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Results and their proofs

Short Course - August 16th, 18th and 19th

Hausdorff dimension

Proposition 1: Let 0 < α < α ′. If µ(α)(A) < ∞ then µ(α ′)(A) = 0 and also, if
µ(α ′)(A)> 0 then µ(α)(A) = ∞.

Proof: It suffices to prove the first statement, as the second one is its contra-
positive. If µ(α)(A) < ∞, for any δ > 0 there exists {B j} j∈N with A ⊂ ∪∞

j=1B j,
diam(B j)6 δ , and

∞

∑
j=1

(diam(B j)
α 6 µ

(α)(A)+1.

But for α ′ > α ,

∞

∑
j=1

(diam(B j))
α ′ 6 δ

α ′−α
∞

∑
j=1

(diam(B j))
α 6 δ

α ′−α [µ(α)(A)+1],

so µ
(α ′)
δ

6 δ α ′−α [µ(α)(A)+1] δ→0−→ 0 and µ(α ′)(A) = 0.

Theorem 1: Let (X ,d) be a metric space. For each α > 0 and δ > 0, µ
(α)
δ

: 2X →
[0,∞] is an outer measure.

Proof: Fix δ > 0. Clearly µ
(α)
δ

( /0) = 0 and µ
(α)
δ

(A)6 µ
(α)
δ

(B) whenever A⊂ B.
If ε > 0, {A j}∞

j=1 is a sequence in 2X and for each j ∈ N there exists a sequence

{B j
i }∞

i=1 with A j ⊂
⋃

∞
i=1 B j

i , diam(B j
i )< δ , for all i ∈ N, and ∑

∞
i=1(diam(B j

i ))
α 6

µα

δ
(A j)+ ε2− j, then

⋃
∞
j=1 A j ⊂

⋃
∞
j,i=1 B j

i and

µ
(α)
δ

(
∞⋃

j=1

A j

)
6

∞

∑
i, j=1

(diam(B j
i ))

α 6
∞

∑
j=1

µ
(α)
δ

(A j)+ ε.

It follows that µ
(α)
δ

(⋃
∞
j=1 A j

)
6 ∑

∞
j=1 µ

(α)
δ

(A j). The result now follows.

Proposition 2: Let (X ,d), (Y,ρ) be two metric spaces and A⊂ X . If f : X → Y is
a Lipschitz continuous function then dimH( f (A))6 dimH(A).

Proof: If µ(α)(A) = ∞ we have nothing to do. Assume that µ(α)(A) < ∞, given
ε > 0, there exists δε > 0 such that, for all 0 < δ < δε , there is a cover of A by
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sets B j such that diam(B j)6C−1δ and

∞

∑
j=1

(diam(B j))
α 6 µ

(α)(A)+ ε.

The sets B j′ = f (B j) cover f (A) and diam(B j′)6C diam(B j)6 δ , and

µ
(α)
δ

( f (A))6Cα
µ
(α)(A)+Cα

ε.

Making δ → 0 and then letting ε → 0 we have that

µ
(α)
δ

( f (A))6Cα
µ
(α)(A),

and so, if µ(α)(A) = 0 then µ
(α)
δ

( f (A)) = 0 which proves that dimH( f (A)) 6
dimH(A).

Corollary 1: Let f : X→Y be a Lipschitz continuous function, A⊂X and G( f ,A)=
{(x, f (x)) : x∈A} the graph of f restricted to A. Then dimH(G( f ,A))= dimH(A).

Proof: This is a simple consequence of the last proposition, since the maps

A 3 x 7→ (x, f (x)) ∈ G( f ,A),
G( f ,A) 3 (x, f (x)) 7→ x ∈ A

are both Lipschitz continuous functions.

Proposition 3: Let {A j} j∈N be a sequence of sets in X and A =
⋃

∞
j=1 A j. Then

dimH(A) = sup
j∈N

dimH(A j).

Proof: The inequality dimH(A) > sup j∈N dimH(A j) follows from monotonicity.
Now let α > sup j∈N dimH(A j). Then µ(α)(A j) = 0 for all j ∈N and so µ(α)(A) =
0, which implies that dimH(A)6 sup j∈N dimH(A j), and the result is proved.

Property: Let {S(n) : n ∈ N} be a discrete semigroup in a Banach space with a
finite set E = {e1, . . . ,en} of equilibrium points and a gradient-like global attractor
A . Assume that S(1) is a Lipschitz continuous map and that each local unstable
set W u

loc(ei) is a graph of a Lipschitz function with domain QiX , where Qi is a
finite rank projection. Then

dimH(A ) = max
i=1,...,n

dimH(QiX).
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Proof: From the Corollary 3 and Proposition 2 we know that

dimH(W u
loc(ei)) = dimH(QiX)< ∞, for each i = 1, . . . ,n,

dimH(S(m)W u
loc(ei))6 dimH(W u

loc(ei)), for each i = 1, . . . ,n and all m ∈ N.

We easily see that W u(ei) = ∪m>0S(m)W u
loc(ei) and using Proposition 3 we have

that

dimH(QiX) = dimH(W u
loc(ei))6 dimH(W u(ei)) =

= dimH

(⋃
n>0

S(m)W u
loc(ei)

)
6 sup

n∈N
dimH(S(m)W u

loc(ei))6

6 dimH(W u
loc(ei)) = dimH(QiX),

and hence dim(W u(ei))= dim(QiX) for all i= 1, . . . ,n. So, since A =∪n
i=1W u(ei),

we have that
dimH(A ) = max

i=1,...,n
dimH(QiX).

Fractal dimension

Remark: It is easily seen that dimH(K)6 c(K).

Proof: If c(K) = ∞ we have nothing to prove. Assume that c(K)< ∞. We know
that given ε > 0 there exists a δε > 0 such that

N(r,K)6

(
1
r

)c(K)+ε

, for 0 < r < δε .

But for any α > 0 we have that

µ
(α)
2r (K)6 (2r)αN(r,K)6 2αrα−c(K)−ε , for 0 < r < δε .

So, for every η > 0:
µ
(c(K)+η)
2r (K)6 2αrη−ε .

Then, for η = 2ε:
µ
(c(K)+2ε)
2r (K)6 2αrε ,

and taking r→ 0 we have

µ
(c(K)+2ε)(K) = 0, for every ε > 0,
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which implies that dimH(K)6 c(K).

Proposition 4: Let X be a normed vector space and K1,K2 compact subsets of X .
Then c(K1 +K2)6 c(K1)+ c(K2).

Proof: Note that, if Ni =N(r,Ki) there are xi
1, · · · ,xi

N in K such that Ki⊂∪Ni
j=1Br(xi

j)

and consequently K1 +K2 ⊂ ∪N2
i=1∪

N1
j=1

(
Br(x1

j)+Br(x2
i )
)

. Since diam(Br(x1
j)+

Br(x2
i ))6 4r we have that N(4r,K1 +K2)6 N(r,K1)N(r,K2) and consequently

c(K1 +K2) = limsup
r→0

logN(4r,K1 +K2)

log(1/4r)
6 limsup

r→0

logN(r,K1)N(r,K2)

log(1/4r)

6 limsup
r→0

logN(r,K1)

log(1/4r)
+ limsup

r→0

logN(r,K2)

log(1/4r)
= c(K1)+ c(K2).

Corollary 2: Let X be a normed vector space and K a compact subset of X . Then
c(K−K)6 2c(K).

Proof: Is an straightforward consequence of the previous proposition.

Proposition 5: Let K,Y be two metric spaces with K compact and f : K → Y a
Lipschitz continuous function. Then c( f (K))6 c(K).

Proof: The result is immediate if c(K) = ∞. If c(K)< ∞ we have that, for C > 0
the Lipschitz constant of f :

f (K)⊂
N(ε,K)⋃

j=1

f (BK
ε (x j))⊂

N(ε,K)⋃
j=1

BY
Cε(T x j).

Hence, N(Cε,T (K))6 N(ε,K) and

c( f (K)) = lim
ε→0

N(Cε, f (K))

log
( 1

Cε

) 6 lim
ε→0

N(ε,K)

log
( 1

Cε

) = c(K).

Projection of compact sets with finite fractal dimension

In this parts of our notes, we will develop some theory in order to prove the
result about the projection of compact sets with finite fractal dimension.
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Let X be a Banach space and Y be a finite dimensional subspace of X . Denote
by P(X ,Y ) the subset of L (X) consisting of the projections with range Y .

Let X be a Banach space, {Kn}n∈N be a sequence of compact subsets of X and
K = ∪n∈NKn.

Lemma 0.0.1 Given r > 0, n ∈ N, if

An,r = {v−w ∈ X : v,w ∈ Kn and ‖v−w‖X > r},

then An,r is a compact subset of X.

Proof: We first show that An,r is closed. In fact, yk = vk−wk
k→∞−→ y, with vk,wk ∈

Kn, ‖vk−wk‖X . Using the compactness of Kn, we may assume, passing to subse-

quences, that vk
k→∞−→ v∈Kn and wk

k→∞−→w∈Kn. Hence y= v−w and ‖v−w‖X > r
and y ∈ An,r. That proves that An,r is closed.

Now note that, An,r ⊂Kn−Kn. Since X×X 3 (x,y) 7→ x−y∈ X is continuous,
it follows that Kn−Kn is compact and consequently An,r is a compact in X .

Lemma 0.0.2 Define

Pn,r = {P ∈P(X ,Y ) : diam(P−1(y)∩Kn)< r, ∀y ∈ Y} (1)

If P ∈P(X ,Y ), then P ∈Pn,r if and only if P−1(0)∩An,r = /0. This is saying that
the projections in Pn,r are exactly those that are injective in An,r.

Proof: Assume that there is a y∈P−1(0)∩An,r, then Py= 0 and there are v,w∈Kn
such that y = v−w, ‖v−w‖X > r. If z = Pv = Pw then diam

(
P−1(z)∩Kn

)
> r

and P /∈Pn,r.
On the other hand, if P−1(0)∩An,r = /0, for all y∈Y and v,w∈P−1(y)∩Kn, we

have that v−w ∈ P−1(0) (P(v−w) = y− y = 0) and therefore we must have that
‖v−w‖X < r. Since P−1(y)∩Kn is compact, it follows that diam(P−1(y)∩Kn)<
r. This completes the proof.

Lemma 0.0.3 If Pn,r defined by (1), then Pn,r is open in P(X ,Y ) with the uni-
form operator topology.

Proof: The proof of this result is based on the characterization of Pn,r given in
Lemma 0.0.2. Given a projection P ∈Pn,r, note that

ε = inf
x∈P−1(0)

dist(x,An,r) = inf
x∈X

((I−P)x,An,r)> 0.
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Choose s > 0 such that Bs−ε(0)⊃ An,r and P̄∈P(X ,Y ) such that ‖P− P̄‖L (X) <
ε

s . Then

inf
x∈P̄−1(0)

dist(x,An,r) = inf
x∈Bs(0)

dist((I− P̄)x,An,r)

> inf
x∈Bs(0)

dist((I−P)x,An,r)− sup
x∈Bs(0)

‖P̄x−Px‖X

= ε− s‖P̄−P‖L (X) > 0.

It follows that P̄−1(0)∩An,r = /0 and P̄ ∈Pn,r, proving that Pn,r is open.

Lemma 0.0.4 There is a sequence {φi}i∈N in X ′ such that, if x ∈ K and φi(x) = 0
for all i ∈ N, then x = 0.

Proof: Now consider the closure W of the subspace of X generated by K. Since
K is countable union of compact sets, it is separable and consequently W is a
separable Banach space. From the fact that BW ′

1 (0) is compact and metrizable in
the weak star topology σ(W ′,W ), it follows that there is a dense sequence {φi}i∈N
in (BW ′

1 (0),σ(W ′,W )). Now if x ∈W and φi(x) = 0 for all n ∈ N, it follows that
φ(x) = 0 for all φ ∈ BW ′

1 (0) and we have that x = 0. The desired sequence is now
obtained extending φi to X through Hahn-Banach theorem, for each n ∈ N.

Lemma 0.0.5
⋂

n∈N

⋂
m∈N

Pn, 1
m
= {P ∈P(X ,Y ) : P is injective in K}

Proof: Let P ∈P(X ,Y ). Since K =
⋃

n∈NKn we have that, P is injective in
K if and only if P is injective in Kn for all n ∈ N if and only if P−1(y)∩Kn
is either the empty set or a unitary set for all y ∈ Y and for all n ∈ N if and
only if diam(P−1(y) ∩ Kn) <

1
m for all n ∈ N and m ∈ N if and only if P ∈⋂

n∈N
⋂

m∈NPn, 1
m

.
Recall the definition of quotient space.

Definition 0.0.6 Let X be a Banach space over a field K (K= R or C) and Z be
a closed subspace of X. For each x ∈ X, let [x] := {z ∈ X : z− x ∈ Z},

X/Z := {[x] : x ∈ X}

and define

• λ [x] := [λx], λ ∈K, x ∈ X,

• [x]+ [y] := [x+ y], x,y ∈ X,

• ‖[x]‖X/Z := infy∈Z ‖x+ y‖X , x ∈ X.
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The set X/Z with the above operations (addition and scalar multiplication) is a
vector space and X/Z 3 [x] 7→ ‖[x]‖X/Z ∈ [0,∞) is a norm which makes X/Z a
Banach space. The space X/Z is called the quotient space of X and Z.

Recall that a subset of a metric space W is said residual in W if it is countable
intersection of open dense subsets W .

Corollary 3 [Mañé, Lemma 1.1]: If c(K) < ∞ and Y is a finite dimensional sub-
space of X with 2c(K)+1 < dimY < ∞, then {P ∈P(X ,Y ) : P|K is injective } is
residual in P(X ,Y ).

Proof: From Lemma 0.0.4, it is sufficient to show that Pn,r is dense in P(X ,Y )
for each n ∈ N and for each r > 0.

Let Q be the quotient map from X onto Z = X/Y . Then,

Q(An,r)\{0}=
⋃

m∈N

{
Q(v) : v ∈ An,r, ‖Q(v)‖Z >

1
m

}
where, each

{
Q(v) : v ∈ An,r, ‖Q(v)‖Z > 1

m

}
is compact. It follows from Lemma

0.0.4 that there is a sequence {φi}i∈N in Z′, φi : Z→ R, such that, if φi(z) = 0 for
all i ∈ N, then z = 0.

Let
An,r,i, j = {v ∈ An,r : |φi(Q(v))|> 1/ j} .

Then
P−1(0)∩An,r = ∪i∈N∪ j∈N

(
P−1(0)∩An,r,i, j

)
,

Pn,r,i, j =
{

P ∈P(X ,Y ) : P−1(0)∩An,r,i, j = /0
}

and
Pn,r = ∩i∈N∩ j∈N Pn,r,i, j.

Since An,r is compact (see Lema 0.0.1) it follows easily that An,r,i, j is compact.
Proceeding exactly as in the proof of Lemma 0.0.3 we obtain that Pn,r,i, j is open.
Hence, the proof is reduced to the proof that each for each n, i, j ∈ N and r > 0,
Pn,r,i, j is dense in P(X ,Y ).

Let P0 ∈P(X ,Y ) and define φ : Y\{0}→ S = {y ∈ Y : ‖y‖X = 1} by φ(y) =
y/‖y‖X . Then

φ(P0(An,r)\{0}) = ∪ε>0φ(P0(An,r)∩ [Y\BY
ε (0)])

and, from Proposition 3,

dimHφ(P0(An,r))6 sup
ε>0

dimH(φ(P0(An,r)∩ [Y\BY
ε (0)])).
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Note that, φ restricted to P0(An,r)∩ [Y\BY
ε (0)] is Lipschitz continuous. Conse-

quently, from Proposition 2, Corollary 2, Remark (dimH(K) 6 c(K)) and mono-
tonicity of the Hausdorff dimension,

dimH(φ(P0(An,r)∩ [Y\BY
ε (0)]))6 dimH(An,r)6 2c(Kn)6 2c(K).

From this we obtain that there exists u ∈ S\φ(P0(An,r)). In fact, if that is not
the case, then S⊂ φ(P0(An,r)) and

dim(Y )−1 = dimH(S)6 dimH(φ(P0(An,r)))6 2c(K)

which contradicts our assumption.
Given ε > 0, i, j ∈ N we define

Pε(x) = P0(x)+ εφi(Q(x))u.

Since Pε ∈L (X) with range in Y and recalling that if y∈Y , then Qy = 0 it is easy
to see that Pε ∈P(X ,Y ).

If Pε(x) = 0 we have that

P0(x) =−εφi(Q(x))u.

If in addition x ∈ An,r,i, j we have that φi(Q(x)) 6= 0 and P0(x) 6= 0. Hence

u =−(εφi(Q(x)))−1P0x.

Since u∈ S, u= φ(u) we have that±u= φ(P0(x))∈ φ(P0(An,r)) and consequently
u ∈ φ(P0(An,r)) contradicting the choice of u and showing that Pε ∈Pn,r,i, j.

Since ‖Pε −P0‖L (X)
ε→0−→ 0 we have that Pn,r,i, j is dense in P(X ,Y ).

Dimension of invariant compacts

Lemma 1: Let X be a n-dimensional normed vector space over K (K = R or
C). Then, there are bases {x1, . . . ,xn} for X and {x∗1, . . . ,x∗n} for X∗ such that
‖xi‖ = ‖x∗i ‖ = 1 for all i = 1, . . . ,n and x∗i (x j) = δi j for all 1 6 i, j 6 n. In this
conditions {x1, . . . ,xn} is called an Auerbach’s base for X .

Proof: Let B = {v1, . . . ,vn} be a base for X . Given a n-set of vectors {y1, . . . ,yn}
in X , let ŷ j be the column matrix of the coordinates y j in the base B and consider
the function Xn 3 (yi, . . . ,yn) 7→ det[ŷ1, . . . , ŷn] ∈ K, where Xn is the product of n
copies of X .



9

Let B be the closed unit ball in X and Bn the product of n copies of B. If
{x1, . . . ,xn} is a point where the map det[·, . . . , ·] attains a maximum in Bn, {x1, . . . ,xn}
is a base for X , since det[x̂1, . . . , x̂n] 6= 0, and each x j has norm 1 (since otherwise,
we could multiply it by a number larger than one and still remain in B, which
would contradict the choice of {x1, . . . ,xn}). Define

x∗j(x) =
det[x̂1, . . . , x̂j−1, x̂, x̂j+1, . . . , x̂n]

det[x̂1, . . . , x̂n]
.

It is clear that x∗j(xi) = δi j and that ‖x∗j‖X∗ = 1, 1 6 i, j 6 n.

Proposition 6: Let Y be a m-dimensional Banach space over K (K = R or C).
Then dBM(Y,Km

∞)6 logm.

Proof: Let {x1, . . . ,xm} be an Auerbach’s base for Y and {x∗1, . . . ,x∗m} the corre-
sponding base for Y ∗. Define a linear transform T : Km

∞→ Y by

T (z) =
m

∑
j=1

z jx j.

Then

‖T (z)‖Y =

∥∥∥∥∥ m

∑
j=1

z jx j

∥∥∥∥∥
Y

6
m

∑
j=1
|z j|6 m‖z‖∞,

and thus
‖T‖L (Km

∞,Y ) 6 m.

By the other hand, if x = ∑
m
j=1 z jx j ∈ Y , since z j = x∗j(x), we have

‖T−1(x)‖∞ = ‖z‖∞ = max
j=1,...,m

|z j|= max
j=1,...,m

|x∗j(x)|6 ‖x‖Y ,

which implies that
‖T−1‖L (Y,Km

∞)
6 1,

and proves our result.

Lemma 2: Let X be a Banach space over K (K=R or C). If Y is a m-dimensional
subspace of X we have that

(i) If K= R then

N(ρ,BY
r (0))6 (m+1)m

(
r
ρ

)m

, 0 < ρ 6 r.
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(ii) If K= C then

N(ρ,BY
r (0))6 (m+1)2m

(√
2r

ρ

)2m

, 0 < ρ 6 r.

Moreover, the balls can be taken with centers in Y .

Proof: We will prove the case when K= R.
Since Y is m-dimensional, dBM(Y,Rm

∞) 6 logm; in particular, there is a linear
isomorphism T : Rm

∞→ Y with ‖T‖‖T−1‖6 m.
Since BY

r (0) = T T−1(BY
r (0))⊂ T (BRm

∞

‖T−1‖r(0)) and BRm
∞

‖T−1‖r(0) can be covered
by(

1+
‖T−1‖r
ρ/‖T‖

)m

=

(
1+
‖T−1‖‖T‖r

ρ

)m

6

(
1+m

r
ρ

)m

6 (m+1)m
(

r
ρ

)m

,

balls with radius ρ

‖T‖ , then BY
r (0) can be covered by the same number of balls with

radius ρ .

Lemma 3: Let X be a Banach space and T ∈Lλ/2(X). Then there exists a finite
dimensional subspace Z of X such that

distH(T [BX
1 (0)],T [B

Z
1 (0)])< λ .

Proof: Write T = L+C, where C ∈K (X) and L ∈L (X) with ‖L‖L (X) < λ/2.
We first will show that for every ε > 0 there is a finite dimensional subspace Z
such that

distH(C[BX
1 (0)],C[BZ

1 (0)])< ε.

Assume that this is not true; that is, there exists an ε > 0 such that

distH(C[BX
1 (0)],C[BZ

1 (0)])> ε0,

for every finite dimensional subspace Z of X . Choose some x1 ∈X with ‖x1‖X = 1,
and let Z1 = span{x1}. Then

distH(C[BX
1 (0)],C[BZ1

1 (0)])> ε0,

and so there is a x2 ∈ X with ‖x2‖X 6 1 such that

‖Cx2−Cx1‖> ε0.
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With Z2 = span{x1,x2}, we can find a x3 ∈ X with ‖x3‖X 6 1 such that

‖Cx3−Cxi‖> ε0, for i = 1,2.

Inductively we can construct a sequence {x j} in X with ‖x j‖X 6 1 such that

‖Cxi−Cx j‖> ε0, for i 6= j,

which contradicts the fact that C is a compact operator.
Now let λ̃ < λ such that 2‖L‖L (X) < λ < λ . From what we made above, we

can choose a finite dimensional subspace Z of X such that

distH(C[BX
1 (0)],C[BZ

1 (0)])< λ − λ̃ .

If x ∈ BX
1 (0) and z ∈ BZ

1 (0), then

‖T x−T z‖X 6 ‖L(x− z)‖X +‖Cx−Cz‖X 6 λ̃ +‖Cx−Cz‖X .

Thus

distH(T [BX
1 (0)],T [B

Z
1 (0)])6 λ̃ +distH(C[BX

1 (0)],C[BZ
1 (0)])< λ ,

which proves the result.

Lemma 4: Let X be a Banach space over K, Y a m-dimensional subspace of X ,
λ > 0 and T ∈L (X) such that distH(T [BX

1 (0)],T [B
Y
1 (0)])< λ . Then, for all r > 0

and γ > 0:

(i) If K= R then

N((1+ γ)λ r,T (BX
r (0)))6 (m+1)m

(‖T‖L (X)+λ

γλ

)m

.

(ii) If K= C then

N((1+ γ)λ r,T (BX
r (0)))6 2m(m+1)2m

(‖T‖L (X)+λ

γλ

)2m

.

Proof: We will do the proof when K = R. By linearity of T it is sufficient to do
the case r = 1.

Let r̃ = ‖T‖L (X)+ λ . Cover the ball BT (Y )
r̃ (0) by balls Bγλ , 1 6 i 6 k. By

Lemma 3, we can take

k 6 (m+1)m
(

r̃
γλ

)m

.
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The proof will be complete if we can show that

T (BX
1 (0))⊂

n⋃
i=1

BX
(1+γ)λ (xi).

If v ∈ BX
1 (0) (‖v‖X 6 1), since distH(T [BX

1 (0)],T [B
Y
1 (0)])< λ , there is y ∈ BY

1 (0)
such that

‖T v−Ty‖X < λ .

Hence ‖Ty‖X 6 ‖T v−Ty‖X +‖T v‖X 6 λ +‖T‖L (X) = r̃.

Thus Ty ∈ BT (Y )
r̃ (0) and we can choose 1 6 i 6 k such that ‖Ty− xi‖X 6 γλ .

Then
‖T v− xi‖X 6 ‖T v−Ty‖X +‖Ty− xi‖X < (1+ γ)λ ,

which proves the result;

Lemma 5: Let K be a compact subset of a Banach space X over K and f : X → X
a continuously differentiable function in a neighborhood of K. Assume that K is
negatively invariant for f ; that is, f (K)⊃ K and also assume that exist 0 < α < 1
and M > 1 such that for every x ∈ K

N(α,Dx f (BX
1 (0)))6 M.

Then
c(K)6

logM
− logα

.

Proof: We will first show that we can ensure bounds for the minimum number of
balls necessary to cover f (BX

r (x)) when r is small.
Since f is differentiable and K is compact, for each η > 0 there is a r0(η)> 0

such that
f (BX

r (x))⊂ f (x)+Dx f [BX
r (0)]+BX

ηr(0),

for 0 < r 6 r0(η) and any x ∈ K.
It follows that

N((α +η)r, f (BX
r (x)))6 M,

for all 0 < r 6 r0(η).
Now we fix 0 < η < 1−α and let r0 = r0(η)> 0. We cover K with N(r0,K)

balls of radius r0 and then we apply f to every element of this cover. Since f (K)⊃
K we still get a cover of K with sets given by f (BX

r0
) for some x ∈ K.

By the previous argument, each element of this cover can be covered by M
balls of radius (α +η)r0 and follows that

N((α +η)r0,K)6 MN(r0,K).
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Applying this argument k times, we have that

N((α +η)kr0,K)6 MkN(r0,K).

Thus

c(K)6 limsup
k→∞

log[MkN(r0,K)]

− log[(α +η)kr0]
=

logM
− log(α +η)

,

and since 0 < η < 1−α is arbitrary

c(K)6
logM
− logα

.

Theorem 3: Let X be a Banach space over K, U ⊂X an open subset and f : U→X
a continuously differentiable map. Assume that K ⊂U is a compact subset and
that Dx f ∈Lλ/2, for some 0 < λ < 1

2 , for all x ∈ K. Then n = sup
x∈K

νλ (Dx f ) and

D = sup
x∈K
‖Dx f‖ are finite and

N(2λ ,Dx f [BX
1 (0)])6

[
(n+1)

√
αD
λ

]αn

.

Moreover, if f (K)⊃ K, then

c(K)6 αn
[

log((n+1)
√

αD/λ )

− log(2λ )

]
,

where α = 1 if K= R or α = 2 if K= C.

Proof: Again, we will prove the case K=R. First we show that n= supx∈K νλ (Dx f )
is finite. By Lemma 3, for each xinK there is a finite dimensional subspace Zx if
X such that

distH(Dx f [BX
1 (0)],Dx f [BZx

1 (0)])< λ .

Since K 3 x 7→ Dx f ∈L (X) is continuous, there is a δx > 0 such that

distH(Dy f [BX
1 (0)],Dy f [BZx

1 (0)])< λ ,

for all y ∈ BX
δx
(x); that is νλ (Dy f ) 6 νλ (Dx f ), for all y ∈ BX

δx
(x). Since K is

compact and {BX
δx
(x)}x∈K covers K, we have that n < ∞.

Now since n = supx∈K νλ (Dx f ) < ∞, for each x ∈ K, there exists a finite di-
mensional subspace Zx of X with dimZx 6 n such that

distH(Dx f [BX
1 (0)],Dx f [BZx

1 (0)])< λ .
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In order to make the notation cleaner, we will omit the subscribe x in Zx and set
T .
= Dx f .

Noting that dimT (Z) 6 n, we can cover the ball BT (Z)
‖T‖ (0) by balls BX

λ
(yi),

1 6 i 6 k, such that yi ∈ BX
‖T‖(0) and

k 6 (n+1)n
(
‖T‖

λ

)n

.

Hence

T (BZ
1 (0))⊂ BT (Z)

‖T‖ (0)⊂
k⋃

i=1

BX
λ
(yi).

The proof will be complete if we can show that

T (BX
1 (0))⊂

k⋃
i=1

BX
2λ
(yi).

But if x ∈ BX
1 (0) then there is y ∈ T (BZ

1 (0)) such that ‖T x− y‖X < λ . Since y ∈
T (BZ

1 (0)), there is 1 6 i 6 k such that ‖y− yi‖X < λ , thus ‖T x− yi‖X < 2λ . The
result now follows since n is uniform on K and the estimate is a straightforward
applications of Lemma 5.

Theorem 4: Let X be a Banach space over K, U ⊂X an open subset and f : U→U
a continuously differentiable map. If K ⊂U is a compact subset such that f (K) =
K and there exists an ε > 0 such that Dx f ∈L1−ε(X) for all x ∈ K, then

c(K)< ∞.

Proof: For each y ∈ K, Dy f ∈L1−ε(X); that is Dy f = Ly +Cy with ‖Ly‖< 1− ε

and C ∈K (X).
Since

Dx f n = D f n−1(x) f ◦ · · · ◦Dx f = L+C,

where D f n− j(x) f = L j +C j and L = L1 ◦ · · · ◦Ln we have ‖L‖ < (1− ε)n and C ∈
K (X). It follows that for some n0 ∈ N sufficiently large, g = f n0 is such that
Dxg ∈Lλ/2(X) for all x ∈ K and some 0 < λ < 1

2 . The result now follows from
Theorem 3 applied to g = f n0 .

Corollary 4: Let X be a real Banach space and assume that T ∈ C 1(X) is such
that {T n : n > 0} has a global attractor A and DxT has finite rank ν(x) with
sup
x∈A

ν(x) .
= ν < ∞. Then

c(A )6 ν .
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Proof: Clearly, for each λ > 0 and x ∈ A , DxT ∈ K (X) ⊂ Lλ/2(X). conse-
quently, by Theorem 3, for 0 < λ < 1

2

c(A )6 ν

[
log[(ν +1)D/λ ]

− log(2λ )

]
,

and taking the limit when λ → 0 we have that

c(A )6 ν .

Corollary 5: Let X be a real Banach space, L,K ∈ C 1(X). If T = L+K, assume
that the discrete semigroup {T n : n > 0} has a global attractor A . Assume that
K has finite rank in A ; that is, R(DxK)⊂ Y (x) where Y (x) is a finite dimensional
subspace of X with sup

x∈A
dim(Y (x)) := ν < ∞, and that L satisfies

sup
x∈A
‖DT n−1(x)L◦ · · · ◦DxL‖6 c(n), n ∈ N,

where c(n)→ 0, when n→ ∞. Then

c(A )6 ν .

Proof: We will prove that we can make λ as small as we want, without changing
ν . For this we note that

DxT n =DT n−1(x)T ◦ · · · ◦DxT = (DT n−1L+DT n−1K)◦ · · · ◦ (DxL+DxK) =

=DT n−1L◦ · · · ◦DxL+Kn
.
= Ln +Kn,

where Kn is a compact operator with rank less than or equal ν .
Clearly there exists a subspace Zn of X with dimZn 6 ν such that

distH(DxT n(BX
1 (0)),DxT n(BZn

1 (0)))6 2‖Ln‖6 2c(n).

Indeed, it suffices to choose Zn such that KnBZn
1 (0) = KnBX

1 (0), since if x ∈
BX

1 (0) and z ∈ BZn
1 (0) then

‖Lnx+Knx−Lnz−Knz‖6 2‖Ln‖+‖Knx−Knz‖,

but infz∈BZn
1 (0) ‖Knx−Knz‖= 0 and then

distH(DxT n(BX
1 (0)),DxT n(BZn

1 (0)))6 2‖Ln‖6 2c(n).
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Hence, given λ > 0, keeping ν fixed and taking n large, we can ensure that

DxT n ∈Lλ (X) and νλ (DxT n)6 ν .

Since T nA = A we have that

c(A )6 ν
log[(ν +1)D/λ ]

− log(2λ )
,

for each 0 < λ < 1
2 and taking λ → 0 we have that

c(A )6 ν

Exponential attractors

Let (X ,‖ · ‖X) and (Y,‖ · ‖Y ) two Banach spaces and assume that (X ,‖ · ‖X)
is compactly immersed in (Y,‖ · ‖Y ); that is X ⊂ Y and the bounded subsets of
(X ,‖ · ‖X) are relatively compacts in (Y,‖ · ‖Y ).

Let also S : X → X be a continuous function such that

(i) {Sn : n > 0} is bounded dissipative; that is, there exists a bounded subset
B0 ⊂ X such that for every bounded subset B⊂ X there exists nB ∈ N such
that Sn(B)⊂ B0 for all n > nB.

(ii) There exists a constant K > 0 such that ‖Sx− Sy‖X 6 K‖x− y‖Y for all
x,y ∈ B0.

Theorem 5: In the previous conditions, for all ν ∈ (0,1), {Sn : n > 0} has an
exponential attractor Mν and if N(ν ,A) denotes the minimum number of balls
with radius ν in (Y,‖ · ‖Y ) necessaries to cover A⊂ Y , then Mν can be chosen in
such a way that

c(Mν)6
logN

(
ν

2K ,B
X
1 (0)

)
log
( 1

ν

) .

The semigroup {Sn : n > 0} has a global attractor A with c(A )6 c(Mν).

Proof: We know that, since B0 is bounded, there is a nB0 ∈N such that SnB0 (B0)⊂
B0. Considering iterates of S if necessary we can assume that nB0 = 1.

Let ν ∈ (0,1), N0 = N( ν

2K ,B0) and V0 = {x1, . . . ,xN0} ⊂ B0 such that

B0 ⊂
N0⋃
i=1

BY
ν

K
(xi).
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Since S(B0)⊂ B0, we have that

S(B0) = S

(
N0⋃
i=1

BY
ν

K
(xi)∩B0

)
=

N0⋃
i=1

BX
ν (Sxi)∩S(B0). (∗)

Let V1 = S(V0) and Nν = N( ν

2K ,B
X
1 (0)) the minimum number of balls with

radius ν/2K in Y necessary to cover BX
1 (0) ⊂ Y . So there exists V2 = {xi j : i =

1, . . . ,N0; j = 1, . . . ,Nν} ⊂ S(B0) such that

S(B0) =
N0⋃
i=1

BX
ν (Sxi)∩S(B0) =

N0⋃
i=1

Nν⋃
j=1

BY
ν2
K
(xi j)∩S(B0),

and proceeding as before, there exists V3 = {xi jk : i= 1, . . . ,N0; j,k = 1, . . . ,Nν}⊂
S2(B0) such that

S2(B0) =
N0⋃
i=1

Nν⋃
j=1

S(BY
ν2
K
(xi j)∩B0)∩S2(B0) =

=
N0⋃
i=1

Nν⋃
j=1

BX
ν2(Sxi j)∩S2(B0) =

=
N0⋃
i=1

Nν⋃
j=1

Nν⋃
k=1

BY
ν3
K
(xi jk)∩S2(B0),

and

S3(B0) =
N0⋃
i=1

Nν⋃
j=1

Nν⋃
k=1

S(BY
ν3
K
(xi jk)∩B0)∩S3(B0) =

N0⋃
i=1

Nν⋃
j=1

Nν⋃
k=1

BX
ν3(Sxi jk)∩S3(B0).

Proceeding inductively we obtain Vn ⊂ Sn−1(B0), #Vn = N0Nn−1
ν and

Sn(B0)⊂
⋃

x∈Vn

BX
νn(Sx).

By the equation (∗) we know that S(B0) is precompact in X , so the semigroup
{Sn : n ∈ N} is bounded dissipative and eventually compact, which means that
{Sn : n ∈ N} has a global attractor A .

Clearly A ⊂ Sn(B0) for all n ∈N and hence N(ν ,A )6 N0Nn−1
ν (in X). Then

c(A )6
logNν

− logν
< ∞.
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Now we note that
distH(Sn(B0),Vn)6 νn,

and also
max{distH(S(Vn),Vn+1),distH(Vn+1,S(Vn))}6 ν

n.

Define E0 = V0, En+1 = Vn+1∪S(En) and Mν = ∪n∈NEn
X . Clearly we have that

S(Mν)⊂Mν and also

distH(Sn(B0),Mν)6 ν
n = e−n log(1/ν).

Since B0 absorbs bounded sets, given B ⊂ X any bounded set, there is a constant
C(B)> 0 such that

distH(SnB,Mν)6C(B)e−n log(1/ν), for all n ∈ N.

It remains to show that c(Mν) < ∞. Firstly we note that En+ j ⊂ Sn(B0) for all
j ∈ N and then (if we assume that B0 is closed):

Mν ⊂ E1∪·· ·∪En∪Sn(B0).

But #(E1∪·· ·∪En)6 (n−1)2N0Nn−1
ν and N(νn,Sn(B0))6 N0Nn−1

ν in X , hence

N(νn,Mν)6 [(n−1)2 +1]N0Nn−1
ν ,

and then

c(Mν)6 limsup
n→∞

log{[(n−1)2 +1]N0Nn−1
ν }

− logvn =
logNν

− logν
,

which completes the proof.

Corollary 6: Let X ,Y be two Banach spaces with X compactly immersed in Y
and S : X → X continuous such that {Sn : n > 0} has a global attractor A . If
‖Sx−Sy‖X 6 K‖x− y‖Y for all x,y ∈A e for some K > 0, then c(A )< ∞.

Proof: This result follows from the proof of the previous theorem.

Proposition: If Z is a subspace of Y with dimZ = m then c(BZ
1 (0)) = αm,

where α = 1 if K= R or α = 2 if K= C.

Proof: We already know that(√
α

ε
−1
)αm

6 N(ε,BKm
∞

1 (0))6
(√

α

ε
+1
)αm
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and

αm = lim
ε→0

log
(√

α

ε
−1
)αm

log 1
ε

6 c(BKm
∞

1 (0))6 lim
ε→0

log
(√

α

ε
+1
)αm

log 1
ε

= αm.

The result now follows since Z and Km
∞ are isomorphic.

Theorem 6: Let X be a Banach space and S ∈ C (X). Assume that the semigroup
{Sn : n > 0} has a global attractor A in X . Let Y be a Banach space with X
compactly immersed in Y and assume that S = L+C : X → X with L,C ∈ C (X)
such that, for all x,y ∈A , for some λ ∈ (0, 1

2) and some K > 0,

‖Lx−Ly‖X 6 λ‖x− y‖X , ‖Cx−Cy‖X 6 K‖x− y‖Y . (∗)

Then c(A )6
logN( ν

K ,BX
1 (0))

log
(

1
2(λ+ν)

) , for each ν ∈ (0, 1
2 −λ ).

Moreover, if B0 is an absorbing set with the property that S(B0)⊂ B0 and (∗) is
valid for all x,y ∈ B0, for every ν ∈ (0, 1

2−λ ) there exists an exponential attractor

Mν for {Sn : n > 0} and c(Mν)6
logN( ν

K ,BX
1 (0))

log
(

1
2(λ+ν)

) .

Proof: Let ν ∈ (0, 1
2 − λ ). From the compactness of A , we can find N0 =

N(λ +ν ,A ) in X and points {x1, . . . ,xN0} ⊂A such that

A =
N0⋃
i=1

BX
2(λ+ν)(xi)∩A .

Since S(x) = S(y)− (Lx−Ly)− (Cx−Cy) we have that

A = S(A ) =
N0⋃
i=1

S(BX
2(λ+ν)(xi)∩A )∩A =

=
N0⋃
i=1

{
L(BX

2(λ+ν)(xi)∩A )+C(BX
2(λ+ν)(xi)∩A )

}
∩A =

=
N0⋃
i=1

Nν⋃
j=1

BX
2(λν )2(Lxi + yi j)∩A ,

where Nν = N( ν

K ,B
X
1 (0)) is the minimum number of balls in Y of radius ν/K nec-

essary to cover BX
1 (0) and for some choice of {yi j : i = 1, . . . ,N0; j = 1, . . . ,Nν}.

Now there are {xi j : i = 1, . . . ,N0; j = 1, . . . ,Nν} in A such that

N0⋃
i=1

Nν⋃
j=1

BX
22(λ+ν)2(xi j)∩A .
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Following this procedure we obtain a set Vn with #Vn = N0Nn−1
ν in A such that

A =
⋃

x∈Vn

BX
[2(λ+ν)]n(x)∩A .

Thus

c(A )6 limsup
n→∞

logN0Nn−1
ν

n log( 1
2(λ+ν))

=
logNν

log( 1
2(λ+ν))

.

Let B0 be an absorbing set and suppose that S(B0) ⊂ B0. Let R > 0 be such that
B0 ⊂ BX

R(b0) for some b0 ∈ B0. Then

S(B0) = S(BX
R(b0)∩B0) = (L(BX

R(b0)∩B0)+C(BX
R(b0)∩B0))∩S(B0) =

= (BX
λR(Lb0)+

Nν⋃
i=1

BX
νR(Cxi))∩S(B0) =

=
Nν⋃
i=1

BX
(λ+ν)R(Lb0 +Cyi)∩S(B0),

and so, we can choose {x1, . . . ,xNν
} in S(B0) such that

S(B0) =
Nν⋃
i=1

BX
2(λ+ν)R(xi)∩S(B0).

Since S(x) = S(y)− (Lx−Ly)− (Cx−Cy) we obtain

S2(B0) =
Nν⋃
i=1

S(BX
2(λ+ν)R(xi)∩B0)∩S2(B0) =

=
Nν⋃
i=1

{
L(BX

2(λ+ν)R(xi)∩B0)+C(BX
2(λ+ν)R(xi)∩B0)

}
∩S2(B0) =

=
Nν⋃
i=1

{
BX

2λ (λ+ν)R(Lxi)+
Nν⋃
j=1

BX
2ν(λ+ν)R(Cyi j)

}
∩S2(B0) =

=
Nν⋃
i=1

Nν⋃
j=1

BX
2(λ+ν)2R(Lxi +Cyi j)∩S2(B0),

for some choice of {yi j : 1 6 i, j 6 Nν} in X . Thus there are {xi j : 1 6 i, j 6 Nν}
in S2(B0) such that

S2(B0) =
Nν⋃
i=1

Nν⋃
j=1

BX
22(λ+ν)2R(xi j)∩S2(B0).
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Following this procedure we construct sets Vn with #Vn = Nn
ν , Vn ⊂ Sn(B0) such

that
Sn(B0)

⋃
x∈Vn

BX
[2(λ+ν)]nR(x)∩Sn(B0).

Hence distH(Sn(B0),Vn)6 [2(λ +ν)]nR, and also

max{distH(Vn+1,S(Vn)),distH(S(Vn),Vn+1)}6 [2(λ +ν)]n+1R.

Define E0 =V0
.
= {b0}, En+1 =Vn+1∪S(En) for n ∈ N. Set Mν = ∪n∈NEn

X .
As before S(Mν) ⊂Mν and Mν exponentially attracts bounded sets. It remains
to show that c(Mν)<∞. As before, En+ j ⊂ Sn(B0) for all j ∈N and hence (again,
we can assume without loos of generality that B0 is closed) we have that

Mν ⊂ E1∪·· ·∪En∪Sn(B0).

But #(E1∪·· ·∪En)6 (n−1)2Nn
ν and N([2(λ +ν)]nR,Sn(B0))6 Nn

ν in X , hence

N([2(λ +ν)]nR,Mν)6 [(n−1)2 +1]Nn
ν ,

and then

c(Mν)6 limsup
n→∞

log{[(n−1)2 +1]Nn
ν}

− log[2(λ +ν)]nR
=

logNν

log
(

1
2(λ+ν)

) ,
which completes the proof.

Estimative of the fractal dimension for gradient systems

Proposition 7: Let {T n : n ∈ N} be a discrete semigroup with global attractor
A . Let S = T|A and assume that S is Lipschitz continuous with Lipschitz constant
c > 1. Let (A,A∗) be an attractor-repeller pair in A , and assume that there exist
constants M > 1 and ω > 0 such that, for all K compact subset of A with K∩A∗=
∅, we have distH(SnK,A) 6 Me−ωn, for all n ∈ N. Assume also that there is a
neighbourhood B of A∗ in A such that B∩A =∅.

Then

c(B)6 c(A )6 max
{

ω + ln(c)
ω

c(B),c(A)
}
.

Proof: Clearly, since B ⊂ A , c(B) 6 c(A ). We only have to prove the right in-
equality. For this, we divide the proof in four steps:

Step 1: Define Ωn = Sn(A \B) \ Sn+1(A \B), for all n ∈ N. Note that Ω0 =
(A \ B) \ S(A \ B) ⊂ S(B) \ B ⊂ S(B) and therefore c(Ω0) 6 c(S(B)) = c(B),
because B⊂ S(B) and S is a Lipschitz continuous function.
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Now we obtain an estimate on the minimum number of r-balls N(r,Ωk) nec-
essary to cover Ωk in terms of the numbers of balls necessary to cover Ω0. Let
nr,k

0 = N(r/ck,Ω0) and {x1, . . . ,xnr,k
0
} a finite sequence of points in Ω0 such that

Ω0 ⊂
nr,k

0⋃
i=1

B(xi,r/ck).

Set, for each i = 1, . . . ,nr,k
0 , ξi = Sk(xi) ∈ Ωk. Then, for each y ∈ Ωk there exists

z ∈Ω0 such that y = Sk(z), z ∈ B(xi,r/ck) for some i = 1, . . . ,nr,k
0 and we have

‖y−ξi‖= ‖Sk(z)−Sk(xi)‖6 ck‖z− xi‖< r, for all y ∈Ωk.

So, we just proved Ωk ⊂ ∪
nr,k

0
i=1B(ξi,r), which gives N(r,Ωk)6 nr,k

0 .

Step 2: Given r > 0, since distH(Sn(A \B),A)6 Me−ωn for all n > 0, there exists
n0(r) =

⌈ 1
ω

ln(M
r )
⌉

such that

G(r) :=

 ⋃
j>n0(r)

Ω j

∪A⊂Or(A),

where Or(A) denotes the r-neighborhood of A. So, if A⊂∪N(r,A)
i=1 B(xi,r) with xi ∈

A for all i = 1, . . . ,N(r,A), then Or(A)⊂∪N(r,A)
i=1 B(xi,2r) therefore N(2r,Or(A))6

N(r,A). We conclude that N
(
r,G( r

2)
)
6 N( r

2 ,A).

Step 3: From Step 1, if H(r) :=
⋃n0(r)

j=0 Ω j we have

N(r,H(r))6 n0(r) max
k=0,...,n0(r)

N(r/ck,Ω0) = n0N(r/cn0(r),Ω0),

since c > 1.

Step 4: First, note that for each r > 0, we have that A = B∪G( r
2)∪H( r

2) and
therefore

N(r,A )6 3max{N(r,B); N(r,H(r/2)); N(r,G(r/2))}
6 3max{N(r,B); N (r/2,H(r/2)) ; N(r/2,A)}
6 3max{N(r,B); n0(r/2)N(r/cn0(r/2),Ω0); N(r/2,A)}.

As the logarithm function is increasing, we obtain

lnN(r,A )6 ln3+max{lnN(r,B); lnn0(r/2)+lnN(r/cn0(r/2),Ω0); lnN(r/2,A)}.
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Hence

lnN(r,A )

ln(1/r)
6

ln3
ln(1/r)

+max

{
lnN(r,B)
ln(1/r)

;
lnn0(r/2)

ln(1/r)
+

lnN(r/cn0(r/2),Ω0)

ln(1/r)
;
lnN(r/2,A)

ln(1/r)

}
.

Obviously, limsup
r→0+

ln3
ln(1/r)

= 0. Now, we compute the other terms:

(a)

limsup
r→0+

lnn0(r/2)
ln(1/r)

= limsup
r→0+

ln1/ω

ln(1/r)
+ limsup

r→0+

ln(ln(2M/r))
ln(1/r)

= 0;

(b)

limsup
r→0+

lnN(r/cn0(r/2),Ω0)

ln(1/r)
= limsup

r→0+

lnN(r/cn0(r/2),Ω0)

ln(cn0(r/2)/rcn0)

= limsup
r→0+

1

1− n0(r/2) lnc
ln(cn0(r/2)/r)

lnN(r/cn0(r/2),Ω0)

ln(cn0(r/2)/r)
,

but

limsup
r→0+

1

1− n0(r/2) lnc
ln(cn0(r/2)/r)

= limsup
r→0+

(
n0(r/2) ln(c)

ln(1/r)
+1
)
,

and since 1
ω

ln(2M
r )6 n0 6

1
ω

ln(2M
r )+1,

limsup
r→0+

(
n0(r/2) ln(c)

ln(1/r)
+1
)
=

ω + ln(c)
ω

,

which shows that

limsup
r→0+

lnN(r/cn0(r/2),Ω0)

ln(1/r)
6

ω + ln(c)
ω

c(Ω0).

(c)

limsup
r→0+

lnN(r/2,A)
ln(1/r)

= limsup
r→0+

lnN(r/2,A)
ln(2/2r)

limsup
r→0+

1

1+ ln(1/2)
ln(1/r)

lnN(r/2,A)
ln(2/r)

6 c(A).
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Joining (a), (b) and (c), we obtain

c(A )6 max
{

c(B),
ω + ln(c)

ω
c(Ω0),c(A)

}
6 max

{
ω + ln(c)

ω
c(B),c(A)

}
,

using the fact c(Ω0)6 c(B). The proof is now complete.

Proposition 8: Let {T (t) : t > 0} be a generalized gradient-like semigroup with
global attractor A and Ξ̃ = {Ξ1, · · · ,Ξn} the associated isolated invariant sets.
Then, there is at least one source and at least one sink.

Proof: Assume there are no sources. Then given Ξi, there exists a Ξ j ( j 6= i) and
a global solution ξ such that

Ξi
t→−∞←− ξ (t) t→∞−→ Ξ j.

Inductively, we can construct a homoclinic structure since there is a finite number
of isolated invariant sets, which leads us to a contradiction. A similar argument
proves the existence of a sink.

Theorem 7: Let {T n : n ∈ N} be a discrete generalized gradient-like semigroup
with global attractor A and Ξ̃ = {Ξ1, . . . ,Ξp} the associated isolated invariant
sets. Assume that the restriction T|A to A of the operator T is a Lipschitz con-
tinuous function with Lipschitz constant c > 1 and assume also that there exist
constants M > 1 and ω > 0 such that for every attractor-repeller pair (A,A∗) in A
and every compact subset K ⊂A with K∩A∗ =∅ we have

distH(T n(K),A)6 Me−ωn, for all n > 0.

Finally, assume that the local unstable manifolds {W u
loc(Ξi), i, . . . , p} are given as

graphs of Lipschitz functions. Under these conditions

max
i=1,...,p

c(W u
loc(Ξi))6 c(A )6

ω + ln(c)
ω

max
i=1,...,p

c(W u
loc(Ξi)).

Proof: Since {T n : n ∈ N} is a discrete gradient-like semigroup, there exists
at least one source. Let Ξi one of these sources and Bi a neighbourhood of Ξi
in A such that Bi ⊂W u

loc(Ξi) and T (Bi) ⊂W u
loc(Ξi), so that c(Bi) = c(T (Bi)) =

c(W u
loc(Ξi)) Now, it is easy to see that Ξi = A∗i , where Ai = ∪ j 6=iW u

loc(Ξ j). By
Proposition ??,

c(Bi)6 c(A )6 max
{

ω + ln(c)
ω

c(Bi),c(Ai)

}
,
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that is

c(W u
loc(Ξi))6 c(A )6 max

{
ω + ln(c)

ω
c(W u

loc(Ξi)),c(Ai)

}
.

Now, restrict the operator T to the attractor Ai. Thus, we have a discrete gener-
alized gradient-like semigroup with attractor A and Ξ̃1 = Ξ̃ \ {Ξi}, which has at
least one source Ξk, with k 6= i. We can use the same argument above to prove that

c(W u
loc(Ξk))6 c(Ai)6 max

{
ω + ln(c)

ω
c(W u

loc(Ξk)),c(Ak)

}
.

And joining these two results, we obtain

max
j=i,k

c(W u
loc(Ξ j))6 c(A )6max

{
ω + ln(c)

ω
c(W u

loc(Ξi)),
ω + ln(c)

ω
c(W u

loc(Ξk)),c(Ak)

}
.

This process must stop, since there are just a finite number of isolated invariant
sets, and proceeding inductively we obtain the desired result.


