
10- x

2⇡
,

Ac(x) = ⇡ · r2 = ⇡

✓
10- x

2⇡

◆2

=
100- 20x+ x2

4⇡
=

1

4⇡
x2 -

5

⇡
x+

25

⇡
.

A(x) = Aq(x) +Ac(x) =

✓
1

4⇡
+

1

16

◆
x2 -

5

⇡
x+

25

⇡
.

x = 0

x = 10

A(0) =
25

⇡

A(10) =

✓
1

4⇡
+

1

16

◆
102 -

5

⇡
10+

25

⇡
=

25

4
.

⇡ < 4 25
⇡
> 25

4
x = 0

Exerćıcio 32 0  x  5

2x

10

h
=

5

x
) h = 2x.

A(x) =
x · (2x)

2
= x2.

5 < x  10
5.10
2

= 25



20- 2x
10

h
=

5

10- x
) h = 10- 2x.

A(x) = 25-
(10- x)(20- 2x)

2
= 25-

2x2 - 40x+ 200

2
= -x2 + 20x- 75.

A(x) =

�
x2, 0  x  5,

-x2 + 20x- 50, 5 < x  10
.

Exerćıcio 33 h

OB m n

tg(✓) =
h

n
.

90� - ✓

h

m
= tg(90� - ✓) =

sen(90� - ✓)

cos(90� - ✓)
=

cos(✓)

sen(✓)
=

1

tg(✓)
.

b = m+ n = htg(✓) +
h

tg(✓)
= h

✓
tg(✓) +

1

tg(✓)

◆
= h

✓
tg2(✓) + 1

tg(✓)

◆
.

h =
btg(✓)

tg2(✓) + 1
.

A(✓) =
b · btg(✓)

tg2(✓)+1

2
=

b2tg(✓)

2(tg2(✓) + 1)
.



Exerćıcio 34 (h) = f-1( (g) \ (f)).

( ) (g) = R, (f) = R (h) = R
(g) = R, (f) = R, (h) = R

( ) (g) = R, (f) = [0,+1) (h) = [0,+1)

(g) = [2,+1), (f) = [0,+1), (h) = [2,+1)

( ) (g) = R- {0}, (f) = R- {-1} (h) = R- {-1}

(g) = R- {0}, (f) = R- {0}, (h) = R- {0}

( ) (g) = R, (f) = [0,+1) (h) = [0,+1)

(g) = (0, 1], (f) = [0,+1), (h) = (0, 1]

( ) (g) = R, (f) = R (h) = R
(g) = (-1, 1], (f) = [-1, 1], (h) = [0, 1]

( ) (g) = R, (f) = [0,+1) (h) = [0,+1)

(g) = R, (f) = [0,+1), (h) = [0,+1)

( ) (g) = (0,+1), (f) = R h

(g) = R, (f) = (-1, 1],

( ) (g) = R, (f) = [-1, 1]

(g) = (0,+1), (f) = [0, 1], (h) = [1, e]

Exerćıcio 35 f g f(x) = f(-x) g(x) = g(-x)

f � g(x) = f(g(x)) = f(g(-x)) = f � g(-x)

g � f(x) = g(f(x)) = g(f(-x)) = g � f(-x),

f � g g � f
f g f(x) = -f(-x) g(x) = -g(-x)

f � g(x) = f(g(x)) = f(-g(-x)) = -f(g(-x)) = -f � g(-x)

g � f(x) = g(f(x)) = g(-f(-x)) = -g(f(-x)) = -g � f(-x),

f � g g � f
f g f(x) = f(-x) g(x) = -g(-x)

f � g(x) = f(g(x)) = f(-g(-x)) = f(g(-x)) = f � g(-x)

g � f(x) = g(f(x)) = g(f(-x)) = g � f(-x),

f � g g � f



Exerćıcio 36

( ) g-1(x) =
1

x
e Dg-1 = {x 2 R; x 6= 0}

( ) g-1(x) =
3

x- 2
- 1 e Dg-1 = {x 2 R; x 6= 2}

( ) g-1(x) =
1

x- 1
- 1 e Dg-1 = {x 2 R; x 6= -1}

( ) g-1(x) =
p
x+ 1+ 1 e Dg-1 = {x 2 R; x � -1}

( ) g-1(x) =
p
x+ 1+ 2 e Dg-1 = {x 2 R; x � -1}

Exerćıcio 37 x 3x

h =
p
3
2
x

x ·
p
3
2
x

2
=

p
3x2

4
.

Exerćıcio 38 a p
2a d =

p
3a

a =
1p
3
d =

p
3

3
d.

6 · a2 = 6 ·
 p

3

3
d

!2

= 6 · 3
9
d2 = 2d2,

a3 =

 p
3

3
d

!3

=
3
p
3

27
d3 =

p
3

9
d3.

Exerćıcio 39 x f

(x, f(x)) (x,-f(x)) x

f (x, f(x)) (x,-f(x)) x

f(x) = -f(x) ) 2f(x) = 0 ) f(x) = 0.

f


