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Objectives

1. Introduce the concept of fractal dimension and some of its
properties;

2. One motivation for the study and computation of fractal
dimension;

3. Estimate of fractal dimension of negatively invariant sets;

4. Construction of exponential fractal attractors;

5. Estimatives on the fractal dimension of gradient-like
attractors.
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Semigroups

Definition: Let (X, d) be a metric space. A family {S(n) : n ∈ N} ⊂ C(X)
is called a (discrete) semigroup in X if it satisfies

(i) S(0)x = x for all x ∈ X;

(ii) S(n)S(m) = S(n+m) for all n,m ∈ N;

Given two subsets A,B of X we define the Hausdorff semidistance between
A and B by

distH(A,B) = sup
x∈A

inf
y∈B

d(x, y).
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Semigroups

A bounded subset A of X attracts bounded sets if for every bounded subset
B ⊂ X we have

lim
n→∞

distH(S(n)B,A) = 0.

A bounded subset A of X absorbs bounded sets if for every bounded subset
B ⊂ X there exists a n0 ∈ N such that S(n)B ⊂ A for all n > n0.

A subset A ⊂ X is invariant by {S(t) : t > 0} if S(n)A = A for all n ∈ N.
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Semigroups

We say that ξ : Z→ X is a global solution for the semigroup {S(n) : n ∈ N}
if S(n)ξ(m) = ξ(n+m) for all n ∈ N and m ∈ Z.

A set A is called an global attractor for the semigroup {S(n) : n ∈ N} if it
is compact, invariant and attracts bounded subsets of X under the action of
{S(n) : n ∈ N}.

Given a subset B of X we define the unstable set of B by

Wu(B) = {y ∈ X : there is a global solution ξ : Z→ X

such that ξ(0) = y and ξ(m)
m→−∞−→ B}

Matheus Cheque Bortolan Fractal dimension of invariants



Introduction
Projection of compact sets

Dimension of invariant compacts
Exponential attractors

Fractal dimension for gradient systems
References

Objectives
Semigroups
Topological dimension
Hausdorff dimension
Fractal dimension

Semigroups

We say that ξ : Z→ X is a global solution for the semigroup {S(n) : n ∈ N}
if S(n)ξ(m) = ξ(n+m) for all n ∈ N and m ∈ Z.

A set A is called an global attractor for the semigroup {S(n) : n ∈ N} if it
is compact, invariant and attracts bounded subsets of X under the action of
{S(n) : n ∈ N}.

Given a subset B of X we define the unstable set of B by

Wu(B) = {y ∈ X : there is a global solution ξ : Z→ X

such that ξ(0) = y and ξ(m)
m→−∞−→ B}

Matheus Cheque Bortolan Fractal dimension of invariants



Introduction
Projection of compact sets

Dimension of invariant compacts
Exponential attractors

Fractal dimension for gradient systems
References

Objectives
Semigroups
Topological dimension
Hausdorff dimension
Fractal dimension

Semigroups

We say that ξ : Z→ X is a global solution for the semigroup {S(n) : n ∈ N}
if S(n)ξ(m) = ξ(n+m) for all n ∈ N and m ∈ Z.

A set A is called an global attractor for the semigroup {S(n) : n ∈ N} if it
is compact, invariant and attracts bounded subsets of X under the action of
{S(n) : n ∈ N}.

Given a subset B of X we define the unstable set of B by

Wu(B) = {y ∈ X : there is a global solution ξ : Z→ X

such that ξ(0) = y and ξ(m)
m→−∞−→ B}

Matheus Cheque Bortolan Fractal dimension of invariants



Introduction
Projection of compact sets

Dimension of invariant compacts
Exponential attractors

Fractal dimension for gradient systems
References

Objectives
Semigroups
Topological dimension
Hausdorff dimension
Fractal dimension

Semigroups

Given a subset B of X we define the stable set of B by

W s(B) = {y ∈ X : S(m)y
m→∞−→ B}

We can also define for each ε > 0 the ε-unstable set of B by

Wu
ε (B) = {y ∈ X : there is a global solution ξ : Z→ X

such that ξ(0) = y, ξ(m)
m→−∞−→ B,

and distH(ξ(m), B) 6 ε for all m 6 0}.

Analogously, we can define the ε-stable set W s
ε (B) of a subset B ⊂ X by

W s(B) = {y ∈ X : Sm(y)
m→∞−→ B and distH(S(m)y,B) 6 ε}
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Semigroups

Finally, for a subset B ⊂ X, we define the ω-limit set of B by

ω(B) =
⋂
m∈N

⋃
n>m

S(n)B.

We say that a point e ∈ X is an equilibrium point for the semigroup
{S(n) : n ∈ N} if the set {e} is invariant by {S(n) : n ∈ N}; that is,
S(n)e = e for all n ∈ N.

Let {S(n) : n ∈ N} be a semigroup in a Banach space X with a finite set
E = {e1, . . . , en} of equilibrium points and a global attractor A. We say
that A is a gradient-like attractor if

A =
n⋃
i=1

Wu(ei).
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Topological dimension

Let K be a topological space. We say that K has finite topological
dimension if there exists a integer n > 0 such that every open cover U of K
has a refinement U ′ such that every point of K belongs at most to n+ 1
elements of U ′.
The dimension dim(K) of K is defined as the least integer n with this
property.

Property 1: dim(Rn) = n.

Property 2: If K is a compact topological space then dim(K) <∞ and K is
homeomorphic to a subset of R2dim(K)+1.
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Hausdorff dimension

Let (X, d) be a metric space, α > 0 and ε > 0. If A ⊂ X, we define

µ(α)
ε (A) = inf

{
∞∑
i=1

(diam(Bi))
α, A ⊂

∞⋃
i=1

Bi, diam(Bi) < ε

}
,

with the convention inf ∅ =∞.

Since µ
(α)
ε (A) increases as ε decreases, we can define

µ(α)(A) = lim
ε→0

µ(α)
ε (A).
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Hausdorff dimension

Proposition 1: Let 0 < α < α′. If µ(α)(A) <∞ then µ(α′)(A) = 0 and also,

if µ(α′)(A) > 0 then µ(α)(A) =∞.

In view of this proposition we can define the Hausdorff dimension of A by

dimH(A) = inf{α > 0 : µ(α)(A) = 0} = sup{α > 0 : µ(α)(A) =∞}.

Remark: We know that dim(K) 6 dimH(K).
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Hausdorff dimension

Theorem 1: Let (X, d) be a metric space. For each α > 0 and δ > 0,

µ
(α)
δ : 2X → [0,∞] is an outer measure.

Proposition 2: Let (X, d), (Y, ρ) be two metric spaces and A ⊂ X. If
f : X → Y is a Lipschitz continuous function then dimH(f(A)) 6 dimH(A).

Corollary 1: Let f : X → Y be a Lipschitz continuous function, A ⊂ X and
G(f,A) = {(x, f(x)) : x ∈ A} the graph of f restricted to A. Then
dimH(G(f,A)) = dimH(A).

Proposition 3: Let {Aj}j∈N be a sequence of sets in X and A =
⋃∞
j=1 Aj .

Then
dimH(A) = sup

j∈N
dimH(Aj).
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Hausdorff dimension

Property: Let {S(n) : n ∈ N} be a discrete semigroup in a Banach space
with a finite set E = {e1, . . . , en} of equilibrium points and a gradient-like
global attractor A. Assume that S(1) is a Lipschitz continuous map and
that each local unstable set Wu

loc(ei) is a graph of a Lipschitz function with
domain QiX, where Qi is a finite rank projection. Then

dimH(A) = max
i=1,...,n

dimH(QiX).
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Fractal dimension

Let K be a compact metric space and, for r > 0 we define N(r,K) as the
minimum number of balls with radius r necessary to cover K. The fractal
dimension of K is defined by

c(K) = lim sup
r→0

logN(r,K)

log(1/r)
.

We can also see that the fractal dimension is the number c(K) for which
given ε > 0 there exists a δ > 0 such that for 0 < r < δ we have

N(r,K) 6

(
1

r

)c(K)+ε

.

Remark: It is easily seen that dimH(K) 6 c(K) (but they can be different).
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Fractal dimension

Proposition 4: Let X be a normed vector space and K1,K2 compact
subsets of X. Then c(K1 +K2) 6 c(K1) + c(K2).

Corollary 2: Let X be a normed vector space and K a compact subset of
X. Then c(K −K) 6 2c(K).

Proposition 5: Let K,Y be two metric spaces with K compact and
f : K → Y a Lipschitz continuous function. Then c(f(K)) 6 c(K).

Exercise: If K is a compact subset of a metric space X, α > 0 and
η ∈ (0, 1) show that

c(K) = lim sup
n→∞

logN(αηn,K)

− log(αηn)
.
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Projection of compact sets

If X is a Banach space and Y is a closed subspace of X, we define

P(X,Y ) = {P ∈ L(X) : P 2 = P and P (X) = Y },

with the uniform topology of operators.

Theorem 2 (Mañé, Lemma 1.1): If dimH(K −K) <∞ and Y is a subspace
of X with dimH(K −K) + 1 < dimY <∞ then the set
{P ∈ P(X,Y ) : P |K is injective} is residual in P(X,Y ).

Corollary 3: If c(K) <∞ and Y is a subspace of X with
2c(K) + 1 < dimY <∞ then the set {P ∈ P(X,Y ) : P |K is injective} is
residual in P(X,Y ).
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The Banach-Mazur distance

Definition: Let X,Y be two isomorphic normed vector spaces. We define
the Banach-Mazur distance between X and Y by

dBM (X,Y ) = log(inf{‖T‖L(X,Y )‖T−1‖L(Y,X) : T ∈ L(X,Y ), T−1 ∈ L(Y,X)}).

Remark: We can easily see that for two normed vector spaces X and Y
with the same finite dimension, dBM (X,Y ) = 0 if and only if X and Y are
isometrically isomorphic.

We will denote by Km∞ the space Km (where K = R or C) with the ‖ · ‖∞
norm; that is, if z = (z1, . . . , zm) ∈ Km∞ we have

‖z‖∞ = max
i=1,...,m

|zi|K.
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Auerbach’s base

We are interested to prove the estimate dBM (X,Km∞) 6 logm, where X is a
Banach space m-dimensional. For this purpose we will make use of an
Auerbach’s base for X.

Lemma 1: Let X be a n-dimensional normed vector space over K (K = R or
C). Then, there are bases {x1, . . . , xn} for X and {x∗1, . . . , x∗n} for X∗ such
that ‖xi‖ = ‖x∗i ‖ = 1 for all i = 1, . . . , n and x∗i (xj) = δij for all
1 6 i, j 6 n. In this conditions {x1, . . . , xn} is called an Auerbach’s base for
X.
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Estimate on the Banach-Mazur distance

Proposition 6: Let Y be a m-dimensional Banach space over K (K = R or
C). Then dBM (Y,Km∞) 6 logm.

This result gives an improvement on the estimate done by Mañé, that
under the same hypotheses stated that

dBM (Y,Km∞) 6 log(m2m).
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Dimension of invariant compacts

Lemma 2: Let X be a Banach space over K (K = R or C). If Y is a
m-dimensional subspace of X we have that

(i) If K = R then

N(ρ,BYr (0)) 6 (m+ 1)m
(
r

ρ

)m
, 0 < ρ 6 r.

(ii) If K = C then

N(ρ,BYr (0)) 6 (m+ 1)2m

(√
2r

ρ

)2m

, 0 < ρ 6 r.

Moreover, the balls can be taken with centers in Y .
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Dimension of invariant compacts

Before we continue, we define for X1, X2 two Banach spaces the following
set

Lλ(X1, X2) = {T ∈ L(X1, X2) : T = L+ C, with

C compact and ‖L‖L(X1,X2) < λ}.

Lemma 3: Let X be a Banach space and T ∈ Lλ/2(X). Then there exists a
finite dimensional subspace Z of X such that

distH(T [BX1 (0)], T [BZ1 (0)]) < λ.
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Dimension of invariant compacts

Lemma 4: Let X be a Banach space over K, Y a m-dimensional subspace of
X, λ > 0 and T ∈ L(X) such that distH(T [BX1 (0)], T [BY1 (0)]) < λ. Then,
for all r > 0 and γ > 0:

(i) If K = R then

N((1 + γ)λr, T (BXr (0))) 6 (m+ 1)m
(
‖T‖L(X) + λ

γλ

)m
.

(ii) If K = C then

N((1 + γ)λr, T (BXr (0))) 6 2m(m+ 1)2m

(
‖T‖L(X) + λ

γλ

)2m

.
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Dimension of invariant compacts

Lemma 5: Let K be a compact subset of a Banach space X over K and
f : X → X a continuously differentiable function in a neighborhood of K.
Assume that K is negatively invariant for f ; that is, f(K) ⊃ K and also
assume that exist 0 < α < 1 and M > 1 such that for every x ∈ K

N(α,Dxf(BX1 (0))) 6M.

Then

c(K) 6
logM

− logα
.
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Dimension of invariant sets

Definition: For T ∈ L(X) we define

νλ(T ) = min{n ∈ N : there exists a n-dimensional subspace Z of X

such that distH(T [BX1 (0)], T [BZ1 (0)]) < λ},

with the convention min∅ =∞.

Remark: Note that by Lemma 3 we have that if T ∈ Lλ/2(X) then
νλ(T ) <∞.
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Dimension of invariant compacts

Theorem 3: Let X be a Banach space over K, U ⊂ X an open subset and
f : U → X a continuously differentiable map. Assume that K ⊂ U is a
compact subset and that Dxf ∈ Lλ/2, for some 0 < λ < 1

2
, for all x ∈ K.

Then n = sup
x∈K

νλ(Dxf) and D = sup
x∈K
‖Dxf‖ are finite and

N(2λ,Dxf [BX1 (0)]) 6

[
(n+ 1)

√
αD

λ

]αn
.

Moreover, if f(K) ⊃ K, then

c(K) 6 αn

[
log((n+ 1)

√
αD/λ)

− log(2λ)

]
,

where α = 1 if K = R or α = 2 if K = C.
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Dimension of invariant compacts

Theorem 4: Let X be a Banach space over K, U ⊂ X an open subset and
f : U → U a continuously differentiable map. If K ⊂ U is a compact subset
such that f(K) = K and there exists an ε > 0 such that Dxf ∈ L1−ε(X) for
all x ∈ K, then

c(K) <∞.

Corollary 4: Let X be a real Banach space and assume that T ∈ C1(X) is
such that {Tn : n > 0} has a global attractor A and DxT has finite rank
ν(x) with sup

x∈A
ν(x)

.
= ν <∞. Then

c(A) 6 ν.
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Dimension of invariant compacts

Corollary 5: Let X be a real Banach space, L,K ∈ C1(X). If T = L+K,
assume that the discrete semigroup {Tn : n > 0} has a global attractor A.
Assume that K has finite rank in A; that is, R(DxK) ⊂ Y (x) where Y (x) is
a finite dimensional subspace of X with sup

x∈A
dim(Y (x)) := ν <∞, and that

L satisfies
sup
x∈A
‖DTn−1(x)L ◦ · · · ◦DxL‖ 6 c(n), n ∈ N,

where c(n)→ 0, when n→∞. Then

c(A) 6 ν.
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Exponential attractors

Definition: Let {Sn : n > 0} be a semigroup in a metric space X. We say
that M is an exponential attractor for {Sn : n > 0} if it is compact,
positively invariant (that is, Sn(M) ⊂M), c(M) <∞ and there is a
constant γ > 0 such that

lim
n→∞

eγndistH(Sn(B),M) = 0,

for every bounded subset B ⊂ X.
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Exponential attractors

To continue, we will need a result concerning the existence of an attractor
for a semigroup {Sn : n ∈ N}.

Lemma: Let {Sn : n ∈ N} be a semigroup in a metric space X. Assume
that it satisfies the following conditions:

(i) There exists a bounded set B0 ⊂ X which attracts points;

(ii) For every bounded set B ⊂ X, there is a nB ∈ N such that SnB (B) is
precompact.

Then {Sn : n ∈ N} has a global attractor A.
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Exponential attractors

Let (X, ‖ · ‖X) and (Y, ‖ · ‖Y ) two Banach spaces and assume that
(X, ‖ · ‖X) is compactly immersed in (Y, ‖ · ‖Y ); that is X ⊂ Y and the
bounded subsets of (X, ‖ · ‖X) are relatively compacts in (Y, ‖ · ‖Y ).

Let also S : X → X be a continuous function such that

(i) {Sn : n > 0} is bounded dissipative; that is, there exists a bounded
subset B0 ⊂ X such that for every bounded subset B ⊂ X there exists
nB ∈ N such that Sn(B) ⊂ B0 for all n > nB .

(ii) There exists a constant K > 0 such that ‖Sx− Sy‖X 6 K‖x− y‖Y
for all x, y ∈ B0.
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Exponential attractors

Theorem 5: In the previous conditions, for all ν ∈ (0, 1), {Sn : n > 0} has
an exponential attractor Mν and if N(ν,A) denotes the minimum number
of balls with radius ν in (Y, ‖ · ‖Y ) necessaries to cover A ⊂ Y , then Mν

can be chosen in such a way that

c(Mν) 6
logN

(
ν

2K
, BX1 (0)

)
log
(

1
ν

) .

The semigroup {Sn : n > 0} has a global attractor A with c(A) 6 c(Mν).
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Proof: We know that, since B0 is bounded, there is a nB0 ∈ N such that
SnB0 (B0) ⊂ B0. Considering iterates of S if necessary we can assume that
nB0 = 1.
Let ν ∈ (0, 1), N0 = N( ν

2K
, B0) and V0 = {x1, . . . , xN0} ⊂ B0 such that

B0 ⊂
N0⋃
i=1

BYν
K

(xi).

Since S(B0) ⊂ B0, we have that

S(B0) = S

(
N0⋃
i=1

BYν
K

(xi) ∩B0

)
=

N0⋃
i=1

BXν (Sxi) ∩ S(B0). (∗)
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Let V1 = S(V0) and Nν = N( ν
2K
, BX1 (0)) the minimum number of balls

with radius ν/2K in Y necessary to cover BX1 (0) ⊂ Y . So there exists
V2 = {xij : i = 1, . . . , N0; j = 1, . . . , Nν} ⊂ S(B0) such that

S(B0) =

N0⋃
i=1

BXν (Sxi) ∩ S(B0) =

N0⋃
i=1

Nν⋃
j=1

BYν2
K

(xij) ∩ S(B0),

and proceeding as before, there exists
V3 = {xijk : i = 1, . . . , N0; j, k = 1, . . . , Nν} ⊂ S2(B0) such that

S2(B0) =

N0⋃
i=1

Nν⋃
j=1

S(BYν2
K

(xij) ∩B0) ∩ S2(B0) =

=

N0⋃
i=1

Nν⋃
j=1

BXν2(Sxij) ∩ S2(B0) =

=

N0⋃
i=1

Nν⋃
j=1

Nν⋃
k=1

BYν3
K

(xijk) ∩ S2(B0),
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and

S3(B0) =

N0⋃
i=1

Nν⋃
j=1

Nν⋃
k=1

S(BYν3
K

(xijk)∩B0)∩S3(B0) =

N0⋃
i=1

Nν⋃
j=1

Nν⋃
k=1

BXν3(Sxijk)∩S3(B0).

Proceeding inductively we obtain Vn ⊂ Sn−1(B0), #Vn = N0N
n−1
ν and

Sn(B0) ⊂
⋃
x∈Vn

BXνn(Sx).

By the equation (∗) we know that S(B0) is precompact in X, so the
semigroup {Sn : n ∈ N} is bounded dissipative and eventually compact,
which means that {Sn : n ∈ N} has a global attractor A.
Clearly A ⊂ Sn(B0) for all n ∈ N and hence N(ν,A) 6 N0N

n−1
ν (in X).

Then

c(A) 6
logNν
− log ν

<∞.
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Now we note that
distH(Sn(B0), Vn) 6 νn,

and also

max{distH(S(Vn), Vn+1), distH(Vn+1, S(Vn))} 6 νn.

Define E0 = V0, En+1 = Vn+1 ∪ S(En) and Mν = ∪n∈NEn
X

. Clearly we
have that S(Mν) ⊂Mν and also

distH(Sn(B0),Mν) 6 νn = e−n log(1/ν).

Since B0 absorbs bounded sets, given B ⊂ X any bounded set, there is a
constant C(B) > 0 such that

distH(SnB,Mν) 6 C(B)e−n log(1/ν), for all n ∈ N.
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It remains to show that c(Mν) <∞. Firstly we note that En+j ⊂ Sn(B0)
for all j ∈ N and then (if we assume that B0 is closed):

Mν ⊂ E1 ∪ · · · ∪ En ∪ Sn(B0).

But #(E1 ∪ · · · ∪ En) 6 (n− 1)2N0N
n−1
ν and N(νn, Sn(B0)) 6 N0N

n−1
ν in

X, hence
N(νn,Mν) 6 [(n− 1)2 + 1]N0N

n−1
ν ,

and then

c(Mν) 6 lim sup
n→∞

log{[(n− 1)2 + 1]N0N
n−1
ν }

− log vn
=

logNν
− log ν

,

which completes the proof.
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Exponential attractors

Corollary 6: Let X,Y be two Banach spaces with X compactly immersed
in Y and S : X → X continuous such that {Sn : n > 0} has a global
attractor A. If ‖Sx− Sy‖X 6 K‖x− y‖Y for all x, y ∈ A e for some K > 0,
then c(A) <∞.

Remark:

1. In many cases the global attractor has finite fractal dimension and
exponentially attracts bounded sets.

2. There are (although rarely) global attractors that are not exponential
and, in these cases, might still be possible to construct an exponential
attractor.
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Entropy numbers

Remark: If X and Y are Banach spaces, de entropy numbers ek(T ) of
T ∈ L(X,Y ) are defined by

ek(T ) = inf

ε > 0 : T (BX1 (0)) ⊂
2k−1⋃
i=1

BYε (yj), yj ∈ Y, 1 6 j 6 2k−1

 .

Informally, we can say ek(T ) is the root of log2 N(ε, T (BX1 (0))) = k − 1. In

many situations ek(T ) tends to zero when k tends to infinite. In such cases,

we can find ν ∈ (0, 1
2
) such that ek(T ) 6 ν

K
(K = ‖T‖L(X,Y )) and for this k

we have that N( ν
K
, T (BX1 (0))) 6 2k−1.
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Entropy numbers

Assume that X has infinite dimension and X is compactly immersed in Y .
Let I : X → Y be the inclusion map. It is easy to see that 0 < ek(I) <∞
for every k ∈ N. Also, in this case, he have that

(k − 1) log 2

− log ek(I)

k→∞−→ ∞.

This is simple to see using the following result:

Proposition: If Z is a subspace of Y with dimZ = m then c(BZ1 (0)) = αm,

where α = 1 if K = R or α = 2 if K = C..
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Exponential attractors

Theorem 6: Let X be a Banach space and S ∈ C(X). Assume that the
semigroup {Sn : n > 0} has a global attractor A in X. Let Y be a Banach
space with X compactly immersed in Y and assume that
S = L+ C : X → X with L,C ∈ C(X) such that, for all x, y ∈ A, for some
λ ∈ (0, 1

2
) and some K > 0,

‖Lx− Ly‖X 6 λ‖x− y‖X , ‖Cx− Cy‖X 6 K‖x− y‖Y . (∗)

Then c(A) 6
logN( νK ,B

X
1 (0))

log
(

1
2(λ+ν)

) , for each ν ∈ (0, 1
2
− λ).

Moreover, if B0 is an absorbing set with the property that S(B0) ⊂ B0 and

(∗) is valid for all x, y ∈ B0, for every ν ∈ (0, 1
2
− λ) there exists an

exponential attractor Mν for {Sn : n > 0} and c(Mν) 6
logN( νK ,B

X
1 (0))

log
(

1
2(λ+ν)

) .
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Proof: Let ν ∈ (0, 1
2
− λ). From the compactness of A, we can find

N0 = N(λ+ ν,A) in X and points {x1, . . . , xN0} ⊂ A such that

A =

N0⋃
i=1

BX2(λ+ν)(xi) ∩ A.

Since S(x) = S(y)− (Lx− Ly)− (Cx− Cy) we have that

A = S(A) =

N0⋃
i=1

S(BX2(λ+ν)(xi) ∩ A) ∩ A =

=

N0⋃
i=1

{
L(BX2(λ+ν)(xi) ∩ A) + C(BX2(λ+ν)(xi) ∩ A)

}
∩ A =

=

N0⋃
i=1

Nν⋃
j=1

BX2(λν)2(Lxi + yij) ∩ A,

where Nν = N( ν
K
, BX1 (0)) is the minimum number of balls in Y of radius

ν/K necessary to cover BX1 (0) and for some choice of

{yij : i = 1, . . . , N0; j = 1, . . . , Nν}.
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Now there are {xij : i = 1, . . . , N0; j = 1, . . . , Nν} in A such that

N0⋃
i=1

Nν⋃
j=1

BX22(λ+ν)2(xij) ∩ A.

Following this procedure we obtain a set Vn with #Vn = N0N
n−1
ν in A such

that
A =

⋃
x∈Vn

BX[2(λ+ν)]n(x) ∩ A.

Thus

c(A) 6 lim sup
n→∞

logN0N
n−1
ν

n log( 1
2(λ+ν)

)
=

logNν

log( 1
2(λ+ν)

)
.
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Let B0 be an absorbing set and suppose that S(B0) ⊂ B0. Let R > 0 be
such that B0 ⊂ BXR (b0) for some b0 ∈ B0. Then

S(B0) = S(BXR (b0) ∩B0) = (L(BXR (b0) ∩B0) + C(BXR (b0) ∩B0)) ∩ S(B0) =

= (BXλR(Lb0) +

Nν⋃
i=1

BXνR(Cxi)) ∩ S(B0) =

=

Nν⋃
i=1

BX(λ+ν)R(Lb0 + Cyi) ∩ S(B0),

and so, we can choose {x1, . . . , xNν} in S(B0) such that

S(B0) =

Nν⋃
i=1

BX2(λ+ν)R(xi) ∩ S(B0).
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Since S(x) = S(y)− (Lx− Ly)− (Cx− Cy) we obtain

S2(B0) =

Nν⋃
i=1

S(BX2(λ+ν)R(xi) ∩B0) ∩ S2(B0) =

=

Nν⋃
i=1

{
L(BX2(λ+ν)R(xi) ∩B0) + C(BX2(λ+ν)R(xi) ∩B0)

}
∩ S2(B0) =

=

Nν⋃
i=1

{
BX2λ(λ+ν)R(Lxi) +

Nν⋃
j=1

BX2ν(λ+ν)R(Cyij)

}
∩ S2(B0) =

=

Nν⋃
i=1

Nν⋃
j=1

BX2(λ+ν)2R(Lxi + Cyij) ∩ S2(B0),

for some choice of {yij : 1 6 i, j 6 Nν} in X.
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Thus there are {xij : 1 6 i, j 6 Nν} in S2(B0) such that

S2(B0) =

Nν⋃
i=1

Nν⋃
j=1

BX22(λ+ν)2R(xij) ∩ S2(B0).

Following this procedure we construct sets Vn with #Vn = Nn
ν ,

Vn ⊂ Sn(B0) such that

Sn(B0)
⋃
x∈Vn

BX[2(λ+ν)]nR(x) ∩ Sn(B0).

Hence distH(Sn(B0), Vn) 6 [2(λ+ ν)]nR, and also

max{distH(Vn+1, S(Vn)),distH(S(Vn), Vn+1)} 6 [2(λ+ ν)]n+1R.
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Define E0 = V0
.
= {b0}, En+1 = Vn+1 ∪ S(En) for n ∈ N. Set

Mν = ∪n∈NEn
X

. As before S(Mν) ⊂Mν and Mν exponentially attracts
bounded sets. It remains to show that c(Mν) <∞. As before,
En+j ⊂ Sn(B0) for all j ∈ N and hence (again, we can assume without loss
of generality that B0 is closed) we have that

Mν ⊂ E1 ∪ · · · ∪ En ∪ Sn(B0).

But #(E1 ∪ · · · ∪ En) 6 (n− 1)2Nn
ν and N([2(λ+ ν)]nR,Sn(B0)) 6 Nn

ν in
X, hence

N([2(λ+ ν)]nR,Mν) 6 [(n− 1)2 + 1]Nn
ν ,

and then

c(Mν) 6 lim sup
n→∞

log{[(n− 1)2 + 1]Nn
ν }

− log[2(λ+ ν)]nR
=

logNν

log
(

1
2(λ+ν)

) ,
which completes the proof.
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Introduction

Let {Tn : n ∈ N} be a semigroup. We say that an invariant set Ξ ⊂ X for
the semigroup {Tn : n ∈ N} is an isolated invariant set if there is an ε > 0
such that Ξ is the maximal invariant subset of Oε(Ξ).
A disjoint family of isolated invariant sets is a family {Ξ1, · · · ,Ξn} of
isolated invariant sets with the property that, for some ε > 0,

Oε(Ξi) ∩ Oε(Ξj) = ∅, 1 ≤ i < j ≤ n.
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Introduction

Let {Tn : n ∈ N} be a semigroup which has a disjoint family of isolated
invariant sets Ξ = {Ξ1, · · · ,Ξn}. A homoclinic structure associated to Ξ is
a subset {Ξk1 , · · · ,Ξkp} of Ξ (p ≤ n) together with a set of global solutions
{φ1, · · · , φp} such that

Ξkj
m→−∞←− φj(m)

m→∞−→ Ξkj+1 , 1 ≤ j ≤ p,

where Ξkp+1 := Ξk1 .
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Introduction

Let {Tn : n ∈ N} be a semigroup with a global attractor A and a disjoint
family of isolated invariant sets Ξ = {Ξ1, · · · ,Ξn}. We say that
{Tn : n ∈ N} is a (discrete)generalized gradient-like semigroup relative to Ξ
if

(i) For any global solution ξ : N→ A there are 1 ≤ i, j ≤ n such that

Ξi
m→−∞←− ξ(m)

m→∞−→ Ξj .

(ii) There is no homoclinic structure associated to Ξ.
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Introduction

Let {Tn : n ∈ N} be a semigroup with a global attractor A. We say that a
non-empty subset Ξ of A is a local attractor if there is an ε > 0 such that
ω(Oε(Ξ)) = Ξ. The repeller Ξ∗ associated to a local attractor Ξ is the set
defined by

Ξ∗ = {x ∈ A : ω(x) ∩ Ξ = ∅}.
The pair (Ξ,Ξ∗) is called attractor-repeller pair for {T (t) : t ≥ 0}.

Remark: Note that if Ξ is a local attractor, then Ξ∗ is closed and invariant.
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Introduction

Let {Tn : n ∈ N} be a semigroup with a global attractor A. We say that a
non-empty subset Ξ of A is a local attractor if there is an ε > 0 such that
ω(Oε(Ξ)) = Ξ. The repeller Ξ∗ associated to a local attractor Ξ is the set
defined by

Ξ∗ = {x ∈ A : ω(x) ∩ Ξ = ∅}.
The pair (Ξ,Ξ∗) is called attractor-repeller pair for {T (t) : t ≥ 0}.

Remark: Note that if Ξ is a local attractor, then Ξ∗ is closed and invariant.

Matheus Cheque Bortolan Fractal dimension of invariants



Introduction
Projection of compact sets

Dimension of invariant compacts
Exponential attractors

Fractal dimension for gradient systems
References

Abstract result

Proposition 7: Let {Tn : n ∈ N} be a discrete semigroup with global
attractor A. Let S = T|A and assume that S is Lipschitz continuous with
Lipschitz constant c > 1. Let (A,A∗) be an attractor-repeller pair in A,
and assume that there exist constants M > 1 and ω > 0 such that, for all K
compact subset of A with K ∩A∗ = ∅, we have distH(SnK,A) 6Me−ωn,
for all n ∈ N. Assume also that there is a neighbourhood B of A∗ in A such
that B ∩A = ∅.
Then

c(B) 6 c(A) 6 max

{
ω + ln(c)

ω
c(B), c(A)

}
.
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Proof: Clearly, since B ⊂ A, c(B) 6 c(A). We only have to prove the right
inequality. For this, we divide the proof in four steps:
Step 1: Define Ωn = Sn(A \B) \ Sn+1(A \B), for all n ∈ N. Note that
Ω0 = (A \B) \ S(A \B) ⊂ S(B) \B ⊂ S(B) and therefore
c(Ω0) 6 c(S(B)) = c(B), because B ⊂ S(B) and S is a Lipschitz continuous
function.
Now we obtain an estimate on the minimum number of r-balls N(r,Ωk)
necessary to cover Ωk in terms of the numbers of balls necessary to cover
Ω0. Let nr,k0 = N(r/ck,Ω0) and {x1, . . . , xnr,k0

} a finite sequence of points

in Ω0 such that

Ω0 ⊂
n
r,k
0⋃
i=1

B(xi, r/c
k).
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Set, for each i = 1, . . . , nr,k0 , ξi = Sk(xi) ∈ Ωk. Then, for each y ∈ Ωk there
exists z ∈ Ω0 such that y = Sk(z), z ∈ B(xi, r/c

k) for some i = 1, . . . , nr,k0

and we have

‖y − ξi‖ = ‖Sk(z)− Sk(xi)‖ 6 ck‖z − xi‖ < r, for all y ∈ Ωk.

So, we just proved Ωk ⊂ ∪
n
r,k
0
i=1 B(ξi, r), which gives N(r,Ωk) 6 nr,k0 .

Step 2: Given r > 0, since distH(Sn(A \B), A) 6Me−ωn for all n > 0,

there exists n0(r) =
⌈

1
ω

ln(M
r

)
⌉

such that

G(r) :=

 ⋃
j>n0(r)

Ωj

 ∪A ⊂ Or(A),

where Or(A) denotes the r-neighborhood of A.
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So, if A ⊂ ∪N(r,A)
i=1 B(xi, r) with xi ∈ A for all i = 1, . . . , N(r, A), then

Or(A) ⊂ ∪N(r,A)
i=1 B(xi, 2r) therefore N(2r,Or(A)) 6 N(r, A). We conclude

that N
(
r,G( r

2
)
)
6 N( r

2
, A).

Step 3: From Step 1, if H(r) :=
⋃n0(r)
j=0 Ωj we have

N(r,H(r)) 6 n0(r) max
k=0,...,n0(r)

N(r/ck,Ω0) = n0N(r/cn0(r),Ω0),

since c > 1.
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Step 4: First, note that for each r > 0, we have that A = B ∪G( r
2
) ∪H( r

2
)

and therefore

N(r,A) 6 3 max{N(r,B); N(r,H(r/2)); N(r,G(r/2))}
6 3 max{N(r,B); N (r/2, H(r/2)) ; N(r/2, A)}

6 3 max{N(r,B); n0(r/2)N(r/cn0(r/2),Ω0); N(r/2, A)}.

As the logarithm function is increasing, we obtain

lnN(r,A) 6 ln 3 + max{ lnN(r,B); lnn0(r/2)+

lnN(r/cn0(r/2),Ω0); lnN(r/2, A)}.
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Hence

lnN(r,A)

ln(1/r)
6

ln 3

ln(1/r)
+

max

{
lnN(r,B)

ln(1/r)
;

lnn0(r/2)

ln(1/r)
+

lnN(r/cn0(r/2),Ω0)

ln(1/r)
;

lnN(r/2, A)

ln(1/r)

}
.

Obviously, lim sup
r→0+

ln 3

ln(1/r)
= 0. Now, we compute the other terms:

(a)

lim sup
r→0+

lnn0(r/2)

ln(1/r)
= lim sup

r→0+

ln 1/ω

ln(1/r)
+ lim sup

r→0+

ln(ln(2M/r))

ln(1/r)
= 0;
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(b)

lim sup
r→0+

lnN(r/cn0(r/2),Ω0)

ln(1/r)
= lim sup

r→0+

lnN(r/cn0(r/2),Ω0)

ln(cn0(r/2)/rcn0)

= lim sup
r→0+

1

1− n0(r/2) ln c

ln(cn0(r/2)/r)

lnN(r/cn0(r/2),Ω0)

ln(cn0(r/2)/r)
,

but

lim sup
r→0+

1

1− n0(r/2) ln c

ln(cn0(r/2)/r)

= lim sup
r→0+

(
n0(r/2) ln(c)

ln(1/r)
+ 1

)
,

and since 1
ω

ln( 2M
r

) 6 n0 6 1
ω

ln( 2M
r

) + 1,

lim sup
r→0+

(
n0(r/2) ln(c)

ln(1/r)
+ 1

)
=
ω + ln(c)

ω
,

which shows that

lim sup
r→0+

lnN(r/cn0(r/2),Ω0)

ln(1/r)
6
ω + ln(c)

ω
c(Ω0).
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(c)

lim sup
r→0+

lnN(r/2, A)

ln(1/r)
= lim sup

r→0+

lnN(r/2, A)

ln(2/2r)

lim sup
r→0+

1

1 + ln(1/2)
ln(1/r)

lnN(r/2, A)

ln(2/r)
6 c(A).

Joining (a), (b) and (c), we obtain

c(A) 6 max

{
c(B),

ω + ln(c)

ω
c(Ω0), c(A)

}
6 max

{
ω + ln(c)

ω
c(B), c(A)

}
,

using the fact c(Ω0) 6 c(B). The proof is now complete.
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Gradient-like systems

Let {Tn : n ∈ N} be a generalized gradient-like semigroup with global
attractor A, and Ξ = {Ξ1, · · · ,Ξn} a family of associated isolated invariant
sets. We say that an isolated invariant set Ξi is a source, if
W s
loc(Ξi) ∩A = Ξi; and a sink if Wu(Ξi) = Ξi. Otherwise, we say that Ξi is

a saddle.

Proposition 8: Let {Tn : n ∈ N} be a generalized gradient-like semigroup
with global attractor A and Ξ = {Ξ1, · · · ,Ξn} the associated isolated
invariant sets. Then, there is at least one source and at least one sink.
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a saddle.
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Gradient-like systems

Theorem 7: Let {Tn : n ∈ N} be a discrete generalized gradient-like
semigroup with global attractor A and Ξ = {Ξ1, . . . ,Ξp} the associated
isolated invariant sets. Assume that the restriction T|A to A of the operator
T is a Lipschitz continuous function with Lipschitz constant c > 1 and
assume also that there exist constants M > 1 and ω > 0 such that for every
attractor-repeller pair (A,A∗) in A and every compact subset K ⊂ A with
K ∩A∗ = ∅ we have

distH(Tn(K), A) 6Me−ωn, for all n > 0.

Finally, assume that the local unstable manifolds {Wu
loc(Ξi), i, . . . , p} are

given as graphs of Lipschitz functions. Under these conditions

max
i=1,...,p

c(Wu
loc(Ξi)) 6 c(A) 6

ω + ln(c)

ω
max

i=1,...,p
c(Wu

loc(Ξi)).
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Proof: Since {Tn : n ∈ N} is a discrete gradient-like semigroup, there
exists at least one source. Let Ξi one of these sources and Bi a
neighbourhood of Ξi in A such that Bi ⊂Wu

loc(Ξi) and T (Bi) ⊂Wu
loc(Ξi),

so that c(Bi) = c(T (Bi)) = c(Wu
loc(Ξi)) Now, it is easy to see that Ξi = A∗i ,

where Ai = ∪j 6=iWu
loc(Ξj). By Proposition 7,

c(Bi) 6 c(A) 6 max

{
ω + ln(c)

ω
c(Bi), c(Ai)

}
,

that is

c(Wu
loc(Ξi)) 6 c(A) 6 max

{
ω + ln(c)

ω
c(Wu

loc(Ξi)), c(Ai)

}
.
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Now, restrict the operator T to the attractor Ai. Thus, we have a discrete
generalized gradient-like semigroup with attractor A and Ξ̃1 = Ξ̃ \ {Ξi},
which has at least one source Ξk, with k 6= i. We can use the same
argument above to prove that

c(Wu
loc(Ξk)) 6 c(Ai) 6 max

{
ω + ln(c)

ω
c(Wu

loc(Ξk)), c(Ak)

}
.

And joining these two results, we obtain

max
j=i,k

c(Wu
loc(Ξj)) 6 c(A)

6 max

{
ω + ln(c)

ω
c(Wu

loc(Ξi)),
ω + ln(c)

ω
c(Wu

loc(Ξk)), c(Ak)

}
.

This process must stop, since there are just a finite number of isolated

invariant sets, and proceeding inductively we obtain the desired result.
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