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Objectives

1. Introduce the concept of fractal dimension and some of its
properties;
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Objectives

1. Introduce the concept of fractal dimension and some of its
properties;

2. One motivation for the study and computation of fractal
dimension;
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Objectives

1. Introduce the concept of fractal dimension and some of its
properties;

2. One motivation for the study and computation of fractal
dimension;

3. Estimate of fractal dimension of negatively invariant sets;

Matheus Cheque Bortolan Fractal dimension of invariants



Introduction ObJectlves
g

Objectives

1. Introduce the concept of fractal dimension and some of its
properties;

2. One motivation for the study and computation of fractal
dimension;

3. Estimate of fractal dimension of negatively invariant sets;

Construction of exponential fractal attractors;
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Introduction ObJectlves
g

Objectives

1. Introduce the concept of fractal dimension and some of its
properties;

2. One motivation for the study and computation of fractal
dimension;

Estimate of fractal dimension of negatively invariant sets;

- W

Construction of exponential fractal attractors;

t

Estimatives on the fractal dimension of gradient-like
attractors.
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Semigroups

Definition: Let (X, d) be a metric space. A family {S(n): n € N} C C(X)
is called a (discrete) semigroup in X if it satisfies

(i) S(0)x =z for all z € X;
(ii) S(n)S(m) = S(n+m) for all n,m € N;
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Semigroups

Definition: Let (X, d) be a metric space. A family {S(n): n € N} C C(X)
is called a (discrete) semigroup in X if it satisfies

(i) S(0)x =z for all z € X;

(i1) S(n)S(m)=S(n+m) for all n,m € N;

Given two subsets A, B of X we define the Hausdorff semidistance between
A and B by
disty (A, B) = sup ing d(z,y).

z€AYE
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Semigroups

A bounded subset A of X attracts bounded sets if for every bounded subset
B C X we have
lim disty(S(n)B,A) = 0.

n—00
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Semigroups

A bounded subset A of X attracts bounded sets if for every bounded subset
B C X we have
lim disty(S(n)B,A) = 0.

n—00

A bounded subset A of X absorbs bounded sets if for every bounded subset
B C X there exists a no € N such that S(n)B C A for all n > ng.
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Semigroups

A bounded subset A of X attracts bounded sets if for every bounded subset
B C X we have
lim disty(S(n)B,A) = 0.

n—00

A bounded subset A of X absorbs bounded sets if for every bounded subset
B C X there exists a no € N such that S(n)B C A for all n > ng.

A subset A C X is invariant by {S(¢) : t > 0} if S(n)A = A for all n € N.
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Semigroups

We say that £ : Z — X is a global solution for the semigroup {S(n) : n € N}
if S(n)é(m) =&(n+m) for alln € N and m € Z.
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Semigroups

We say that £ : Z — X is a global solution for the semigroup {S(n) : n € N}
if S(n)é(m) =&(n+m) for alln € N and m € Z.

A set A is called an global attractor for the semigroup {S(n) : n € N} if it
is compact, invariant and attracts bounded subsets of X under the action of
{S(n) : n € N}.

Matheus Cheque Bortolan Fractal dimension of invariants



Introduction Objectives

Semigroups

We say that £ : Z — X is a global solution for the semigroup {S(n) : n € N}
if S(n)é(m) =&(n+m) for alln € N and m € Z.

A set A is called an global attractor for the semigroup {S(n) : n € N} if it

is compact, invariant and attracts bounded subsets of X under the action of
{S(n) : n € N}.

Given a subset B of X we define the unstable set of B by
W*(B) = {y € X : there is a global solution £ : Z — X
such that £(0) = y and &(m) "== B}
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Semigroups

Given a subset B of X we define the stable set of B by

W*(B)={y e X :S(m)y = B}
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Semigroups

Given a subset B of X we define the stable set of B by

W*(B) ={y € X : S(m)y =3 B}

We can also define for each € > 0 the e-unstable set of B by

WE(B) ={y € X : there is a global solution £ : Z — X
m—r — 00

such that £(0) =y, £&(m) — B,
and distg (€(m), B) < € for all m < 0}.
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Semigroups

Given a subset B of X we define the stable set of B by

W*(B) ={y € X : S(m)y =3 B}

We can also define for each € > 0 the e-unstable set of B by
WE(B) ={y € X : there is a global solution £ : Z — X

m— —0o0

such that £(0) =y, £&(m) — B,
and distg (€(m), B) < € for all m < 0}.

Analogously, we can define the e-stable set WZ(B) of a subset B C X by

W*(B)={y e X :5™(y) = B and disty (S(m)y, B) < €}
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Finally, for a subset B C X, we define the w-limit set of B by

wB)= (1 U smB.

meNn>2m
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Semigroups

Finally, for a subset B C X, we define the w-limit set of B by

wB)= (1 U smB.

meNn>2m

We say that a point e € X is an equilibrium point for the semigroup
{S(n) : n € N} if the set {e} is invariant by {S(n) : n € N}; that is,
S(n)e =e for all n € N.

Matheus Cheque Bortolan Fractal dimension of invariants



Introduction

dimension
limension

Semigroups

Finally, for a subset B C X, we define the w-limit set of B by

wB)= (1 U smB.

meNn>2m

We say that a point e € X is an equilibrium point for the semigroup
{S(n) : n € N} if the set {e} is invariant by {S(n) : n € N}; that is,
S(n)e =e for all n € N.

Let {S(n) : n € N} be a semigroup in a Banach space X with a finite set
& ={e1,...,en} of equilibrium points and a global attractor .A. We say
that A is a gradient-like attractor if
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Topological dimension

Let K be a topological space. We say that K has finite topological
dimension if there exists a integer n > 0 such that every open cover U of K
has a refinement U’ such that every point of K belongs at most to n + 1
elements of U'.

The dimension dim(K) of K is defined as the least integer n with this
property.
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Topological dimension

Let K be a topological space. We say that K has finite topological
dimension if there exists a integer n > 0 such that every open cover U of K
has a refinement U’ such that every point of K belongs at most to n + 1
elements of U'.

The dimension dim(K) of K is defined as the least integer n with this
property.

Property 1: dim(R"™) = n.
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Topological dimension

Let K be a topological space. We say that K has finite topological
dimension if there exists a integer n > 0 such that every open cover U of K
has a refinement U’ such that every point of K belongs at most to n + 1
elements of U'.

The dimension dim(K) of K is defined as the least integer n with this
property.

Property 1: dim(R"™) = n.

Property 2: If K is a compact topological space then dim(K) < co and K is
homeomorphic to a subset of R2mE)+1,
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Hausdorff dimension

Let (X, d) be a metric space, « > 0 and € > 0. If A C X, we define

pi (A) =inf { > (diam(B;))*, A C | Bi, diam(B;) < e ¢,

i=1 i=1

with the convention inf & = oo.
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Hausdorff dimension

Let (X, d) be a metric space, « > 0 and € > 0. If A C X, we define

oo

i (A) = inf {Z(diam(&))a, AcC O B;, diam(B;) < e} ,

i=1 i=1

with the convention inf & = oo.

Since pga)(A) increases as € decreases, we can define

n(®)(4) = lim u (A).

e—0
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Hausdorff dimension

Proposition 1: Let 0 < a < . If u*(A) < oo then u(o‘l)(A) = 0 and also,
if u(a/)(A) > 0 then p(®(A) = oco.
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Hausdorff dimension

Proposition 1: Let 0 < a < . If u*(A) < oo then u(o‘l)(A) = 0 and also,
if u(a/)(A) > 0 then p(®(A) = oco.

In view of this proposition we can define the Hausdorff dimension of A by

dimp (A) = inf{fa > 0: u*(4) =0} =sup{a >0: u*(4) = co}.
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Hausdorff dimension

Proposition 1: Let 0 < a < . If u*(A) < oo then u(o‘l)(A) = 0 and also,
if u(a/)(A) > 0 then p(®(A) = oco.

In view of this proposition we can define the Hausdorff dimension of A by

dimp (A) = inf{fa > 0: u*(4) =0} =sup{a >0: u*(4) = co}.

Remark: We know that dim(K) < dimg (K).
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Hausdorff dimension

Theorem 1: Let (X, d) be a metric space. For each o > 0 and § > 0,

Mg") : 2% — [0, 00] is an outer measure.
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Hausdorff dimension

Theorem 1: Let (X, d) be a metric space. For each o > 0 and § > 0,

uga) 22X [0, 0] is an outer measure.

Proposition 2: Let (X, d), (Y, p) be two metric spaces and A C X. If
f:X — Y is a Lipschitz continuous function then dimg (f(4)) < dimg (A).
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Hausdorff dimension

Theorem 1: Let (X, d) be a metric space. For each o > 0 and § > 0,

uga) 22X [0, 0] is an outer measure.

Proposition 2: Let (X, d), (Y, p) be two metric spaces and A C X. If
f:X — Y is a Lipschitz continuous function then dimg (f(4)) < dimg (A).

Corollary 1: Let f: X — Y be a Lipschitz continuous function, A C X and
G(f,A) ={(=z, f(z)) : = € A} the graph of f restricted to A. Then
dimp (G(f, A)) = dimg (A).
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Hausdorff dimension

Theorem 1: Let (X, d) be a metric space. For each o > 0 and § > 0,

uga) 22X [0, 0] is an outer measure.

Proposition 2: Let (X, d), (Y, p) be two metric spaces and A C X. If
f:X — Y is a Lipschitz continuous function then dimg (f(4)) < dimg (A).

Corollary 1: Let f: X — Y be a Lipschitz continuous function, A C X and
G(f,A) ={(=z, f(z)) : = € A} the graph of f restricted to A. Then
dimp (G(f, A)) = dimg (A).

Proposition 3: Let {4;};jen be a sequence of sets in X and A = J;Z, 4;.
Then
dimp (A) = supdimp (A;).
JEN

Matheus Cheque Bortolan Fractal dimension of invariants



Introduction

dimension
Fractal dimension

Hausdorff dimension

Property: Let {S(n) : n € N} be a discrete semigroup in a Banach space
with a finite set £ = {e1,...,en} of equilibrium points and a gradient-like
global attractor \A. Assume that S(1) is a Lipschitz continuous map and
that each local unstable set Wi (e;) is a graph of a Lipschitz function with
domain @Q; X, where Q; is a finite rank projection. Then

dimp (A) = max dimpy (Q: X).

)
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Fractal dimension

Let K be a compact metric space and, for » > 0 we define N(r, K) as the
minimum number of balls with radius r necessary to cover K. The fractal
dimension of K is defined by

L log N (r, K)
oK) = hlzl_il)lp log(1/r)
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Fractal dimension

Let K be a compact metric space and, for » > 0 we define N(r, K) as the
minimum number of balls with radius r necessary to cover K. The fractal
dimension of K is defined by

L log N (r, K)
oK) = hlzl_il)lp log(1/r)

We can also see that the fractal dimension is the number ¢(K) for which
given € > 0 there exists a > 0 such that for 0 < r < § we have

1 c(K)+e
N(T, K) < (;) .
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Fractal dimension

Let K be a compact metric space and, for » > 0 we define N(r, K) as the
minimum number of balls with radius r necessary to cover K. The fractal
dimension of K is defined by

L log N (r, K)
oK) = hlzl_il)lp log(1/r)

We can also see that the fractal dimension is the number ¢(K) for which
given € > 0 there exists a > 0 such that for 0 < r < § we have

1 c(K)+e
N(T, K) < (;) .

Remark: It is easily seen that dimg (K) < ¢(K) (but they can be different).
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Fractal dimension

Proposition 4: Let X be a normed vector space and K1, K2 compact
subsets of X. Then ¢(K;1 + K2) < ¢(K1) + ¢(K2).
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Fractal dimension

Proposition 4: Let X be a normed vector space and K1, K2 compact
subsets of X. Then ¢(K;1 + K2) < ¢(K1) + ¢(K2).

Corollary 2: Let X be a normed vector space and K a compact subset of
X. Then ¢(K — K) < 2¢(K).
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Fractal dimension

Proposition 4: Let X be a normed vector space and Ki, K2 compact
subsets of X. Then ¢(K;1 + K2) < ¢(K1) + ¢(K2).

Corollary 2: Let X be a normed vector space and K a compact subset of
X. Then ¢(K — K) < 2¢(K).

Proposition 5: Let K,Y be two metric spaces with K compact and
f: K —Y a Lipschitz continuous function. Then c¢(f(K)) < ¢(K).
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Fractal dimension

Proposition 4: Let X be a normed vector space and Ki, K2 compact
subsets of X. Then ¢(K;1 + K2) < ¢(K1) + ¢(K2).

Corollary 2: Let X be a normed vector space and K a compact subset of
X. Then ¢(K — K) < 2¢(K).

Proposition 5: Let K,Y be two metric spaces with K compact and
f: K —Y a Lipschitz continuous function. Then c¢(f(K)) < ¢(K).

Exercise: If K is a compact subset of a metric space X, a > 0 and
n € (0,1) show that

¢(K) = limsup log N(an™, K)
n—oo - 10g(0477")
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Projection of compact sets with finite fractal dimension
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Projection of compact sets

If X is a Banach space and Y is a closed subspace of X, we define
P(X,Y)={PecL(X): PP=Pand P(X)=Y},

with the uniform topology of operators.
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Projection of compact sets

Projection of compact sets

If X is a Banach space and Y is a closed subspace of X, we define
P(X,Y)={PecL(X): PP=Pand P(X)=Y},

with the uniform topology of operators.

Theorem 2 (Mané, Lemma 1.1): If dimg (K — K) < oo and Y is a subspace
of X with dimpy (K — K) 4+ 1 < dimY < co then the set
{P € P(X,Y): P|k is injective} is residual in P(X,Y).
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Projection of compact sets

Projection of compact sets

If X is a Banach space and Y is a closed subspace of X, we define
P(X,Y)={PecL(X): PP=Pand P(X)=Y},

with the uniform topology of operators.

Theorem 2 (Mané, Lemma 1.1): If dimg (K — K) < oo and Y is a subspace
of X with dimpy (K — K) 4+ 1 < dimY < co then the set
{P € P(X,Y): P|k is injective} is residual in P(X,Y).

Corollary 3: If ¢(K) < co and Y is a subspace of X with
2¢(K) + 1 < dimY < oo then the set {P € P(X,Y): P|k is injective} is
residual in P(X,Y).
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Summary

Dimension of invariant compacts

Matheus Cheque Bortolan Fractal dimension of invariants



Dimension of invariant compacts

The Banach-Mazur distance

Definition: Let X,Y be two isomorphic normed vector spaces. We define
the Banach-Mazur distance between X and Y by

dem(X,Y) = log(inf{”THL(X,y)||T71||L(Y,X) cTeL(X,Y), T ' e L(Y,X)}).
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Dimension of invariant compacts

The Banach-Mazur distance

Definition: Let X,Y be two isomorphic normed vector spaces. We define
the Banach-Mazur distance between X and Y by

dem(X,Y) = log(inf{”THL(X,y)||T71||L(Y,X) cTeL(X,Y), T ' e L(Y,X)}).

Remark: We can easily see that for two normed vector spaces X and Y
with the same finite dimension, dga(X,Y) = 0 if and only if X and Y are
isometrically isomorphic.
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Dimension of invariant compacts

The Banach-Mazur distance

Definition: Let X,Y be two isomorphic normed vector spaces. We define
the Banach-Mazur distance between X and Y by

dem(X,Y) = log(inf{”THL(X,y)||T71||L(Y,X) cTeL(X,Y), T ' e L(Y,X)}).

Remark: We can easily see that for two normed vector spaces X and Y
with the same finite dimension, dga(X,Y) = 0 if and only if X and Y are
isometrically isomorphic.

We will denote by K% the space K™ (where K =R or C) with the || - ||
norm; that is, if z = (21,...,2m) € K we have

||z]|loc = max |zi|k.
i=1,...,m
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Dimension of invariant compacts

Auerbach’s base

We are interested to prove the estimate dpar (X, K3 ) < logm, where X is a
Banach space m-dimensional. For this purpose we will make use of an
Auerbach’s base for X.
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Dimension of invariant compacts

Auerbach’s base

We are interested to prove the estimate dpar (X, K3 ) < logm, where X is a
Banach space m-dimensional. For this purpose we will make use of an
Auerbach’s base for X.

Lemma 1: Let X be a n-dimensional normed vector space over K (K = R or
C). Then, there are bases {z1,...,z,} for X and {z7,...,z;} for X* such

that [jzs|| = ||zj|| =1 for all i = 1,...,n and zj (z;) = d;; for all
1 < 4,7 < n. In this conditions {z1,...,z,} is called an Auerbach’s base for
X.
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Dimension of invariant compacts

Estimate on the Banach-Mazur distance

Proposition 6: Let Y be a m-dimensional Banach space over K (K =R or
C). Then dpm (Y, KZ) < logm.
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Dimension of invariant compacts

Estimate on the Banach-Mazur distance

Proposition 6: Let Y be a m-dimensional Banach space over K (K =R or
C). Then dpm (Y, KZ) < logm.

This result gives an improvement on the estimate done by Mané, that

under the same hypotheses stated that

dpar(Y,KZ) < log(m2™).
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Dimension of invariant compacts

Lemma 2: Let X be a Banach space over K (K=Ror C). If Y is a
m-~dimensional subspace of X we have that
(i) f K=TR then
N(p, BY (0)) < (m+1)™ (%) ,0<p<r
(ii) If K= C then

N(p,BY(0)) < (m+1)*™ (%) ,0<p<r

Moreover, the balls can be taken with centers in Y.
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Dimension of invariant compacts

Before we continue, we define for X, X2 two Banach spaces the following
set

[:)\(Xl,Xz) = {T S L(Xl,XQ) T =L+ O, with
C compact and ||L||z(x,,x,) < A}
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Dimension of invariant compacts

Before we continue, we define for X1, X2 two Banach spaces the following
set

L:)\(Xl,Xz) = {T S £(X1,X2) T =L+ O, with
C compact and ||L||z(x,,x,) < A}

Lemma 3: Let X be a Banach space and T' € L /2(X). Then there exists a
finite dimensional subspace Z of X such that

dist g (T[By< (0)], T[BY (0)]) < A.
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Dimension of invariant compacts

Lemma 4: Let X be a Banach space over K, Y a m-dimensional subspace of
X, A>0and T € £L(X) such that distz (T[B7 (0)], T[BY (0)]) < A. Then,
for all > 0 and v > O:

(i) If K =R then

N((L+)Ar, T(BX(0)) < (m+1)™ (M)m .

YA
(i) If K = C then

||T||£(X) + )\) 2m

N((1 -+ 7B ) < 27n -+ 12 (e
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Dimension of invariant compacts

Lemma 5: Let K be a compact subset of a Banach space X over K and
f: X — X a continuously differentiable function in a neighborhood of K.
Assume that K is negatively invariant for f; that is, f(K) D K and also
assume that exist 0 < a« < 1 and M > 1 such that for every z € K

N(a, D f(B(0))) < M.
Then

log M
K) < .
o(K) —loga
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Dimension of invariant sets

Definition: For T' € £(X) we define

vA(T) = min{n € N : there exists a n-dimensional subspace Z of X
such that distz (T[Bi* (0)], T[B7 (0)]) < A},

with the convention min @ = oo.
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Dimension of invariant compacts

Dimension of invariant sets

Definition: For T' € £(X) we define

vA(T) = min{n € N : there exists a n-dimensional subspace Z of X
such that distz (T[Bi (0)], T[BE (0)]) < A},

with the convention min @ = oo.

Remark: Note that by Lemma 3 we have that if T € £5,2(X) then
vA(T) < oco.
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Dimension of invariant compacts

Theorem 3: Let X be a Banach space over K, U C X an open subset and
f:U — X a continuously differentiable map. Assume that K C U is a
compact subset and that D, f € L /2, for some 0 < A < %, forall z € K.
Then n = sup va(Dgf) and D = sup || D, f]| are finite and

rzeEK zeK

an

N(2X, D, f[Bi (0)]) < {(” + 1)@]

Moreover, if f(K) D K, then

o(K) < an {log((n + 1)\/ED/>\)} 7

—log(2X)
wherea=1if K=Rora=2if K=C.
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Dimension of invariant compacts

Theorem 4: Let X be a Banach space over K, U C X an open subset and
f:U — U a continuously differentiable map. If K C U is a compact subset
such that f(K) = K and there exists an ¢ > 0 such that D, f € £i_.(X) for
all z € K, then

co(K) < oo.
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Dimension of invariant compacts

Theorem 4: Let X be a Banach space over K, U C X an open subset and
f:U — U a continuously differentiable map. If K C U is a compact subset
such that f(K) = K and there exists an ¢ > 0 such that D, f € £i_.(X) for
all z € K, then

co(K) < oo.

Corollary 4: Let X be a real Banach space and assume that T € C*(X) is
such that {T™ : n > 0} has a global attractor A and D,T has finite rank
v(x) with sup v(z) = v < co. Then

z€A

c(A) < v
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Dimension of invariant compacts

Corollary 5: Let X be a real Banach space, L, K € CY(X). f T =L + K,

assume that the discrete semigroup {T" : n > 0} has a global attractor A.

Assume that K has finite rank in A; that is, R(D,K) C Y (x) where Y (z) is

a finite dimensional subspace of X with sup dim(Y (z)) := v < oo, and that
z€A

L satisfies
SUp | Dpns (gL o -+ Do L < c(n), n €N,
z€EA

where ¢(n) — 0, when n — co. Then

c(A) <
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Summary

Exponential attractors
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Exponential attractors

Definition: Let {S™ : n > 0} be a semigroup in a metric space X. We say
that M is an exponential attractor for {S™ : n > 0} if it is compact,
positively invariant (that is, S™(M) C M), ¢(M) < oo and there is a
constant v > 0 such that

lim ¢""disty (S™(B), M) =0,

n— oo

for every bounded subset B C X.
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Exponential attractors

To continue, we will need a result concerning the existence of an attractor
for a semigroup {S™ : n € N}.

Lemma: Let {S™ : n € N} be a semigroup in a metric space X. Assume
that it satisfies the following conditions:

(i) There exists a bounded set By C X which attracts points;

(ii) For every bounded set B C X, there is a ng € N such that S™3(B) is
precompact.

Then {S™ : n € N} has a global attractor A.
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Exponential attractors

Let (X, - lx) and (Y, ] - |ly) two Banach spaces and assume that
(X, - [lx) is compactly immersed in (Y, || - ||y); that is X C Y and the
bounded subsets of (X, || - ||x) are relatively compacts in (Y, || - [|v)-
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Exponential attractors

Let (X, - lx) and (Y, ] - |ly) two Banach spaces and assume that
(X, |l - llx) is compactly immersed in (Y, || - ||y); that is X C Y and the
bounded subsets of (X, || - ||x) are relatively compacts in (Y, || - [|v)-

Let also S : X — X be a continuous function such that

(i) {S™:n >0} is bounded dissipative; that is, there exists a bounded
subset By C X such that for every bounded subset B C X there exists
np € N such that S™(B) C By for all n > np.

(ii) There exists a constant K > 0 such that ||Sz — Sy||x < K||z —y|lv
for all z,y € Bo.
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Exponential attractors

Theorem 5: In the previous conditions, for all v € (0,1), {S™ : n > 0} has
an exponential attractor M, and if N(v, A) denotes the minimum number
of balls with radius v in (Y, || - ||y) necessaries to cover A C Y, then M,
can be chosen in such a way that
log N (3%, B (0))

log (3;)

The semigroup {S™ : n > 0} has a global attractor A with ¢(A) < ¢(M.,).

c(My) <
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Proof: We know that, since By is bounded, there is a np, € N such that
S™Bo(By) C By. Considering iterates of S if necessary we can assume that
nBy, = 1.

Let v € (0,1), No = N(5%, Bo) and Vp = {z1,...,2n,} C Bo such that

2K
No
By C | BY (w).
=1

Since S(Bo) C Bo, we have that

i=1 i=1

No No
S(Bo) =8 (U B () N Bo> = |J BX(Sz:) N S(Bo). (%)
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Let Vi = S(Vo) and N, = N (5%, B7* (0)) the minimum number of balls
with radius v/2K in Y necessary to cover Bi (0) C Y. So there exists

Vo={zij:i=1,...,Np; 5=1,...,N,} C S(Bo) such that

Ng N,
S(B UB (Sz:) N S(Bo) = | J | Bz (wi;) N S(Bo),
i=1 i=1j=1 K

and proceeding as before, there exists
Vs ={zijx:i=1,...,No; 5,k=1,...,N,} C S*(Bo) such that

No N,
=J U S(B: (x:5) N Bo) N §*(Bo) =
i1=1j5=1 K
No N,

=J U B (Sziy) N S$*(Bo) =
i=1j=1
No N, N,

= U U U Bi -Tz]k QSQ(Bo),
i=1j=1k=1 K
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and
Ng N, N, No N, N,
UU US ?/; -’Z'z]k )NBo) ns? (Bo) UU UB’/3 (Szijk) ﬂS (Bo).
i=1j=1k=1 K i=1j=1k=1

Proceeding inductively we obtain V,, C S®~*(By), #V, = NoN/ ! and

U B (Sa).

zeVny

By the equation (*) we know that S(By) is precompact in X, so the
semigroup {S™ : n € N} is bounded dissipative and eventually compact,
which means that {S™ : n € N} has a global attractor A.

Clearly A C S™(Bo) for all n € N and hence N(v,.A) < NoN; ™! (in X).
Then

log N,
<
olA) < —logv
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Now we note that
diStH(Sn(B0)7Vn) < Vn,

and also
max{dist g (S(V,.), Vat1),dist g (Vat1, S(Va))} < o™

Define Eg = Vo, Ent1 = Vip1 US(Ey) and M, = UneNEnX. Clearly we
have that S(M,) C M, and also

distz (S™(Bo), M,)) < V" = o log(1/v)

Since By absorbs bounded sets, given B C X any bounded set, there is a
constant C(B) > 0 such that

disty (S"B, M,) < C(B)e "*#/) for all n € N.
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It remains to show that ¢(M,) < oo. Firstly we note that E,; C S™(Bo)
for all j € N and then (if we assume that By is closed):

M, CELU---UE,US"(By).

But #(E1U---UE,) < (n—1)2NoNy~ and N(v™,5™(Bo)) < NoNJ~t in

X, hence
N@", M,) < [(n—1)> + 1]NoNJ 7,
and then
1 — 1) + 1]JNo N2 ™! log N,
C(My) < limsup og{[(n ) + ] 0LVy } — og 7
n—oo —logvm —logv
which completes the proof. ]
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Exponential attractors

Corollary 6: Let X,Y be two Banach spaces with X compactly immersed
inY and S : X — X continuous such that {S™ : n > 0} has a global
attractor A. If ||Sz — Sy||x < K|z — y||y for all z,y € A e for some K > 0,
then ¢(A) < oco.
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Exponential attractors

Corollary 6: Let X,Y be two Banach spaces with X compactly immersed
inY and S : X — X continuous such that {S™ : n > 0} has a global
attractor A. If ||Sz — Sy||x < K|z — y||y for all z,y € A e for some K > 0,
then ¢(A) < oco.

Remark:

1. In many cases the global attractor has finite fractal dimension and
exponentially attracts bounded sets.

2. There are (although rarely) global attractors that are not exponential
and, in these cases, might still be possible to construct an exponential
attractor.
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Entropy numbers

Remark: If X and Y are Banach spaces, de entropy numbers ex(T") of
T € L(X,Y) are defined by

ok—1

ex(T) =infQe>0:T(BYX(0) C |J B (1), y; €Y, 1< <2

i=1
Informally, we can say ey, (T) is the root of log, N (e, T(Bi< (0))) = k — 1. In
many situations ex(7") tends to zero when k tends to infinite. In such cases,
we can find v € (0, 1) such that ex(T) < % (K = ||T| z(x,y)) and for this k
we have that N (%, T(B5 (0))) < 2" 1.
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Entropy numbers

Assume that X has infinite dimension and X is compactly immersed in Y.
Let I : X — Y be the inclusion map. It is easy to see that 0 < ex(I) < oo
for every k € N. Also, in this case, he have that

(k—1)log2 ke

—loger(I)
This is simple to see using the following result:
Proposition: If Z is a subspace of Y with dimZ = m then ¢(BZ(0)) = am,
wherea =1if K=Rora=2if K=C..
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Exponential attractors

Theorem 6: Let X be a Banach space and S € C(X). Assume that the
semigroup {S™ : n > 0} has a global attractor A in X. Let Y be a Banach
space with X compactly immersed in Y and assume that

S=L+C:X — X with L,C € C(X) such that, for all z,y € A, for some
A€ (0, 1) and some K > 0,

Lz — Lylx < Mle —ylx, [Cz—Cylx <Klz—yly. ()
log N(%,Bf((o))

108 (30377 )
Moreover, if By is an absorbing set with the property that S(By) C By and

Then ¢(A) < , for each v € (0, 3

’2

—\).

(*) is valid for all z,y € Bo, for every v € (0, 3 — \) there exists an

o, v BX
exponential attractor M, for {S™ : n > 0} and ¢(M,) < w.
820 +0)
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Proof: Let v € (0, % — A). From the compactness of A, we can find
No=N(A+v,A) in X and points {z1,...,zn,} C A such that

No
A= B (@) N A

1=1

Since S(z) = S(y) — (Lz — Ly) — (Cz — Cy) we have that

No
A=5(A) =SB @)nANA=

=1

U { BQ()\-H/) (i) NA) + C(B2(>\+u)(ml) N A)} NA=

Biix, 2 (Lai 4 i) N A,

No Ny
i=1j

where N, = N (%, Bi*(0)) is the minimum number of balls in Y of radius
v/K necessary to cover Bi* (0) and for some choice of
{yij :’iZl,...,No; j: 1,...,NV}.
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Now there are {z;; :¢=1,...,No; 5=1,...,N,} in A such that

No Ny

U U Bz (i) N A

i=1j=1

Following this procedure we obtain a set V, with #V,, = No N7~ ! in A such
that

zeVn
Thus

log NoNJ ! log N,
c(A) < limsup 08 X0 — = o8 —-
nooo nlog(55yy)  log(5yy)
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Let By be an absorbing set and suppose that S(Bg) C By. Let R > 0 be
such that By C Bﬁ (bo) for some by € By. Then

S(Bo) = S(Bp (bo) N Bo) = (L(Bp (bo) N By) + C(Bx (bo) N Bo)) N S(Bo) =
N,
= (Bi(R(LbO) + U BfR(Cﬂﬁi)) N S(Bo) =

=1
= U B{4vyr(Lbo + Cyi) N S(Bo),

and so, we can choose {z1,...,zn,} in S(Bo) such that

Ny

S(Bo) = | Barsvyr(w:) N S(Bo).

=1
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Since S(z) = S(y) — (L — Ly) — (Cx — C'y) we obtain

z

v

S(B§A+,,)R(1’i) n Bo) n SQ(B()) =

S*(Bo)

@
2
e

L(B3x )5 (@) N Bo) + C(Bx ) r(ws) N Bo) } 01 S%(Bo) =

<
Il
i

Il
=
)
—_— ——

N,

Basopoyr(Lai) + U Bi/(A+V)R(Cyij)} NS*(Bo) =

j=1

2
N
2
<

B3s 2 r(Lai + Cyiz) N S*(Bo),

o
Il
=
.
Il
=

for some choice of {y;; : 1 < 4,7 < N, } in X.
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Thus there are {z;; : 1 <i,j < N, } in S?(Bo) such that

Ny, Ny

S%(Bo) = |J | BEaswy2zr(@is) N S*(Bo).

i=1j=1

Following this procedure we construct sets V;, with #V,, = N},
Vi, C S™(Bo) such that

Sn(Bo) U BE)Q(()\+V)]HR(.T)OS”(BO)
z€Vp

Hence distz(S™(Bo), Va) < [2(A 4+ v)]"R, and also

max{distz (Vni1,S(V;)),dista (S(Va), Vir1)} < 200+ )" T R.
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Define Eg = Vg = {bo}, En+1 = Vn+1 U S(En) for n € N. Set

M, = UneNEnx. As before S(M,) C M, and M, exponentially attracts
bounded sets. It remains to show that ¢(M,) < co. As before,

E,+; C S™(By) for all j € N and hence (again, we can assume without loss
of generality that By is closed) we have that

M, C EyU---UE,US"(By).

But #(E1U---UE,) < (n—1)2NJ and N([2(A 4+ v)]"R, S™(Bo)) < Ny in

X, hence
N(EA+0)]"R M) < [(n—1)* + 1IN,
and then
—1)2 n
e(My) < tim sup 2L [2(i)++u)1]1% S
n— o0 g log (m)
which completes the proof. .
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Summary

Estimative of the fractal dimension for gradient systems
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Introduction

Let {T™ : n € N} be a semigroup. We say that an invariant set = C X for
the semigroup {T™ : n € N} is an isolated invariant set if there is an € > 0
such that Z is the maximal invariant subset of O.(E).

A disjoint family of isolated invariant sets is a family {Z1,--- ,E,} of
isolated invariant sets with the property that, for some e > 0,

OG(EZ) n Oe(Ej) =0, 1<i1<j<n
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Introduction

Let {T™ : n € N} be a semigroup which has a disjoint family of isolated
invariant sets 2 = {E1,--- ,Ex}. A homoclinic structure associated to E is
a subset {Zg,, - ,Eg,} of E (p < n) together with a set of global solutions
{¢1, -+, Pp} such that

m——00 m— o0

. — ¢j(m) — E

[1]

k kip1s 1 <7 <p,

where g, , 1= Eg, .
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Introduction

Let {T™ : n € N} be a semigroup with a global attractor A and a disjoint

family of isolated invariant sets & = {Z1,--- ,2,}. We say that
{T™ : n € N} is a (discrete)generalized gradient-like semigroup relative to &
if

(i) For any global solution £ : N — A there are 1 < 4,5 < n such that

= 8= g(m) "5 g

—1

(i) There is no homoclinic structure associated to E.
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Introduction

Let {T™ : n € N} be a semigroup with a global attractor A. We say that a
non-empty subset = of A is a local attractor if there is an € > 0 such that
w(Oc(E)) = E. The repeller Z* associated to a local attractor E is the set
defined by

E={rceA:w@)nN==0}

The pair (Z,Z2") is called attractor-repeller pair for {T'(t) : ¢ > 0}.
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Introduction

Let {T™ : n € N} be a semigroup with a global attractor A. We say that a
non-empty subset = of A is a local attractor if there is an € > 0 such that
w(Oc(E)) = E. The repeller Z* associated to a local attractor E is the set
defined by

E={rceA:w@)nN==0}

The pair (Z,Z2") is called attractor-repeller pair for {T'(t) : ¢ > 0}.

—

Remark: Note that if Z is a local attractor, then =* is closed and invariant.
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Abstract result

Proposition 7: Let {T™ : n € N} be a discrete semigroup with global

attractor A. Let S =T|, and assume that S is Lipschitz continuous with

Lipschitz constant ¢ > 1. Let (A, A*) be an attractor-repeller pair in A4,

and assume that there exist constants M > 1 and w > 0 such that, for all K

compact subset of A with K N A* = &, we have distu(S"K, A) < Me™*",

for all n € N. Assume also that there is a neighbourhood B of A* in A such

that BN A=g.

Then

w ~+ In(c)
w

e(B) < ¢(A) < max{ c(B),c(A)} .
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Proof: Clearly, since B C A, ¢(B) < ¢(A). We only have to prove the right
inequality. For this, we divide the proof in four steps:

Step 1: Define Q,, = S"(A\ B) \ S"*'(A\ B), for all n € N. Note that

Qo = (A\ B)\ S(A\ B) C S(B)\ B C S(B) and therefore

c(Q0) < ¢(S(B)) = ¢(B), because B C S(B) and S is a Lipschitz continuous
function.

Now we obtain an estimate on the minimum number of r-balls N(r, Q%)
necessary to cover {2 in terms of the numbers of balls necessary to cover
Qo. Let n{* = N(r/c*, Qo) and {z1,. .. ,x rk} a finite sequence of points
in Qo such that ’

Qo C U (zi,7/c")
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Set, for each 1 =1, ... ,nS’k, & = S*(x;) € Q. Then, for each y € Q4 there
exists z € Qo such that y = S*(2), z € B(xi,r/c*) for some i = 1,...,n"
and we have

ly = &ll = 15*(2) = 8" (i)l < ||z — wil| <7, for all y € Q..

.k

So, we just proved €, C UI"%, B(&,r), which gives N (r, Q) < ng*.
Step 2: Given r > 0, since distg(S™(A\ B), A) < Me™“" for all n > 0,
there exists no(r) = [ 2 In(2)] such that

Gry=| | @ |uvaco. (),

Jjzno(r)

where O, (A) denotes the r-neighborhood of A.
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So, if A C UN(T A)B( r) with z; € Aforalli=1,...,N(r, A), then
O,(A) C UN<T A)B(mi, 2r) therefore N(2r, O,(A)) < N(r, A). We conclude
that N (r, G( )) < N (3, A).

Step 3: From Step 1, if H(r) := U;Lig") Q; we have

N(r,H(r)) <no(r) max N(r/c", Q) =noN(r/c™™, Qp),

k=0,...,nq0(r)

since ¢ > 1.
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Step 4: First, note that for each r > 0, we have that A= BUG(5)U H(%)
and therefore

N(r,A) < 3max{N(r,B); N(r,H(r/2)); N(r,G(r/2))}
< 3max{N(r,B); N (r/2,H(r/2)); N(r/2,A)}
< 3max{N(r, B); no(r/2)N(r/c""/? Qo); N(r/2,A)}.
As the logarithm function is increasing, we obtain
In N(r, A) < In3 + max{In N(r, B); Inno(r/2)+
In N(’I‘/CnO(T/Z), Qo); InN(r/2,A)}.
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Hence

lnN(r,A)< In3
In(1/r) = In(1/7)

max J N B) Inno(r/2) In N (r/c™"/? Qq) InN(r/2,A)
In(1/7) ' 1In(1/r) In(1/r) " In(1/r)
Obviously, lim sup _n3 = 0. Now, we compute the other terms:
o (1)
(a)
lim sup Inno(r/2) = lim sup Inl/w + limsup In(In(2M/r)) =0
AP (1) e () T T 1/
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In N (r/c™ /2 Qq) In N(r/c™T/2 Q)

li =1l
e T (1) ot (el freno)
— limsup 1 In N (r/c™ /2 Qq)
- no(r/2)Inc no(r/2) ’
r—0+ 1— 7111(2"0(7‘/2)/’” ln(c 0 /T)
but
: 1 . no(r/2) In(c)
limsup ——————— = limsup <7 +1
S W R A O |

and since ~In( M)gno\ In(24 - )+1

. no(r/2) In(c) _ w+In(c)
lim sup <7ln(1/7“) + 1) =

)
r—0t

which shows that
InN(r/c""/? Qo) w+In(c)

li < Qo).
e i) o o)
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limsup 2NO/2A) g BN/2,4)
r—0t ln(l/r) r—0+t 11’1(2/27")
. 1 InN(r/2, A)
lim sup c(A).
LI TS TTE R

Joining (a), (b) and (c), we obtain

’ w+ ln(c)C
w

w ~+ In(c)
w

c(A) < max {C(B) (), c(A)} < max{ (B), c(A)} ,

using the fact ¢(Qo) < ¢(B). The proof is now complete. ]
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Gradient-like systems

Let {T™ : n € N} be a generalized gradient-like semigroup with global
attractor A, and E = {E;, -+ ,=E,} a family of associated isolated invariant
sets. We say that an isolated invariant set Z; is a source, if

Wie(Ei) N A = E;; and a sink if W*(E;) = E;. Otherwise, we say that Z; is
a saddle.
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Gradient-like systems

Let {T™ : n € N} be a generalized gradient-like semigroup with global
attractor A, and E = {E;, -+ ,=E,} a family of associated isolated invariant
sets. We say that an isolated invariant set Z; is a source, if

Wie(Ei) N A = E;; and a sink if W*(E;) = E;. Otherwise, we say that Z; is
a saddle.

Proposition 8: Let {T™ : n € N} be a generalized gradient-like semigroup
with global attractor A and E = {Z1,--- ,E,} the associated isolated
invariant sets. Then, there is at least one source and at least one sink.
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Gradient-like systems

Theorem 7: Let {T™ : n € N} be a discrete generalized gradient-like
semigroup with global attractor A and E = {=1,...,Z,} the associated
isolated invariant sets. Assume that the restriction 7}, to A of the operator
T is a Lipschitz continuous function with Lipschitz constant ¢ > 1 and
assume also that there exist constants M > 1 and w > 0 such that for every
attractor-repeller pair (A, A*) in A and every compact subset K C .4 with
KNA® =2 we have

distu(T"(K), A) < Me™ ", for all n > 0.

Finally, assume that the local unstable manifolds {W:.(Z;),4,...,p} are
given as graphs of Lipschitz functions. Under these conditions

max o(Wiko(E)) < () < 2T oy e ().
i=1,...,p w i=1,...,p
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Proof: Since {T" : n € N} is a discrete gradient-like semigroup, there
exists at least one source. Let =; one of these sources and B; a
neighbourhood of =Z; in A such that B; C Wji.(2;) and T(B;) C Wi (E:),
so that ¢(B;) = ¢(T(B;)) = c¢(Wps.(Ei)) Now, it is easy to see that Z; = A,
where A; = U;;Wie.(25). By Proposition 7,

w~+ In(c)
w

o(B) < () < maxc { (B (40

that is

(Wit (20) < o) < max { RO v 2). 49}
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Now, restrict the operator T' to the attractor A;. Thus, we have a discrete
generalized gradient-like semigroup with attractor 4 and E' = = \ {E:},
which has at least one source =i, with k # i. We can use the same
argument above to prove that

C(Wi(2) < e(4) < max { ez (=), a0}

And joining these two results, we obtain
max ¢(Wiee(55)) < ¢(A)
i=,
1
w~+In(c) .

w ~+ In(c) v e
< E— =i)),
< max { " cWise(E3)) »

Wite(E). )}

This process must stop, since there are just a finite number of isolated

invariant sets, and proceeding inductively we obtain the desired result. |
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