Results and their proofs
Short Course - August 16/, 18/ and 19"
Hausdorff dimension

Proposition 1: Let 0 < o < o’. If u(®)(A) < oo then p(®)(A) = 0 and also, if
1) (A) > 0 then p(®(A) = co.

Proof: It suffices to prove the first statement, as the second one is its contra-
positive. If u(®)(A) < oo, for any & > 0 there exists {B;} jey With A C U71Bj,
diam(B;) < 6, and

Z (diam(B;)* < u(®(A) +1.
But for o’ > «,
Y (diam(B;))® < 8% ~* Y (diam(B;))* < 8% ~*[u(®(A) + 1],
j=1 j=1
so ul®) < 8% =@ () +1] 2290 and u (@) (4) = 0. "

Theorem 1: Let (X,d) be a metric space. For each o > 0 and 6 > 0, ,uéa) 22X
[0,0] is an outer measure.

Proof: Fix 6 > 0. Clearly uéa) (0) =0and ,uéa)(A) < /.Léa) (B) whenever A C B.
If € >0, {A;}7_, is a sequence in 2% and for each j € N there exists a sequence
(B}, with A; U2, B/, diam(B]) < §, for all i € N, and ¥.3° | (diam(B/))®
pg (Aj)+e€2~ J, then U4 C U7 im B{ and

(UA) ”ZI (diam(BY)) i

It follows that /.Léa) (U4)) <X, uéa) (A;). The result now follows. n

Proposition 2: Let (X,d), (Y,p) be two metric spacesand A C X. If f: X — Y is
a Lipschitz continuous function then dimg (f(A)) < dimg(A).

Proof: If 11{%)(A) = o we have nothing to do. Assume that (%) (A) < oo, given
€ > 0, there exists 0 > 0 such that, for all 0 < § < O, there is a cover of A by



sets B; such that diam(B;) < C~!8 and
Z (diam(B;))* < u P (A) +¢.

The sets Bjy = f(B;) cover f(A) and diam(B) < Cdiam(B;) < §, and

wl (F(A)) < C*u @ (A) +C%.

Making 6 — 0 and then letting € — 0 we have that

and so, if p(®(A) = 0 then ,u((sa)(f(A)) = 0 which proves that dimg(f(A)) <
dimH(A). |

Corollary 1: Let f : X — Y be a Lipschitz continuous function, A C X and G(f,A) =
{(x, f(x)): x € A} the graph of f restricted to A. Then dimg (G(f,A)) = dimg(A).

Proof: This is a simple consequence of the last proposition, since the maps

A3 x— (x,f(x) € G(f,A),
G(f,A)> (x,f(x))—x€A

are both Lipschitz continuous functions. [

Proposition 3: Let {A} jen be a sequence of sets in X and A = J7_ A;. Then

dimg (A) = supdimy(A;).
JjeN

Proof: The inequality dimgy(A) > sup ]EN dimg (A;) follows from monotonicity.

Now let & > sup ;e dimp (A;). Then p@(A;)=0forall j € Nandsou®(A) =
0, which implies that dimy (A) < sup ;e dimy (A;), and the result is proved. =

Property: Let {S(n) : n € N} be a discrete semigroup in a Banach space with a
finite set & = {ey, ..., e, } of equilibrium points and a gradient-like global attractor
</ . Assume that S(1) is a Lipschitz continuous map and that each local unstable
set W" (e;) is a graph of a Lipschitz function with domain Q;X, where Q; is a

loc
finite rank projection. Then

dimy(«/) = max dimg(Q;X).

i=1,....n



Proof: From the Corollary 3 and Proposition 2 we know that

dimy (W} .(e;)) = dimp (Q;X) < oo, foreachi=1,...,n,
dimy (S(m)W} . (e;)) < dimg (W), (e;)), foreachi=1,...,nand all m € N,

We easily see that W*(e;) = Up>0S(m)W}

(i) and using Proposition 3 we have
that

dimH(QiX) = dimH(VV[Léc(ei)) < dimH(Wu<ei)> =

= dimy (U S(m)Wz'éc(ei)> < supdimq (S(m) Wi (ei) <

n>0 neN
< dimH(VVlbcl)c(ei)) = dimH(QiX)’

and hence dim(W*(¢;)) = dim(Q;X) foralli=1,...,n. So, since & = U W"(¢;),
we have that

i=1,...,

dimy(#/) = max dimy(Q:X).

Fractal dimension
Remark: It is easily seen that dimg (K) < ¢(K).

Proof: If ¢(K) = oo we have nothing to prove. Assume that ¢(K) < co. We know
that given € > 0 there exists a 0z > 0 such that

1 c(K)+e
N(r,K) < (—) , for 0 <r < 8.

-
But for any o¢ > 0 we have that
W (K) < (2r)*N(r,K) < 2% <K€ for 0 < r < &,
So, for every > O:
uz(i(KHn)(K) < 20—t

Then, for n = 2¢:

w2 (k) < 2%,

and taking r — O we have

pe®)+2€) (k) = 0, for every € > 0,



which implies that dimg (K) < ¢(K). =

Proposition 4: Let X be a normed vector space and K1, K> compact subsets of X.
Then C(K1 +K2) < C(Kl) +C(K2).

Proof: Note that, if N; = N(r,K;) there are x}, - -- , x\, in K such that K; C U];LBr (x’])

and consequently K| + K, C Uf.\g] U]}L (Br(x}-) —|—Br(xl-2)). Since diam(Br(x}-) +

B,(x?)) < 4r we have that N(4r,K; + K») < N(r,K;)N(r,K>) and consequently

logN(4r, K| + K; loeN(r- KN (r. K
c(K1 +K>) =limsup ogN(4r, K1 + K;) < limsup ogN(r,K1)N(r,K3)
r—0 log(1/4r) 0 log(1/4r)
: logN(l",Kl) IOgN(I" Kz)
<limsup 7oy Hlimsup o moty = oK) +e(Ka).
o log(1/4r) log(1/4r) (K1) +c(K2)

Corollary 2: Let X be a normed vector space and K a compact subset of X. Then
c(K—K) < 2c(K).

Proof: Is an straightforward consequence of the previous proposition. n

Proposition 5:  Let K,Y be two metric spaces with K compactand f: K — Y a
Lipschitz continuous function. Then ¢(f(K)) < ¢(K).

Proof: The result is immediate if ¢(K) = oo. If ¢(K) < oo we have that, for C > 0
the Lipschitz constant of f:

N(g,K) K)
fKyc U rBEx;) U Bl (Tx;)).
Hence, N(Ce, T (K)) < N(¢g,K) and

i NCES(K)) _ o N(eK)
() = lim = AR <l S

= c(K).

Projection of compact sets with finite fractal dimension

In this parts of our notes, we will develop some theory in order to prove the
result about the projection of compact sets with finite fractal dimension.



Let X be a Banach space and Y be a finite dimensional subspace of X. Denote
by Z(X,Y) the subset of .Z(X) consisting of the projections with range Y.

Let X be a Banach space, {K, },cn be a sequence of compact subsets of X and
K = UpenKn.

Lemma 0.0.1 Givenr>0,neN, if
Apr={v—weX:vweK,and |v—w|x >r},

then A, , is a compact subset of X.

Proof: We first show that A, , is closed. In fact, yx = vy —wy IH—°>° y, with v, wy €
K, ||vi —wg||x. Using the compactness of K;,, we may assume, passing to subse-
quences, that vy %y €K, and Wy W ek, Hencey=v—wand |[v—w|x >r
and y € A, ;. That proves that A, , is closed.

Now note that, A, , C K;, — K. Since X x X > (x,y) — x—y € X is continuous,
it follows that K, — K, is compact and consequently A, , is a compact in X. [

Lemma 0.0.2 Define
P,={Pe P(X,Y): diam(P~'(y)NK,) <r, VyeY} (D)

IfP€ P(X,Y), then P € P, ifand only if P~1(0) NA,,, = 0. This is saying that
the projections in &, , are exactly those that are injective in Ay .

Proof: Assume that thereisay € P~1(0)NA,,,, then Py = 0 and there are v,w € K,,
such that y = v—w, |lv—w||x > r. If z= Pv = Pw then diam (P~ (z) NK,) > r
and P ¢ Py .

On the other hand, if P~!(0)NA,, , =0, forally €Y and v,w € P~ (y)NK,, we
have that v —w € P~1(0) (P(v —w) = y —y = 0) and therefore we must have that
|v—wl||x < r. Since P~!(y) N K, is compact, it follows that diam(P~!(y) NK,,) <
r. This completes the proof. [

Lemma 0.0.3 If &, , defined by , then &, , is open in ¥ (X,Y) with the uni-
Jorm operator topology.

Proof: The proof of this result is based on the characterization of &, , given in
Lemma Given a projection P € &, ,, note that

e= inf dist(x,A,,) = inf((I — P)x,A,,) > 0.
xeP~1(0) xeX



Choose s > 0 such that By_¢(0) D A, and P € Z(X,Y) such that ||P — P|| ¢(x) <
£ Then
N

inf dist(x,A,,) = inf dist((I —P)x,A,,)

xeP=1(0) x€EBy(0)
> inf dist((I — P)x,A,,)— sup |Px—Px|x
x€By(0) XEB;(0)

=& _SHP_PH.E(X) > 0.
It follows that P~1(0) N A, , = 0 and P € &, ,, proving that &, , is open. m

Lemma 0.0.4 There is a sequence {@;}icy in X' such that, if x € K and ¢;(x) =0
forallieN, then x = 0.

Proof: Now consider the closure W of the subspace of X generated by K. Since
K is countable union of compact sets, it is separable and consequently W is a
separable Banach space. From the fact that B‘{V, (0) is compact and metrizable in
the weak star topology o (W', W), it follows that there is a dense sequence {¢; };cn
in (BY'(0),6(W',W)). Now if x € W and ¢;(x) = 0 for all n € N, it follows that
¢(x) =0forall ¢ € B{V/(O) and we have that x = 0. The desired sequence is now
obtained extending ¢; to X through Hahn-Banach theorem, for each n € N. [

Lemma 0.0.5 () (| 2,1 ={P€ P(X,Y):Pis injective in K}
neNmeN "

Proof: Let P € #(X,Y). Since K = |J,cyK» We have that, P is injective in
K if and only if P is injective in K, for all n € N if and only if P~!(y) N K,
is either the empty set or a unitary set for all y € Y and for all n € N if and
only if diam(P~!(y)NK,) < L for all n € N and m € N if and only if P €

ﬂnEN mmEN P ,%' u

Recall the definition of quotient space.

Definition 0.0.6 Ler X be a Banach space over a field K (K =R or C) and Z be
a closed subspace of X. For eachx € X, let x| :={z€ X :z—x€Z},

X/Z:={[x]:xe X}
and define
o Ax]:=[Ax], L €K x€X,

o W +Di=k+y xyeX,

o [|[x]llx/z :=infyez [|x +y[lx, x € X.



The set X /Z with the above operations (addition and scalar multiplication) is a
vector space and X /Z > [x] = ||[x][|x/z € [0,00) is @ norm which makes X /Z a
Banach space. The space X /Z is called the quotient space of X and Z.

Recall that a subset of a metric space W 1is said residual in W if it is countable
intersection of open dense subsets W.

Corollary 3 [Mané, Lemma 1.1]: If ¢(K) < o and Y is a finite dimensional sub-
space of X with 2¢(K)+1 < dimY < oo, then {P € Z(X,Y) : P|k is injective } is
residual in Z(X,Y).

Proof: From Lemma [0.0.4] it is sufficient to show that &, , is dense in & (X,Y)
for each n € N and for each r > 0.
Let Q be the quotient map from X onto Z = X /Y. Then,

0 (0} = U {00 sveanr 1ol > |

meN

where, each {Q(v) : v € Ay, |O(v)|z > L} is compact. It follows from Lemma
that there is a sequence {@;};cn in Z', ¢; : Z — R, such that, if ¢;(z) = 0 for
alli € N, then z =0.

Let
Anrij=1{vE€An,10:(QV))[ =1/},
Then
Pil(o) NAur = UjenUjen (Pil (0) ﬂAnmiJ) )
Prij={P€ P(X,Y): P 1 (0)NApy;; =0}
and

f@mr = miEN ijN f@n,r,i,j-

Since A, , is compact (see Lema@ it follows easily that A, ,.; ; is compact.
Proceeding exactly as in the proof of Lemma|0.0.3| we obtain that &, ,,; ; is open.
Hence, the proof is reduced to the proof that each for each n,i,j € N and r > 0,
Ph.rijis dense in Z(X,Y).

Let Py € Z(X,Y) and define ¢ : Y\{0} = S={yeY:|y|lx=1}byo(y) =
¥/Iyllx. Then

¢ (Po(Anr)\{0}) = Ue=09 (Po(An,) N[V \B (0)])
and, from Proposition 3,

dimp @ (Po(An,r)) < supdimyp (9 (Po(An,) N [Y\Bg (0)])).

>0



Note that, ¢ restricted to Py(A,,) N [Y\BY(0)] is Lipschitz continuous. Conse-
quently, from Proposition 2, Corollary 2, Remark (dimg (K) < ¢(K)) and mono-
tonicity of the Hausdorff dimension,

dimy (9 (Po(An,) N [Y\BL(0)])) < dimy (An,) < 2¢(Kn) < 2¢(K).

From this we obtain that there exists u € S\@(Py(A,)). In fact, if that is not
the case, then S C ¢ (Py(An,r)) and

dim(¥) — 1 = dimy (S) < dimg (§(Po(Ay,))) < 2¢(K)

which contradicts our assumption.
Given € > 0, i, j € N we define

Pe(x) = Po(x) + £9i(Q(x) Ju-

Since P € .Z(X) with range in Y and recalling that if y € Y, then Qy = 0 it is easy
to see that P, € Z(X,Y).
If P¢(x) = 0 we have that

Py(x) = —£i(Q(x))u.

If in addition x € A, ; ; we have that ¢;(Q(x)) # 0 and Py(x) # 0. Hence

u=—(egi(Q(x))) ' Pox.

Since u € S, u = ¢ (u) we have that £u = ¢ (Py(x)) € ¢(Py(A,,r)) and consequently
u € ¢(Py(An,)) contradicting the choice of u and showing that P € &, ,.; ;.

Since [|P: — Byl #(x) 29 0 we have that P rijis dense in Z(X,Y). "
Dimension of invariant compacts

Lemma 1: Let X be a n-dimensional normed vector space over K (K = R or
C). Then, there are bases {xi,...,x,} for X and {x},...,x};} for X* such that
|lxi|| = ||xf|| = 1 forall i = 1,...,n and x}(x;) = §;; for all 1 <i,j < n. In this
conditions {xj,...,x,} is called an Auerbach’s base for X.

Proof: Let # = {vi,...,v,} be a base for X. Given a n-set of vectors {yy,...,y,}
in X, let y; be the column matrix of the coordinates y; in the base % and consider
the function X" > (y;,...,yn) — det[1,...,9,] € K, where X" is the product of n
copies of X.



Let B be the closed unit ball in X and B" the product of n copies of B. If
{x1,...,x,} is a point where the map det[-, ..., -] attains a maximum in B", {xy,...,x,}
is a base for X, since det[%,...,%,] # 0, and each x; has norm 1 (since otherwise,
we could multiply it by a number larger than one and still remain in B, which
would contradict the choice of {xi,...,x,}). Define

x*'(x) _ det[f(l,...,)A(j_l,)A(,)A(j_._l,...,)A(n]

det[f1, ..., %]

Itis clear that x7(x;) = &;; and that ||x}|lx- = 1,1 < i, j <n. "

Proposition 6: Let Y be a m-dimensional Banach space over K (K = R or C).
Then dpy (Y, K2) < logm.

Proof: Let {x{,...,x,} be an Auerbach’s base for Y and {x},...,x),} the corre-
sponding base for Y*. Define a linear transform 7 : K2l — Y by

m
T(Z) = Z ij]'.
j=1

Then
1T (2)|ly =

m
Z jXj
j=1

m
<Y Izjl < mljzle,
y /=1
and thus

1T 2 y) < m.

By the other hand, if x = 271:1 zjxj €Y, since z; = xjf (x), we have

1T~ (@)l = llzlleo = max [gj[= max |xj(x)] < [lnlly,
j=1,....m

=1l,...

which implies that
1T v gm < 1,

and proves our result. (]

Lemma 2: Let X be a Banach space over K (K =R or C). If Y is a m-dimensional
subspace of X we have that

(1) If K= then

N(p,BY(0)) < (m+1)" (g) ,0<p<r
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(i) If K= C then

2m
N(p,BY(0)) < (m+1)>" (%) ,0<p<r

Moreover, the balls can be taken with centers in Y.

Proof: We will prove the case when K = R.
Since Y is m-dimensional, dpy(Y,R”) < logm; in particular, there is a linear
isomorphism 7 : R” — Y with ||T||[|T~!|| < m.

Since BY (0) =TT~ 1(BY(0)) T(BM (0)) and B> (0) can be covered

174 I
by
T-Hr\" T-YT)r\" " "
(HII ||r> :(1+” I ||r) <(1+m1) <<m+1)m(1> |
p/IT| p p p
balls with radius HPTH then BY (0) can be covered by the same number of balls with
radius p. (]

Lemma 3: Let X be a Banach space and T' € ), /»(X). Then there exists a finite
dimensional subspace Z of X such that

disty (T [BY (0)], T[Bf(0)]) < A.
Proof: Write 7 = L+C, where C € ' (X) and L € Z(X) with ||L|| ¢ x) < /2.

We first will show that for every € > 0O there is a finite dimensional subspace Z
such that

disty (C[BY(0)],C[B%(0)]) < €.

Assume that this is not true; that is, there exists an € > 0 such that
distzr (C[BY (0)],C[Bf(0)]) > eo,

for every finite dimensional subspace Z of X. Choose some x| € X with ||x;||x =1,
and let Z; = span{x; }. Then

distz (C[BY (0)].C[BY" (0)]) > &,
and so there is a x, € X with ||x;||x < I such that

HCXQ —Cx; H = &.
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With Z, = span{x;,x, }, we can find a x3 € X with ||x3||x < 1 such that
|Cx3 — Cxi|| > €, fori=1,2.
Inductively we can construct a sequence {x;} in X with ||x;||x < 1 such that
|Cx; — Cx;|| > &, fori# j,

which contradicts the fact that C is a compact operator.
Now let 4 < A such that 2[|L|| (x) <A < A. From what we made above, we
can choose a finite dimensional subspace Z of X such that

disty (C[BY (0)],C[BZ(0)]) < A — 1.
If x € B (0) and z € BZ(0), then
ITx—Tz|lx < ||L(x—2)||x +]|Cx — Cz|[x <A+ ||Cx—Cz||x.
Thus
disty (T [BY (0)], T[BY(0)]) < A +disty (C[BY (0)], C[B (0)]) < 4,
which proves the result. L]

Lemma 4: Let X be a Banach space over K, Y a m-dimensional subspace of X,
A>0and T € £ (X) such that disty (T [BY (0)], T[BY (0)]) < A. Then, for all » >0
and y > 0:

(1) If K= then

N(1+PARTB(0)) < (m+1)" (M)m

YA
(i1) If K= C then

2m
N((1+ AR T(BX(0))) < 2" (m+1)?" (””%%”) .

Proof: We will do the proof when K = R. By linearity of 7 it is sufficient to do
the case r = 1.

Let 7= ||T|2(x) + A. Cover the ball BL")(0) by balls B,;, 1 <i < k. By
Lemma 3, we can take )m

k<(m+1)m(

3~
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The proof will be complete if we can show that

UB (I+y)A

If v e BY(0) (|v|lx < 1), since disty (T[BY(0)],T[BY (0)]) < A, there is y € BY (0)
such that
ITv—"Tylx <A.

Hence |[Ty[[x <[|Tv—Tyllx +ITvlx <A+ ||T||,$

Thus Ty € B;( )(O) and we can choose 1 <i<k such that ||Ty — x;||x < yA
Then
1Tv—xillx < [[Tv—=Tyllx + [Ty —xillx <(1+7)4,

which proves the result; [

Lemma 5: Let K be a compact subset of a Banach space X over Kand f: X — X
a continuously differentiable function in a neighborhood of K. Assume that K is
negatively invariant for f; that is, f(K) D K and also assume that exist 0 < a < 1
and M > 1 such that for every x € K
N(a,D.f(BY (0))) < M.
Then loa M
c(K) < e
—logo

Proof: We will first show that we can ensure bounds for the minimum number of
balls necessary to cover f(BX(x)) when r is small.

Since f is differentiable and K is compact, for each 11 > 0 there is a ro(1) >0
such that

F(BY (%)) C f(x) + Dif[By (0)] + By, (0),

for 0 < r <rp(n) and any x € K.
It follows that
N((a+n)r f(BY (x) <M,

forall 0 < r < ro(n).

Now we fix 0 < < 1 —a and let ry = ro(n) > 0. We cover K with N(rg,K)
balls of radius ry and then we apply f to every element of this cover. Since f(K) D
K we still get a cover of K with sets given by f (Bfo) for some x € K.

By the previous argument, each element of this cover can be covered by M
balls of radius (& + 1 )ry and follows that

N((OC + T])ro,K) < MN(}”(),K).
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Applying this argument k times, we have that
N((a+n)ro,K) < M*N(ro,K).

Thus

log[M*N (ro, K logM
c(K) < limsup og| (7o, k)] = o8 ,
ke —log[(a+n)ro]  —log(a+1)
and since 0 < 1 < 1 — « 1s arbitrary

logM
c(K) < —87_
—loga

Theorem 3: Let X be a Banach space over K, U C X anopensubsetand f: U — X
a continuously differentiable map. Assume that K C U is a compact subset and

that D, f € Z) 5, for some 0 < A < %, for all x € K. Then n = sup v, (D, f) and
xeK
D = sup ||Dyf|| are finite and
xeK

N(2A,DfBY(0)]) < [<n+ 1>—] .

Moreover, if f(K) D K, then

log((n + 1)WD/7L)]
—log(21) ’

where a = lif K=Rora=2if K=C.

c(K)<on {

Proof: Again, we will prove the case K = R. First we show that n = sup,g v, (Dyf)
is finite. By Lemma 3, for each xinK there is a finite dimensional subspace Z, if
X such that

disty (Do f[BY (0)], Do f[Bf* (0)]) < 4.

Since K 3 x— D, f € Z(X) is continuous, there is a J, > 0 such that
disty (Dy f[BY (0)], Dy f[BY*(0)]) < 4,

for all y € ng(x); that is vy (D, f) < vy (Dxf), for all y € st(x (x). Since K is
compact and {Bg (x) }xek covers K, we have that n < .

Now since n = sup,g V) (Dyf) < oo, for each x € K, there exists a finite di-
mensional subspace Z, of X with dimZ, < n such that

disty (D f[BY (0)], Duf[B*(0)]) < .
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In order to make the notation cleaner, we will omit the subscribe x in Z, and set
T =D,f.

Noting that dim7'(Z) < n, we can cover the ball Buén)( ) by balls B (y;).
1 <i<k,suchthaty; € BHTH( ) and

k< (nt1)" (@)

T(B%(O» ||T|| UBl yl

Hence

The proof will be complete if we can show that

U Bz,% Yi)-

But if x € BY(0) then there is y € T(B%(0)) such that ||Tx —y||x < A. Since y €
T (B%(0)), there is 1 < i < k such that ||y — y||x < A, thus ||Tx — y;||x < 2A. The
result now follows since n is uniform on K and the estimate is a straightforward
applications of Lemma 5. (]

Theorem 4: Let X be a Banach space over K, U C X an open subsetand f: U — U
a continuously differentiable map. If K C U is a compact subset such that f(K) =
K and there exists an € > 0 such that D, f € Z]_¢(X) for all x € K, then

c(K) < eo.
Proof: Foreachy € K, D, f € £1_¢(X); thatis D, f = L,+C, with ||[L,|| <1—¢
and C € 7 (X).
Since

Dif"=Dpwi(yfo--oDuf =L+C,

where Dynjf =Lj+Cjand L=Ljo---oL, we have |[L]| <(1—¢)"and C €
A (X). Tt follows that for some ng € N sufficiently large, g = f™ is such that
Dyg € £ /»(X) for all x € K and some 0 < A < 3. The result now follows from
Theorem 3 applied to g = f0. n

Corollary 4: Let X be a real Banach space and assume that 7 € €’!(X) is such
that {T" : n > 0} has a global attractor .« and D,T has finite rank v(x) with
sup V(x) = v < co. Then
xeof

c()<v.
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Proof: Clearly, for each A >0 and x € &/, D;T € # (X) C £} 5(X). conse-
quently, by Theorem 3, for 0 < A < %

log[(v+1)D/A]
et <v [P

and taking the limit when A — O we have that
()< v.
u

Corollary 5: Let X be a real Banach space, L,K € €' (X). If T = L+ K, assume
that the discrete semigroup {7" : n > 0} has a global attractor 7. Assume that
K has finite rank in .o7; that is, R(D,K) C Y (x) where Y (x) is a finite dimensional

subspace of X with sup dim(Y (x)) := v < oo, and that L satisfies
xeof

sup [[Dyn-1(Lo---oDiL|| < c(n), n €N,
xead

where c¢(n) — 0, when n — oo, Then
()< v.

Proof: We will prove that we can make A as small as we want, without changing
v. For this we note that

DxTn :DTnfl(x)To cee ODXT = (DTnflL—f’DTnflK) ©--+0 (DXL+DXK) =
:DTnflLO"'ODxL‘f‘Kn :Ln+Kn,

where K}, is a compact operator with rank less than or equal v.
Clearly there exists a subspace Z,, of X with dimZ,, < v such that

disty (D T" (B (0)), D" (B (0))) < 2||Ly|| < 2¢(n).

Indeed, it suffices to choose Z, such that KnB%" (0) = K,,Bf (0), since if x €
BY(0) and z € B (0) then

| Lnx + Knx — Lpz — Kpz|| < 2||Ln || + || Knx — Kzl

but 1an B

0) ||Knx — Kuz|| = 0 and then

disty (D T" (B (0)), D" (B (0))) < 2||Ly|| < 2¢(n).
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Hence, given A > 0, keeping v fixed and taking n large, we can ensure that
D, T" € £, (X) and vy (D,T") < v.

Since T".«/ = &/ we have that

log[(v+1)D/A]
—log(2A)

c(A)<v

foreach0 < A < % and taking A — 0 we have that

c(A)<v

Exponential attractors

Let (X,||-|lx) and (Y,|| - ||y) two Banach spaces and assume that (X, || - ||x)
is compactly immersed in (Y, || - ||y); that is X C Y and the bounded subsets of
(X, - ||x) are relatively compacts in (Y, ]| - ||y).

Let also S : X — X be a continuous function such that

(i) {S" : n > 0} is bounded dissipative; that is, there exists a bounded subset
By C X such that for every bounded subset B C X there exists np € N such
that S"(B) C By for all n > np.

(ii) There exists a constant K > 0 such that ||Sx — Sy||x < K||x —y||y for all
x,y € By.

Theorem 5: In the previous conditions, for all v € (0,1), {S" : n > 0} has an
exponential attractor ., and if N(v,A) denotes the minimum number of balls
with radius v in (Y, || - ||y) necessaries to cover A C Y, then .#, can be chosen in
such a way that
logN (2%, Bf(0))

log ()
The semigroup {S" : n > 0} has a global attractor &7 with ¢(<) < c(Ay).

C(///v) <

Proof: We know that, since By is bounded, there is a ng, € N such that §"%0 (By) C
By. Considering iterates of S if necessary we can assume that ng, = 1.
Let v € (0,1), No = N(5%,Bo) and Vo = {x1,...,xn, } C By such that
No
By C U BI% (Xi)-
i=1
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Since S(By) C By, we have that

No No
S(Bo) = (UBY Xi m30> = |J B} (Sx;) N S(By). (%)
i=1 i=1
Let Vi = S(Vy) and Ny = N(5%,B{(0)) the minimum number of balls with
radius v/2K in Y necessary to cover BY (0) C Y. So there exists Vo = {x;j : i =
l,...,No; j=1,...,Ny} C S(Bp) such that

NO NV
S(B UB (Sx;)NS(Bo) = | | B (xij) N S(Bo),
i=1 i=1j=1 LS
and proceeding as before, there exists V3 = {x;jx :i=1,...,No; j,k=1,...,Ny} C
S2(By) such that

No Ny
=JUsB x,J )N By) NS*(By) =
i=1j=1
NO Nv

= U U B}a(Sx;j) N S*(Bo) =
i=1j=1
No Ny Ny
=J U U B% (xijx) NS*(Bo),
i=1j=lk=1 K
and
No Ny Ny No Ny Ny

U U US xz]k ﬁBO ﬂS3 BO U U UB S)Cl]k ﬂS (Bo)

i=1j=1k=1 i=1j=1k=1

Proceeding inductively we obtain V,, C gn-l (Bo), #V,, = NoNﬁ_l and

C U B, (Sx).

x€V,

By the equation (x) we know that S(By) is precompact in X, so the semigroup
{S" : n € N} is bounded dissipative and eventually compact, which means that
{8" : n € N} has a global attractor <7 .

Clearly .« C §"(By) for all n € N and hence N(v,.«7) < NoN?~! (in X). Then

log Ny <

) < —logv
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Now we note that
disty (8" (Bo), Vi) < Vi,

and also
max{distg (S(Vn),Vit1),disty (Vi41,S(Va)) } < V"

Define Eg = Vo, E;+1 = Va1 US(E,) and A, = UneNE,,X. Clearly we have that
S(.#y) C Ay and also

disty (S (Bo), ) < V' = ¢ Moe(1/Y),

Since B absorbs bounded sets, given B C X any bounded set, there is a constant
C(B) > 0 such that

distz (S"B, . #,) < C(B)e "°2/V) for all n € N.

It remains to show that ¢(.#y) < oo. Firstly we note that E,; C §"(By) for all
j € N and then (if we assume that By is closed):

My CE{U---UE,US"(By).
But #(E;U---UE,) < (n—1)2NoN?—! and N(v",5"(Bg)) < NoN2~! in X, hence

NV, tty) <[(n—1)2+ 1NN,

and then
1 — 12+ 1NN loo NV,
c(Ay) < limsup og{[(n—=1)"+1]NoNy_"} _ logNy |
which completes the proof. _

Corollary 6: Let X,Y be two Banach spaces with X compactly immersed in Y
and S : X — X continuous such that {S" : n > 0} has a global attractor o/. If
||Sx — Sy||x < K||x—y||y for all x,y € o7 e for some K > 0, then ¢(.«7) < oo.

Proof: This result follows from the proof of the previous theorem. [

Proposition: If Z is a subspace of Y with dimZ = m then ¢(B%(0)) = am,
wherea =1if K=Rora=2if K=C.

Proof: We already know that

(ﬂ - 1) " < N(g,B=(0)) < (@ + 1) "

£
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and
am am
log (4 1) - log (42 +1)
om = lim : <c¢(B;7(0)) < lim : = am.
e—0 log 5 £—0 log 5
The result now follows since Z and K are isomorphic. (]

Theorem 6: Let X be a Banach space and S € € (X). Assume that the semigroup
{8" : n > 0} has a global attractor <7 in X. Let Y be a Banach space with X
compactly immersed in Y and assume that S L+C:X — X with L,C € €(X)
such that, for all x,y € 27, for some A € (0, ) and some K > 0,

1Lx = Lyllx < Allx—yllx, [|Cx—Cyllx < Klx—ylly (+)

Then ¢(&) < w, foreach v € (0,5 — ).
toe (347
Moreover, if By is an absorbing set with the property that S(By) C By and (x) is

valid for all x,y € By, for every v € (0, % — A ) there exists an exponential attractor

VvV pX
My for {S" :n >0} and c(Ay) < M.

o2 ()

Proof: Letv e (0,% — A). From the compactness of ./, we can find Ny =
N(A+v,47) in X and points {xy,...,xy,} C &7 such that

o = UBX
i=1
Since S(x) = S(y) — (Lx — Ly) — (Cx — Cy) we have that
No
i=1

_ U { X o) (60 N )+ C(BY 4y (x0) m;z%)} Nt =

NO Nv

_UUBX 2(Lxi+yij) N,
i=1j=1

2w (X)) N

where Ny, = N(%, B} (0)) is the minimum number of balls in ¥ of radius v /K nec-
essary to cover B)f(O) and for some choice of {y;;:i=1,...,No; j=1,...,Ny}.
Now there are {x;;:i=1,...,No; j=1,...,Ny} in &/ such that

No Ny

UUBpivpti)ne.

i=1j=1
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Following this procedure we obtain a set V,, with #V,, = NON(,‘_1 in &7 such that

o = U BN .

x€V,

Thus 1
log NoNJ—~ log N
c(o) < limsup 9oty 0B

n—e nlog( (Al+v)) B log(m)'

Let By be an absorbing set and suppose that S(By) C By. Let R > 0 be such that
By C BX(by) for some by € By. Then

S(Bo) = S(Bx (bo) N Bo) = (L(B (bo) N Bo) + C(B (bo) N Bo)) N S(Bo) =
Ny
= (BXg(Lbo) + | Byr(Cx;)) NS(By) =
i=1
Ny
= (U B1v)r(Lbo + Cyi) N S(Bo),
i=1
and so, we can choose {xi,...,xy, } in S(Bp) such that

Ny

S(Bo) = J B§( 2 v)r (%) NS(Bo).
i=1

Since S(x) = S(y) — (Lx — Ly) — (Cx — Cy) we obtain

$*(By) =

N
“

~
—_

(Bé((l+v)R(xl') ﬂB()) ﬂSZ(BO) e

F

L(BY 4 vy&(x) N Bo) +C(BY 1 i (x,-)ﬂBo)}ﬂS2(BO):

~
—_

I
=

Ny
X 2
= {Bzx avr(Lxi) + U B, (A+V)R Cylj)} NS*(Bo) =
i=1
Ny Ny
— B§(1+v)2R<in+Cyij) ﬂSZ(B()>,

~
—
~.
—

for some choice of {y;;: 1 <i,j < Ny} in X. Thus there are {x;; : 1 <i,j <Ny}
in S2(By) such that

Ny Ny

= U UB% (i 4vpx(3i) N S*(Bo).
i=1j=1
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Following this procedure we construct sets V,, with #V,, = N}, V,, C §"(By) such
that

$"(Bo) | Biy(a-sv)pr(x) NS"(Bo).
xevV,

Hence disty (S"(Bo), Vi) < [2(A + V)]"R, and also
max{disty (V. 1,5(V,)), disty (S(Vi), Vs 1)} < 2(A +V)]"TIR.

Define Eg =V = {bo}, E,i1 =V US(En) for n € N. Set .#, = UnGNEnX.
As before S(.#,) C .#, and .#, exponentially attracts bounded sets. It remains
to show that c(.#, ) < oo. As before, E,, 1 j C §"(By) for all j € N and hence (again,
we can assume without loos of generality that By is closed) we have that

My CEU---UE,US"(By).
But #(E;U---UE,) < (n—1)2N? and N([2(A + v)]"R,S"(By)) < N in X, hence

N(2(A +V)]"R,4y) < [(n—1)*+1]Ny,

and then
() < timsup U= D HINGY gy
P 1gRA VIR log (1
which completes the proof. .

Estimative of the fractal dimension for gradient systems

Proposition 7: Let {T" : n € N} be a discrete semigroup with global attractor
/. Let S =T) , and assume that S is Lipschitz continuous with Lipschitz constant
¢ > 1. Let (A,A") be an attractor-repeller pair in .7, and assume that there exist
constants M > 1 and @ > 0 such that, for all K compact subset of .o7 with KNA* =
&, we have disty(S"K,A) < Me®", for all n € N. Assume also that there is a
neighbourhood B of A* in .o/ such that BNA = @.

Then

¢(B) < c(«7) < max {%MC(B),C(A)} |

Proof: Clearly, since B C <7, ¢(B) < c¢(«7). We only have to prove the right in-
equality. For this, we divide the proof in four steps:

Step 1: Define Q, = §"(«7 \ B) \ $"!(«7 \ B), for all n € N. Note that Qy =

(7 \B)\ S(«/ \B) C S(B) \ B C S(B) and therefore c(Q) < ¢(S(B)) = ¢(B),
because B C S(B) and S is a Lipschitz continuous function.
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Now we obtain an estimate on the minimum number of r-balls N(r, ;) nec-
essary to cover € in terms of the numbers of balls necessary to cover €. Let
n(r)’k = N(r/c*,Qq) and {x,... X ri} a finite sequence of points in Qg such that

0
ngt
Qy C UB(xi,r/ck).

i=1
Set, foreach i =1, ... ,n(r)’k, & = SF(x;) € Q. Then, for each y € Q; there exists
7 € Qg such that y = S¥(z), z € B(x;,r/ck) for some i = 1,... ,n(r)’k and we have

Iy = &ill = 115(z) = S“Coll < ¢l —xil| < r, forally € Q.
rk

So, we just proved ; C UQIB(@, r), which gives N(r,Q;) < n(r)’k.

Step 2: Given r > 0, since disty (5" (%7 \ B),A) < Me™®" for all n > 0, there exists
no(r) = [+1n(¥)] such that

Gr):=| |J @ |UAcao @A),
Jj=no(r)
where 0, (A) denotes the r-neighborhood of A. So, if A C Uf.\]:(;’A)B(x,-, r) with x; €

Aforalli=1,...,N(r,A), then 0,(A) C UN({’A)B(xi,Zr) therefore N(2r, 0,(A)) <

=

N(r,A). We conclude that N (r,G(%)) < N(5,A).
Step 3: From Step 1, if H(r) := U;f":%) Q; we have

N(rH() <molr) _max  N(r/ct,Q0) =noN(r/e", Q0).
=0,...,no(r

since ¢ > 1.

Step 4: First, note that for each r > 0, we have that &/ = BUG(5) UH(%) and
therefore

N(r, o)

< 3max{N(r,B); N(r,H(r/2)); N(r,G(r/2))}
< 3max{N(r,B); N(r/2,H(r/2)); N(r/2,A)}
< 3max{N(r,B); no(r/2)N(r/"/?) Qy); N(r/2,A)}.
As the logarithm function is increasing, we obtain

InN(r, o) <In3+max{InN(r,B); Inng(r/2)+1nN(r/c""/) Qq): InN(r/2,A)}.
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Hence
InN(r, o) o In3 + max InN(r,B) 1Inng(r/2) lnN(r/c”O(’/z),QO).lnN(r/2,A)
In(1/r) ~In(1/r) a In(1/r) > 1In(1/r) In(1/r) * In(1/r)
Obviously, lim sup ne 0. Now, we compute the other terms:
o In(1/7)
(a)
1 2 Inl In(In(2M
r—0t ln(l/r) r—0t ln(l/r) r—0t 11’1(1/1")
(b)
1 no(r/2) Q) 1 no(r/2) Q
lim sup nN(r/e £0) = limsup nN(r/c > :$0)
r—0t ln(l/r) r—0t ln(cno(r/ )/rcno)
_ 1 InN(r/c™(/2) Qq)
=lim Slj}p 1 no(r/2)Inc ln(cno(r/Z)/r) !
0T T e
" (r/2) (o)
L no(r/2)In(c
llrri?)ljp 1 — _olr/2)Inc - hrrif)lip ( In(1/r) * 1) ’

ln(c"O(r/2>/r)

and since +In(2) <np < LIn(2)+1,

(me/2nt) ) _ o +int)

;
P\ (1 /) ®

r—0t

Y

which shows that

InN(r/c"072) Q) SOt In(c) .

limsu < Qo).
T In(1/7) o )
(©
InN(r/2.A InN(r/2.A
limsup A/ S 4) (r/2,4) = limsup A/ S4) (r/2,4)
r—0t ln(l/r) r—0t ln(2/2r)

1 InN(r/2,A
lim sup nN(r/2,4)

SO 1+ EI n(2/r)

< c(A).
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Joining (a), (b) and (c), we obtain

(0]
+1n(c)c
(0]

o +In(c)

c(o/) < max {C(B), (Qo),c(A)} < max{ C(B),C(A)} ,

using the fact ¢(€g) < ¢(B). The proof is now complete. "

Proposition 8: Let {T'(¢) : ¢t > 0} be a generalized gradient-like semigroup with
global attractor o/ and £ = {&,---,E,} the associated isolated invariant sets.
Then, there is at least one source and at least one sink.

Proof: Assume there are no sources. Then given Z;, there exists a E; (j # i) and
a global solution & such that
—_ [—>—00 {—00 —
R & (l‘ ) —
Inductively, we can construct a homoclinic structure since there is a finite number

of isolated invariant sets, which leads us to a contradiction. A similar argument
proves the existence of a sink. [

Theorem 7: Let {T" : n € N} be a discrete generalized gradient-like semigroup
with global attractor .27 and £ = {&1,...,E,} the associated isolated invariant
sets. Assume that the restriction 7] , to .o/ of the operator T is a Lipschitz con-
tinuous function with Lipschitz constant ¢ > 1 and assume also that there exist
constants M > 1 and @ > 0 such that for every attractor-repeller pair (A,A*) in o/
and every compact subset K C ./ with KNA* = & we have

disty(T"(K),A) < Me~®", for all n > 0.

Finally, assume that the local unstable manifolds {W/" (&;),i,...,p} are given as
graphs of Lipschitz functions. Under these conditions

~ o +1n(c) H
(max c(Wige(8:)) S e() S — == max c(Wio,(%:))-

Proof: Since {T": n € N} is a discrete gradient-like semigroup, there exists
at least one source. Let =; one of these sources and B; a neighbourhood of Z;
in .27 such that B; C W (&;) and T'(B;) C W} (&;), so that ¢(B;) = ¢(T(B;)) =
c(W! .(E;)) Now, it is easy to see that Z; = A}, where A; = U;,;W} (Z;). By
Proposition ??,

o +1In(c)

c(Bi) <c() < max{ °

c(B).ca) }
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that is
ocC

cOR(20) < o) < max { 25Dl ().}

Now, restrict the operator 7' to the attractor A;. Thus, we have a discrete gener-
alized gradient-like semigroup with attractor A and =! = £\ {Z;}, which has at
least one source Ey, with k # i. We can use the same argument above to prove that

— o +In(c —
cOW () < cl) < max{ 25X et @) et}
And joining these two results, we obtain

max (W (25)) < cler) < max { 25 2w (), 2 com (20, ean |

This process must stop, since there are just a finite number of isolated invariant
sets, and proceeding inductively we obtain the desired result. n



